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vi PREFACE 

special circle has to be tbought of in connection with the 
motion, as is frequently the case in the common method. I 
hare also dealt more fully with simple hatTiionic motion than 
usual, and have discussed some cases of systems with two 
independent coordinates, and also cases of forued oscillations. 
(i) I have also dealt more fully than usual with rigid 

On the other hand I have omitted several epeciLil questions 
whore the student loses nothing by waiting until he has a 
fuller acquaintauce with the calculus than he is likely to have 
in reading this book. Such are chords of quickest descent, 
motion on a cycloid, and non-circular central orbits. 

A number of the examples, particularly those at the ends 
of the chapters, are taken from Melbourne University papers. 
Most of the others have been specially constructed by myself, 
but B few, which I am unable now to specify, may have come 
from other sourf es._. , I .caji .ogly, hppe .tliat not many errors 
will be found in tttA-srfeiierB giVeW ■::."; 

I wish to express mj; gratitude to. Mr. J. H. Micholl, F.K.S., 
for his encouragement.ajdsO^^tfljflS. 

•..•;■:.•. :■;:■;: B. J. a. barnard. 

Ddntboon, 

- February Uth, 1616. 
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PART I. 
DYNAMICS OF A PARTICLE. 

CHAPTER I. 

POSITION. VELOGITT. AOCELEBATION. 

The Bdeoce of dynamiCB ie concerned with queetionB about 
the motions of bodies. The idea of motion inTolvee two other 
ideas, those of time and position. 

1. Time. 

No discussion will be entered upon as to the nature of time, 
but it is necessary to consider the measurement of time. The 
unit of time is derived &om the rotation of the earth. The 
interval from the instant when the sun is due north (or due 
Bonth) of us one day until he ia due north (or south) the next 
day is called a solar day. The solar day varies in length slightly 
for reasons that need not be discussed here, but the average 
length of the solar day throughout the year is called a Mean 
Solar Day, and ia divided into 86.4 00 (or 24 x 60 x 60) seconds. 

BBRATA. 
p. 12S, 10 UneB from bottom, /nr ft, per mo. rtad ft./aec'. 
p. 192, Ex. 2, line 6,/cr of rtad if. 
p. 228, Diagram, near B, for ing, read mg", 



PART J. 

DYNAMICS OF A PARTICLE. 

CHAPTER I. 

POSITION. TELOOITT. ACCELERATION. 

The science of dynamics is concerned with queetioDs about 
the motions of bodies. Tbe idea of motion involvee two other 
ideas, those of time and position. 

1. Time. 

No discusaioQ will be entered upon as to the nature of time, 
but it-is necessary to consider the measurement of time. The 
unit of time is derived from the rotation of the earth. The 
interval &om the instant when the sun is due north (or due 
south) of us one day until he is due north (or south) the next 
day is called a solar day. The solar day variee in length slightly 
for reasons that need not be discussed here, but the average 
length of the solar day throughout the year is called a Mean 
Solar Day, and is divided into 86,400 (or 2i x 60 x 60) seconds. 
The second thus derived is the ordinary imit for the measure- 
ment of time. To keep account of the lapse of time, clocks or 
watches may be used, by which the nnmbei of seconds that 
elapse between two instants can be noted. 

It is usual in dynamical questions to choose a definite 
instant as the origin or starting point to measure times from, 
and to speak of an event as happening at time (, meaning at 
bhe instant t seconds after the instant which has been selected 
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as the origin of times. For example, when a stone is thrown in 
the air from the ground, it iB convenient to take the instant 
leaves the hand as the origin of times, and ve can then spet 
of its position at time f-3, t=6Bi, or, in general, at time 
meaning that 3, 6-82 or ( soconds have elapsed since it left tl 
hand. 

2. Position. 

In the determination of the position of a point it is neceesai 
to express its position with respect to other points, oi lines, i 
planes, and if its position changes with respect to these, v 
can speak of, and measnre, its change of position or displac 
meut relatively to these points, lines or planes. We canm 
talk of displacement or motion of a body, unless we have oth 
objects of some kind to define its position by, and then we ci 
only speak of its change of position and motion relatively ' 
those objects. For the present we will only consider the ca 
where the position of a point P is referred to a single point < 
and a single line Ox passing through 0, on which line the poii 
P always lies. The point P is then said to be moving in a straig] 
line relatively to the reference point or origin O, 

The case is well illustrated by the case of a bicyclist ridii 
along a straight road Ox. The mile-stones along the road sho 
the distance from a certain point (O), and his position on tl 
road at any time may be represented by the distance he is froi 
O, as determined by the mile-stones. In this case the roa 
along which the bicyclist is riding is itself in continual an 
rapid motion, on account of the motions of the earth on if 
axis, and around the sun, hut this does not affect our idea c 
his motion along the road, and we speak of his motion alon 
the load exactly as if there were no such thing as a motion o 
the earth. In other words, we are only concerned with tb 
motion relative to the earth. It will be seen from thii 
example that a|l - we are concerned with in dynamict 
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is motion relative to HOme body or bodies, whose motion we 
may or may not be concerned witk. In moat of the elementary 
dynamics the motione we deal with are motions relative to the 
earth, and the surrounding objects attached to the earth, 
the motion of the earth being neglected. Cases in which the 
results are affected by the motion of the earth will appear later. 

3. Motion in a Straight Idne. Velocity. 

Suppose, then, that a point is moving alor^ a straight line, 
and that at time t^ the distance from a certain origin is s, feet, 



and at a time i, the distance is Sj feet, then the ratio y — ^ is 
called the average velocity (in feet per second) during tbe 
interval (^-^-^ This evidently agrees with the ordinary idea 
of velocity, for s^-Si is the distance (in feet) travelled in 
fj — f, seconds. 

We shall use the symbols ft./sec. and miles/hr. for feet per 
second and miles per hour respectively, in speaking of velocities. 

If we take the case of the cyclist or of a train, it is obvious 
that we shall generally get different results for the average 
velocity for different intervals. Thus, the velocity of the 
cyclist will be found to be less when he is going up hill than when 
he is going down. For example, if 

B=10 miles when ( = 2 hours, 



the average velocity during the firat of these hours is 7 miles 
an hour, and during the second hour, 13 mil&s an hour, while 
for the two hours the average velocity is 10 miles an hour. 
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To get a more accurate idea of his velocity, we may take '. 
position at intervals of 5 minutes, liom which we ooold dedi 
. his average velocity durisg each 6 minutw. Even then ] 
velocity may vary during any 5 minutes, and to be atill mc 
accurat« we take a. shorter interval still, and though we si 
get only an average velocity during a short interval, we c: 
form a much better idea of the way the cyclist has bei 
travelling, than when we only knew the average velocity durij 
each hour. Thus the shorter the intervals of time for whti 
the velocity is calculated, the moie accurate the knowledge 
his motion, and we are thus led to the idea of taking an i 
definitely short interval of time, and caUing the velocil 
obtained then, the velocity at the particular inttant, instei 
of the average velocity during the particular interval. Math 
matically, we may put our definition in the following way : 

Velocity at time (j = Lim ?~ ? < 

meaning that we have to take the expression for the avera^ 
velocity, and make tj approach indefinitely close to Ij; in othf 
words, make f , - f] indefinitely small, in which case «, - s,, als 
becomes indefinitely small, and the ratio of the two indefinite! 
small quantities becomes ultimatdy (or In the limk) th 
velocity at time t^. 

i read — the limit as t 

approaches (^ of - *~" - 

Another notation frequently used to represent small qusDti- 
ties Buc}i as occur here is As for a small change in s, and ^ 
for a small change in t. As is then a single symbol, and the 
average velocity during the short interval At is expressed by the 

Action — , in which the A's cannot be cancelled out, because 

At 
they do not of themselves represent algebraical quantities. ' 
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Thus A« represents the aame thing as ij — Sj , ezcept that As 
is almost always applied to small quantities. 

The vdocitf at an instant will then be represented by 

Lim -1-. In general, Lim t- will differ firom -^ by^a small 
quantity, aay, is greater by an ankount < which is small com- 
pared with TT itself. 

Hence velodty at an instant — lim -r- = -r- + (. 

4. Note on Limiting Values of Fractiona. 

As limiting vatuee of fractions are involved in the whole of 
dynamics, a Uttle explanation nkay be given for the sake of 
tike reader who is unbmiliar with the idea. Take the fraction 
— ^. This is equal to a: + l for>all values of x except x = l. 

If x = l, the numerator and denominator of the fraction are 
both' zero, and the fraction ceaaee to have a meaning. The 
fraction, in &ct, is not defined when x--l, yet we can find the 
value when x ie nearly equal to 1, the fraction being then nearly 
equal to 2. 
ForU iE=ll, ^f^=a; + l-21, 



iE = l-001, ^-"^ = 2-001, 

and the near» x gets to 1, the nearer tlie fraction approaches 
the value 2. H^ice, though the fraction has no meaning when 
x = l, we can still talk of it having 2 as its limiting value as 
X approaches 1, and we write the fact thus : 

Lim ^i = Lim (a: + 1) =■ 2. 



-1 7-1 
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All cases of calculation of velocity at a given instant from 
the distancee travelled, or, as we Bhall see immediatdy, of 
acceleration from the velocities, aie examples of limiting 
values of fractions, tlie numeratoiB and denominators being 
both indefinitely small quantities whose ratio is required. 

When the denominator of a fraction approaches zero while 
the numerator remains finite, the fraction becomes bigger and 
bigger. Thus -^ is defined for all values of x except x=l, 

and for that value the fraction has no meaning. But it is easy 
to see that the closer x approaches to 1, the bigger the fiwddMi 
is, and we can make it as big as we Uke by choosing x neu 
enough to 1. This is expressed by saying that the limitiDg 
value of the fraction when x approaches 1 is infinity, ot 

Lim ^,- = 00. 

,_*i X- 1 

Ejnmplel. Find the values of -^,- whena:=-9, -99, II, 1-01. 

2. Show that the fraction -^ — ^ = is not defined for the values 

x= 1, 2. Find ite limiting values as x approaches these values. 
Find also its values when x= -99, 101, 1-99, 201. 

5. Acceleration. 

In a great series of experimeuts carried out in 1590, by 
dropping cannon balls from the Leaning Tower of Pisa, and 
again in 1612, Galileo investigated the motion of a body 
falling to the earth. He shewed for the first time that the 
velocity was continually increasing in such a way that it 
received equal increments each second, and was thus led to the 
idea of acceleration as rate of increase of velocity. 

If the velocity Vi at time (j, given by the expression 
Lim '^^*, is found to be the same at all instants, it is 
Baid to be uniform or constant, if otherwise it is variable. When 
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the velocity ia variable, we use tlie tenn acceleration to denote 
the rate of change of velocity. Mathematically, the accelera- 
tion is determined from the velocity in the same way that the 
velocity is determined from the distance ; thus, if 
Uj=the velocity at time tj, 



We speak of uniform and variable acceleration in the same 
way as of uniform and variable velocity. 

Aa an acceleration is the rate of change of velocity or change 
of velocity per second, it is common to express the accelemlion 
as 80 many feet per second per second. Thus, if a body has 
a velocity at one instant of 5 feet per second, and 10 seconds 
later it has a velocity of 25 feet per second, we can say its 
averse acceleration during that time was 2 feet per second 
per second, but we shall prefer to call it an atxieleration of 
2 foot-second units, or still better of 2 ft/sec*. 

6. Oraphical Bepreseatation. FoBition-Time Orapfa. 

Suppose the position of a point moving in a straight lino is 

represented by a graph giving the position at each instant. 



. . . Mi N 



In the figure PM represents the distance from a fixed point 
at time (,, QN represents the distmee at time t^. If PK is 
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pftrallel to MN, tb«ii 

QK = aN-PM=Sj-i„ 

PK^ON -OM-(,- (,; 
therefore the average velocity during the interval t^-^i ii 
^, and is equal to the gradient of the chord PQ. Tak:iii|i 

the interval of time very short so that ^ approaches <,, AAM 
becomes indefinitely short, and Q approaches indefinitelji 
close to P, and the chord PQ becomes ultimately tbe tangent: 
at P. 

Hence the velocity at time «i is represented by the gradient 
of the tangent at the point P on the graph. It does not matter 
what scales are used along the two axee, provided the gradient 




is determined from the length of lines measured according to 
the two scales. Thus, in the figure, if PR is the tangent at P, 
the velocity, when ( = 2, is the giadiwit of PR, or 



FM 1-4 7 



= 5-7: 



7. Telocity-Tinie Oraph. 

In exactly the same way, if we draw a graph representing 
the Telocity in terms of the time, the averse acceleration 
during any interval will be represented by the gradient of tbe 
chord joining the points on the graph corresponding to the 
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beginning and end of tlie interval. Also the acceleration at a 
particular instant will be represented hy the gradient of the 
tangent at the oorreepouding point on the graph. 



M 



8. FosiiiTe and Negative Sigiu. 

It most be borne in mind throughout, that the ordinary 
convKitiona about positive and ne^tive signe apply to all the 
above quantities — distance, velocity, and acceleration. From 
the origin O diBt&nces measured in one direction ore positive, 
and in the other negative. If a point is moving in the direc- 
tion in which the positive distances ore measured, its velocity 
ia positive, and if at the same time its velocity ia increasing, 
the acceleration is positive. If, while having a positive velo- 
city, this velocity is diminishing, the acceleration is negative. 
If it is moving in the opposite direction to the above, the 
vdocity is negative. If, while having a negative velocity, this 
velocity is increasing numerically, the acceleration is negative, 
and so on. The expressions above and the graphical repre- 
sentations apply to all coses. Thus, if 

Si = 20feet when (=2 sees, (ij). 



= 10 , 



t = 4 . 



(g, 



-6, when ( = 3 sees., 



the average acceleration in the interval is ~^~a-^=^ ^^-/^ 
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9. Examples of the Preceding Besults. 

To illustrate the use of the above, and to show how they are 
to be applied to experimental data, suppose we make an experi- 
ment of letting a marble roll down a slightly inclined board, 
say a long table raised a few inches at one end. We can 
determine the position at any time easily by marking with a 
chalk the position at each second, using the ticks of a clock or 
watch to note the seconds. We find, for example, the following 
results bom experiment : 



twos. 


<feet. 








1 


0-3 


2 


1-3 


3 


3-0 


4 


5 3 



Representing these on a graph, we find the curve to be 
approximately a parabola, and notice that s=Jf* represents the 
results very closely. Let us calculate the velocity and accelera- 
tion on this supposition. 



h-ii 



= Lim5{(2 + (i)=|(„ 



",--"1 = 1 ('.-',). 
acceleration = Lim ^ — A = §> 
that the marble moved with uniform acceleration. 
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To carry out the work giaphicallj, tlie graphs would be drawn 
as follows ; • 

First draw the space-time graph, and draw tangents at each 
second, aa well as possible, bj laying a straight edge along the 



curve. Calculate the gradient of each tangent. In the figure 
these gradients are 

0-6, 1-3, 1-87, 265. 
These therefore represent the velocities at each second. 
Next, draw a velocity-time graph to represent these velo- 
cities, and it is found that the points lie nearly on a straight 
line whose gradient is 0'65, shewing that the acceleration is 
nearly constant and equal to 0-65 approximately. 

The case when the distance s is expressed in the form 
ai^ + bl + c, where a, b. S are conatants, is very important, from 
its frequent occurrence in nature. Let us find the velocity and 
acceleration in this case. 

s, = atj^ + btj + c 
s, = atJ-t-bL + e, 
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(».- 




hence also 


.,-r,-2»(<,-l,), 
1,-1, ' 



.'. the acceleration /= 2a = conatant. 



Hence, if in any case the distance from a fixed point is ^yen 
in terms of the time by the formnla 

the accderation is constant, and =2a, and the velocity is 

2ai + b, 01 
a=^half the constant acceleration, 

5= the velocity when (=0, usually called the initial velocity, 

c=fche value of s when ( = 0, or the distance from the fixed 

point at the instant from which the times are measured. 
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If c=0, the particle is at a fixed point at the instant from 
which the times are measured, in oth« words, is at the origin 
of distance at the origin of time. 

Example. If a=afi prove that v=3afi,/=6aL 

10. The Invene Problem. 

In the preceding sections we have shewn how the velocity 
is to be deduced &om a knowledge of the distance travelled. 



and how again the acceleration is to be deduced from the velo- 
city. We now come to the more difficult problems of deducing 
the change of velocity from a knowledge of the acceleration, 
and the distance travelled from a knowledge of the velocity. 
This is the inverse problem. Though it is often impossible to 
get a complete solution expressed in elementary form, we can 
always get a graphical representation which will give an 
approximate solution. 

To explain the principles to be followed, we will suppose 
a train travelling along for three minutee with a varying 
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velocity. The velocity being supposed known, we can dia-w- 
a velocity-time graph. 

Suppose the velocities at intervals of a minute are 
given by the table : 



tmiM. 


t.(l«!tp«ieo.). 





10-0 


1 


16-0 


2 


lg2 


3 


20-0 



Now tfl get an approximation to the distance travelled, we 
mifiht calculate the distance that would have been travelled 
if the velocity remained 10 ft. /see. during the first minute, and 
then suddenly changed to 16-0 ft. /sec. and remained at that 
for the next minute, at the end of which it again suddenly 
changed to 18'2, remaining at that for the third minute. The 
distance travelled under these circumatancee would be 
60 X (10 + 15 + 18-2) = 60x43-2 = 2592 ft. 

As another approximation, we might calculate the distance 
that would have been travelled if the velocity was 15 ft./sec. 
for the whole of the first minute, and then suddenly changed 
to 18-2, remaining at that for the second minute, and 
then changed again to 20, at which it remained for the 
third minute. According to this calculation, the distance 
travelled would be 

60x(15 + 18-2+20) = 60x53 2 = 3192 ft. 

Naturally neither of these is the true distance travelled by 
the train, but the true distance might be expected to be 
between the two. If we take the mean of the two 2892 ft., we 
would expect to be within 300 ft. of the correct value. 

We would get a closer approximation if, instead of taking 
the velodtiee at intervals of a minute, we took them at shorter i 



iotervala, say 20 Bees. We read 
following : 
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from the graph the 



« 


* 




V 





10 


lmin.40seo. 


17-2 


aom. 


11-6 


2 „ 


18-2 


40 „ 


13-3 


2 „ 20 „ 


18-9 


ImiD. 


10-0 


2 „ 40 „ 


19-6 


1 iiiiiL20aeo. 


16 2 


s „ 


20 



If we made an approximate calculation as before, aaenming 
the velocity to remain constant during each 20 sees., and equal 
to the velocity at tBe beginning of that interval, and to suddenly 
change at the end of each interval as before, we should find the 
distance travdled to be 

20x(10+ll-6 + 13-3 + 16-0 + 16-2 + 17-2+18-2 + 18-9 + 19-6) 
-20x140 = 2800 ft. 

On the other hand, if we make the similar supposition, with 
the difference, that the velocity doring any 20 sees, is to be 
the same as that actually possessed by the train at the end of 
that 20 sees., the distance will be found to be 3000 ft. If we 
again take the mean of these, we get 2900 ft. as a closer 
approximation, and do not expect to be more than 100 ft. 
wrong. By taking the velocity at the end of 6 sees, intervals 
01 1 sec., we get still closer approximations. The last should 
give the distance within 5 ft. of the correct value. If we take 
still shorter intervals of fcactiona of a second, we will get still 
closer approximations. 

Now let us summarize what we have done up to the present. 
We have a body moving with a. continually changing velocity. 
We suppose that, we know what the velocity is at each instant. 
We make an approximate calculation of the distance travelled 
by supposing that the velocity can be treated as constant during 
certain intervals, and then suddenly changing at the ends o' 
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the intervals, instead of cbanging continuously. In doing this, 
we try to keep the velocitieB in the supposed case as near those 
in the actual case as poawble, and the greatei the Dumber of 
intervals into wluch we divide the whole time, the more closely 
do the velocities in the true and suppoBed cases appFoziiiiate 
to one another. 

We consequently asanme that the lai^ec we make the number 
of intervals (and consequently the smaller the intervals them- 
selves), the smaller will be the error made in the calculation of 
the distance travelled. 

Now let ue see what this corresponds to on a velocity-time 
graph. 

Suppose PQR8 represents the graph drawn to scale. OP is 
the initial velocity 10 ft./eeo. Ilie distuice described in one 



k' 
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A 


B 


c 



minute with this velocity is 10 x 60, or is represented by the 
area OPKA. Similarly, the distance described in the next 
minute with velocity 15 ft./sec, is represented by the area 
AQLB, and the whole area OPKQLRMCO would represent the 
2592 ft. described on the first supposition. The second calcula- 
tion of 3192 ft. would be represented by the area OK'QL'RM'SCO, 
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bounded by 



and the mean of these is lepreeented by tlie a 
the straight hnea PQ, QR, R8, SC, CO, OP. 

In the same way, when the intervals were K) sees, instead of 
a minute, the two calculations are represented by the areas 
OPKiPjKjPg... SCO and OK,'P,K,' ... SCO, and the mean of 
these by the rectilinear area, whose verticee are OPPjPj ... SCO. 




Now, evidently this area diSers but little from the area 
bounded by the curve P^RS and the straight lines SC, CO, 
OP, and the larger the number of intervals or the shorter 
the chords PPj, PjPj, etc., the more closely will the areas 
bounded by the chords, and by the curve, approximate to 
one another. 

Hrace we deduce that, in any case, when the velocity is 
represented by a velocity-time graph, the space described in 
any interval is repreeented by the area bounded by the graph, 
the axis of times, and the oidinatea at the beginning and end of 
the interval. It evidently does not matter whether the begin- 
ning of the interval is denoted by the time (=0 or not. Thus 
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in Fig. 10, if PQ is the Telocity-time gnph, PABQ representE 
the space described la the interval of time Tepreeented I^ AB. 




In speaking of an area as representing a length, this must be 
understood in the following way. If an inch along the axis of 
time repiesentB one minute, and an inch along the axis of v 
lepieeentB 20 ft. per sec., then a square inch repieeenta 
60 X 20 = 1200 ft., or a square whose side is a tenth of an inch 
will represent 12 ft., and so on in other caaes. 

Example 1. If v^6t whore t)=velocity in (t/sM, and (=tiine in 
seconds, draw the v-t graph, and find from the graph the Bpace 
described from rest in 4 aece. 

2. If t)=3j*, V and ( being in the some units as in queetioa I, find 
graphically the distance deeoribed in 4 sees, from rest. Woi^ this 
also fay approximate caloulatLona, taking first the velocitiee at each 
second, and secondly, the Telooitiee at ttie end of each h^ second. 

8> If v=10x>n^, the angle being in oircnlm measure, find the 

velocity at the end of each 5 sees, np to 30, and deduce approxi' 
mately the distance described in 30 sees. 

Draw the velocity-time graph and give the graphical repreeentatitm 
of the calculations made. 

Note. — Ex. 3 will shew that where the velocity is sometimce 
increasing, and Bometimee diminishing, the true distance does 
not necessarily lie between the two distances calculated in the 
manner explained in thie article. Explain graphically why this ' 
is so, and shew that it must He between the two if the velocitj 
is always increasing, or if it is always diminishing. 
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11. Oalcnlatioii of Change of Velocity from Accelera- 
tioiL 

As acceleration is derived from velocity in the same way as 
velocity from distance, so also the velocity generated in any 
interval can be deduced from the acceleration -time grsiph, in 
the same way that the distance deaciibed is deduced from the 
velodty-time graph. 

/ 




Thus, if PQ is the acceleration-time graph, PMNQ represents 
the change of velocity between the instants represented by 
M and N. 

Example. If/is constant and =4, and times are reckoned from 
the instant when v=0, draw the acceleration-time graph, and 
dednce the velocity at any instant, then draw the velocity-time 
graph, and deduce the distance described in 6 eeea. 

12. Mathematical Expressions for the Above Results. 
Corresponding to tlie above graphical representations, we 
may obtain symbolical expressions for the same results in the 
following way. The velocity at time t being v, the average 
velocity during a short interval ii, beginning at t, is nearly v. 
Bay v + t, where t is small compared with v, and vanishes when 
^ is indefinitely small. With the foimei notation, 

if As is the distance described in the short time At, 
As , 
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and the total distance described 

= 2rA< + 2:€M 
where the summation is intended to take in all interrals from 
', to (,. 

If now we make these intervals indefinitely short, since e 
ultimately vanishes compared with v, therefore also ^^ will 
ultimately vanish compared with SvAt, and in the limit 
when At ia infinitely small, may be neglected, and the expression 
for the distance becomes 

Lim "Zv A/. 

In the same way, if /is the acceleration at time t, the change 
of velocity in the interval t^-i^ie 
Lim 2/ A/, 

the summation applying to a number of intervals from t^ to l^. 
13. Note on Caicidus Notation. 
The student who is acquainted with the elements of the 



differential coefficient of a with respect to t, and is usually 

written -j- ; hence t>=^> also /=-?-■ 
at at •' dt 

Also the expression Lim 2r At is the int^ral of v with respect 

to (, and is usually written I vdt. The integral also repre- 
sents the area of the graph. 
We have therefore 



=£-■ 



CHAPTER IL 
MOTION IN A STBAiaHT LDTE; KINEXIATIOfl. 

14 nniform AcceleratioiL 

The case of uniformly acc€leTated motion in a straight 
line is of such fundamental importance, that we ehall give more 
than one complete proof of the formulae obtained, especially 
as we shall thus explain further the methods of the preceding 
chapter. 
The following notation will he used throughout : 
«=the initial velocity, or velocity at time zero, 
w=the final velocity, or vdocity at time (, 
/=the acceleration (which is always the same), 
s = the distance described in the t sees. 
The principal formulae to be proved are : 

v^u+ft, (1) 

s=ut + iffi, (2) 

t>*=«» + 2/s (3) 

Equation (1) follows at once bom the definitions, for the 
average acceleration"—-—, and in this case must equal/, the 
average acceleration being equal to the acceleration at any 
instant, since it is always the same. 

v-u+ft. 
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To prove equation (2), we will fiist follow the method &om 
which the graphical method is derived. We will calculate the 
distance that would be described if the interval of time were 

divided into n equal parte, each of length -, and the velocity 
instead of coDtinuoosly changing, remained constant during 
each of these short intervals, and changed suddenly at the end 
of each interval. 

If the velocity during the short interval is taken as that 
wluch the point actually has at the beginning of the interval, 
we have the velocities as follows : 

At the beginning of the Ist interval, the velocity is u, 

„ 2nd „ „ w+/^, 

2t 
» » » 3id „ „ u+/-,etc., 

rti „ ,; „+&ii>.'. 

n 
There are n of these intervals, and the total distance de- 
Bcribed on this supposition is 

^{..(»4).(«./i>....(../^')} 

Using the same method, but taking the velodty in any of the 
short intervals as that actually possessed by the point at the 
end of the interval, we have 

Velocity at end of 1st interval =«+/-. 

„ „ 2nd „ =«+/-, 
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Velocity at end of 3rd mterval = M+/— , etc., 

„ „ rth „ -M+/^, 
and the total diatance deacribed 

When the number of intervals is made indefinitely Urge, 
we get the case where the velocity is uniformly accelerated, and 
each of the above ezpressioue becomes 

since Ijim — = Lim (1 — 1 = 1, 

and Lim'^ = Lim('l+lUl. 

Having proved the equations, 

i'=«+A (1) 

and »=M( + i/i;», (2) 

equation (3), c'=m'+2/s, is not an independent equation, but 
may be deduced from (1) and (2). It is only necessary to 
eliminate t between the equations (1) and (2) thus : 

from (IX ( = ~. 

substitute in <2), 3 = u^-^ + y(^-^j 

"2/ - 2/ ' 
.-. v'-n^ = 2fs (3) 
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It will be Been from the above that all the difGcultj lies in 
the proof of (2). It wiU be a good illustratioa of the graphical 
method to give the proof by it. 

The Bccderation being cooBtant, the gradient of the velocity- 
time graph is the same everywhere, and therefore the graph la & 
straight line. 




Id the figure PQ is the graph, 
0P=«, 

QN=V = «+_/l, 

QK =«-«-/!, 
and the area OPQN =OPKN + PKQ, 

= «( + i^; 
henre the distance described is irf + \ffi. 

We will give a third proof which, unlike the others, is not an 
example of general methods, but depends on special reaultfi 
following from the uniform acceleration. 

By (1), the velocity ('seconds after the start is w +/['. Hwe 
reckon backwards from the end, the velocity (' seconds before 
the ond will be v-fl' (going backwards from the end, the 
velocity diminishes by/each second). 

The mean of these two is 

therefore if the whole time is divided into any number of equal 
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intervals, oa takiog the instantB in pairs we can see that the 
aveiage velocit; of the whole time is 
*(«+")■ 

(If there is an unpaired ioetant at the oiiddle, the velocity 
then IB }(u+ti). See Art. 16.) 

„ . , .^ total distance 



«-l(u + r)l-J(« + «+^/ 
-ul + iff. 
We can get from the above an eaaier method of deducing (3) 
for we have „ . _ 



Hnlti}dying these equations 

16. Other Besnlta. 

Notice that it is only beeaute the acceleration is uniform that 

the average velocity is the mean of the initial and final velo- 

dtiee. Also the average velocity is equal to the velocity at the 

middle of the interval, for 

^, , ., u + v v + u+fi 
the average velocity = — ^ = i— ^ 

and the velocity at the middle of the interval 
-»+/5-. + l/l. 
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The distance described In the n*'' second con be determined 
in one or two ways. 
Pint, the distance described in the n'^ second 

B distance described in n aeconds - distance described in 
tt-1 seconds 

= u + ^/<2n-l). 
Secondly, the velocity at the beginning of the n*' second is 
«+/(»- U 
and at the end u +fn. 

Theiefore the average velocity during this second is 

-{{»+/("- !) + «+/»} 
-i{2»+/(2»-l)) 
-«+J/(2»-l). 
Therefore the distance desoiibed in this second is 

= « + ^/(2n-l). 
If the body starts from rest, so that u==0, the equations 
take the simpler form, 

o-A 0") 

s = yP, (2b) 

t^-2/s. (3«) 

It must be remembered that distances from a point may be 
positive or negative, and velocities and accelerations may be 
positive or negative (see Art. 8). Also, that s always means 
the distance from a definite point at a given instant. Thus 
if a body moves from A to 6 and then back to a point P 

A r i 

Fro. IS. 

between A and B, at the time the body is at P, s represents 
the length AP and not the numerical sum of the distances AB, 
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BP travelled in tKe two directions. Of couise, AP is the 
algebraic Bum of AB, BP, treating BP aa negative. 

The following examplee will illustrate these points and tbe 
use of the equations. 

In all examples care should be token to use a consistent set 
of unite. Thus it will not do to leave a velocity in miles/hr., 
a distance in yds., and a time in seconds. It is best usually to 
express a velocity in feet per second, and then a distance 
must be expressed in feet, and time in seconds. 

ExampU 1. A tiwQ hsH its velocity increased from SO to 30 
miles/hr. in going 1&00 yds. What is the iicceleratioti, supposed 
uniform, and now long does it lake to travel the 1500 yds. ? 

Here «=B0 m./hr. =^ ft/sec, 



P=a0 m./hr. = 44 ft./sec, 
»=1500ydB.-4600ft. 
Using equation (3), 

a;'x4«»=44.-(f)'=44.{l-(|)'} 

-44x44x5; 

. ,_ 44x44x5 _968 
■■■'-2x4600x9-8100-°"^'^ 

also the average velocity =—^ 

-25 ra./hr. 
"" X 44 f t./8ec = ^ f L/sea ; 



Find how far it goes before it comes to rest, and the times and 
velocities when at 60 ft from the starting poiat. 
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Here the velocity is diminiBhing and the accelt^ration ooDse- 
quHitly negative ; iu fact, 

«-=15ft./eeo. 
t>=9 ft./8eo. 
(=3 sees. 



The distance travelled from the start until it comes to test ia 
given by equation (3), when the final velocity is zero { 
.-. 0=16'+2(-2)«, 

The times at whioh it is 60 ft. from tiie starting point are given 
by equation (2) : 60= IM +i( -2)fl, 

i"-ia+50=0, 
i=5orl0. 
The velocity there is given by equation (1): 

= 5 or -5; 
or othenrise by equation (3) : 

«'=16'+2(-2)x50 



From the starting point the body travels for 7} sece. witti con- 
tinually decreaaing velocity, coming to rvet then and moving back 
with continually increasing negative velocity. 

8. If a tiain acquires a velocity of 30 milee/hr. in 1 minute from 
rest, find the acceleration, supposed uniform. Mid the disttmce 
travelled in the minute. 

4. A train moving at 10 milee an hour at one instant has a 
constant acceleration of 2 ft. /sec*. What distance will it have 
travelled when the velocity is 20 miles/hr., and how long will it 
t^ (o do it T 

5. If a body travels 30 ft. in the first second it ia observed, 
and 21 in the fourth, what is tbe acceleration, suppoaed uniform, 
and what ia the distance travelled in the eighth second T 

6. A body moving with uniform aocoleration in a straight line 
has a velocity 10 ft /sec at a diatiinoe of 6 ft. from a point O, and 
12 ft./sec. at 17 ft. from 0- Find the acceleration and the velocity 
atO. 
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7. A particle atarta with velocity 20 cma./Bec. and traTeb 400 cnw. 
in 30 seoa. Find the acceleration, snppotied nnifomi, and shew 
that it will oome to leat in 4S sees. Find also the times at which 
it ia 200 cms. from the stutiDg point. 

8. A body travela 20 ft. in 4 xeca., and the next 20 ft. in the 
next 6 sees. If the acceleration is nniform, find this acceleration, 
and the further distance and time it will travel before coming to 

9. A particle moving with miiform acceleration baa a velocity 
10 miles/hr. at A, and 30 milee/hr. at B. Find the velocity midway 
between A and B. 

10. A body movi^ with uniform acceleration has a velocity « 
at A and e at B. Find the velocity midway between A uid B, 
and ahew that it is greater than the mean of the velocities at A 
and B. 

11. At three points. A, B, C, in a straight line such that AB= BC, 
the velocity of a particle is found to be 8'5, 6*6, 3*6 ft /sec. le this 
consistent with uniform aooeleration T 

If AB=6 ft., how much further wiJt it go before coming to rest ? 

16. Falling Bodies. 

By a measurement of the distaoces travelled by a body 
falling from rest, in difierent times, it is found that any body 
let fall in a vacuum describes distances expressed by (2a), 
Art. 16, so that such a body is falling with uniform acceleration. 
Further, the acceleration of all bodies let fall in this way 
is the same at the same point of the earth's surface, this 
acceleration being about 32-2 ft. /sec*., or in the metric system 
981 cm. /sec*. (980 ia more nearly the actual value in any part 
of Australia). In the numerical examples we will generally 
put J = 32 ft. /sec*. It seerafl certain that if we could carry 
experiments further we would always find that in a vacuum 
a body projected vertically upwards or downwards would 
move with this acceleration. This acceleration is called the 
acceleration due to gravity, and is always downwards, so that 
when a body is moving upwards the velocity is diminishing, 
when it is moving downwards the velocity is increasing. 

The equations (1), (2), (3) apply to all such cases, providei 
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care is taken to conustently regard all quantities measuied in 
one direction as positive, and all quaotitiee in the other as 
negative, whether they are distancca, velocities or acceleratiozis. 
When, instead of moving in a vacuum, a body is thrown up 
in the air, it is no longer true that the acceleration is uniforaa, 
for, as will be seen later, the effect of the air is to cause an 
additional acceleration in the direction opposite t«) the velocity, 
which is greater at greater speeds than at smaller. For lo-w 
velocities, not greater, for example, than when a cricket ball 
is thrown into the air, the equations (1), (2), (3) hold approxi- 
mately for a heavy body, such as the cricket ball or a stone, 
but they quite fail to represent the facte whm a rifle bullet is 
fired verticaUy. So also they fail for a body, sudi aa a sheet of 
paper, which presents a lai^ surface for its w^ght to the air, 

17. Body Projected Vertically Upwards. 

We will now obtain some reeulta for the case of a body 
projected vertically upwards, as the work will illustrate the 
use of the positive and n^ative signs: 

Suppose the initial velocity to be upwards. We will take the 
upward direction as positive and the acceleration will be 
negative ; we will denote it by -g,g thus being the accelera- 
tion due to gravity. It may be noted that when the velocity 
of a body ia decreasing, it is said to be retarded. In this 
case, in going upwards, it may be said to have a retardation 
oig. 

Our equations are therefore 

"-"-J" (1) 

i-iu-igf (2) 

•"-»"-2S'. (3) 

the vdocity diminishea at first until v=0, and thm 
u-gt=0, or ( = w/y. 
When (> -, f is negative. 
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Hence the body moves upward with continually deorewing 
vdocity for ujg sees., and at the end of this time the velocity 
vanishes, oi the body is instantaneously at leet, and afterwards 
moves downwards with a velocity increasing numerically, but 
negative. 

The 8 in the equations is tbe distance from the starting 
point, not the total distance upward and downward added 
' together ; hmce we find when the body strikes the ground 
again, by putting «=0. 

Tlus gives Mf-i^=0; 

-•- (=0, or 2m/j. 

t=Q refers to the start, and the other value %vjg shews that 
the body takee 2ujg sees, to return to the starting point. This 
is called the time of flight. As we have seen that it takee ujg 
sees, to reach the highest point, we now see that it takee the 
same time in the descent as in the ascent. 

The maximum height reached can be obtained from the foct 
that it is at the highest point at the end of itjg sees., an<l is 
therefore at that time at height 

But the mazimam height can be more quickly obtained from 
equation (3), for when the body is at the maximnm height, its 
velocity is zero ; putting v=0, 
we get v^-lgs^^O, 

a=u*/Zg. 

To get the velocity at any particular hdght we can nse the 
equation ^ =c u* - 2^8, 

and we see that for a given value of s we have two equal and 
opposite values of », one representing the velocity in the 
upward motion, and the other in the downward. Thus we see 
that the whole motion in the downward direction is the exact 
reverse of that in the upward. 
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To find the time takok to reach a given height a we have the 
equation (2) » - td - \^, 

or ? ( + — =0, 

9 9 
a quadratic equation for t, giving in general two solotions, one 
of which gives the time tahen to reach the point in the upward 
motion, and the other the whole time untO it leachee the eame 
point again in the descent. 

Example 1. Find tbe condition tint Uie nxits of tiiia eqaation 
may be ret^, and interpret the condition. 

2. If a BttHie ia thrown vertically upwafda witJi velocity SO ft. 
per BBC,, lind the height to which it will rise, and.tfae irtiole time of 



EXAMPLES. 

1. A Btone is thrown vertically upwards with velocity 64 fL^eo. 
from the top of a tower I2S ft high. In what time will it reach 
the ground T 

If we measure in the upward direction so that the initial velocity 
is poMtive, we have »= -128 when the body strikes the ground, 
hence we have ^^ _ jg,,^ jgg, 

P-U-S=0. 

= 5-46 9008.; 
the negative Bolution not being applicable to the question. 

2. A stone let drop from the top of a tower reaches the groimd 
in 2^ secH. ; how high is the tower, and with what velocity does the 
atone strike the ground T 

3. A body projected vertically upwards resjihes a height of 50 
metres. Find the initial velocity and time of flight. 

4. With what velocity does a child throw a ball vertically in 
order to just reach a ceiling 12 feet above the point where the b&B 
leaves the bands 7 
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5. Wlien a balloon in 200 metrae &boTe the ground, and ridng 
vertic&lly with a vdooity of 6 m./aea., a stone a released from tk 
How long will it take to reach the groimd T 

If the balloon has an aooeteistion, does it afiect the reealt T 

6. A body thrown Tertically upwards from the tup of a tower 
reacfaee the eioDnd in 5 seos. If thrown verticallj downwards with 
the same TeTooity, it leaohee it in 3 sees. Find the initiAl velocity 
and tba height of the tower. 

7. A body projected vertioally npwaids from the top of a tower 
raaoheB the ground in f, aeoa. If projected vertically downwards 
with the same velocity, it leachee it in 1, sees. Prove that if simply 
let drop it would reach the ground in -Jt^ aeoa, 

8. A body ia projected verticaU;^ apwaids with velooitr 80 
ft/eeo. Find the times at which it ia at a height of 10 ft. Find 
also the time to travel from the height of 40 ft to 00 ft. 

9. If tite maximnm height reached by a projectile moving verti- 
cally is A, find the interval of time between the two instuita at 
whioh it is at a height IA, k bwng a proper fraction. 

10. If ( is the time t^en by a projeotile to reoab a height A, and 
f the time from this point to the ground again, prove that 
h=igtf,aad tiie maximnm height is ^(t+f)'/S. 

11. A pereon drops a stone into a well, and heara the splash at 
tb^ end of 4 aeos. What is the depth of the well, if sonnd travels 
at 1100 ft /sea) 

18. Relative Velocity and Acceleration of Two 
Bodies. 

We have Been that all motion is relative. If two bodies are 
moTing in the same straight line, the relative velocity detei- 
minee tihe rate at which they are separating or approaching one 
another. 

Suppose that two cyclists are travelling along the same road, 
in the same direction, one at 10 miles/hr. and the other at 8 . 
mil»/hr. The first is gaining at the rate of 2 milee/hr. bom 
the second. This is the relative velocity of the first with 
reepect to the second. 

If the second were moving in the opposite direction to the 
first, they would be receding &om one another (or approaching 
one another) at 18 mil«/hr. The relative velocity would be 
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18 miles/lu. We can ezpTcss the &ct8 thus : K A and B aie 
moving in the same straight line through O, and it at any instant 

A has a velocity u relative to O, 
and B „ „ u' „ O 

then A „ „ «-«'„ B, 

and B „ „ «'-u„ A. 

In the same way, if 

A has on acceleration / rdative to O, 
and B ,. .. / „ O, 

then A „ „ /-/' „ B, 

and B „ „ /'-/ „ A. 

With theee velocitiee snd accelerations the distance travelled 
by A in t sees, is ut + ift^ relative to 0, 

and by B v't+i/'fl „ 0; 

therefore the distance travelled by A relatively to B in 1 sees, is 

td + i/f»-(«'( + i/'(«) = («-«')t + i(/-/')'', 
or they separate from one another (or approach one another) 
in exactly the same way as if B was at rest and A was moving 
with velocity u-u' at a given instant, and with acceleration 

f-f- 

In the case of two bodies thrown vertically upwards, in the 
same straight line, their accelerations are both g and the 
relative acceleration is zero. Consequently the relative velo- 
city is constant. If they are projected at the same instant with 
velocities u and w', then in ( sees, they will be («-«')( ft. 
apart, exactly the same as if neither was accelerated. 

Example 1, A body is projected vertioally with velocity 80 
ft./s^-. ^od 2 BSCB. after, a second body is projeoted vertically 
upwards from the same point, witJi velocity 94 ft. /sec. Find whoi 
and where they will meet. 

First SotuHon. At the end of t seoe. firom the instant the first 
starts, it iB at height SW - 1^'= SOI - 16(>. 

The second has then been moving foi t -2 sees., and its hdght is 
ft4((-2)-ip(i-2)» 
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If they are together at thJa instant, 

80( - 16(»=64{( - 2} - 16(( - 2)» 

= 641 - 128 '16(' +611-04; 
.-. 4W=192, 
t=i. 
They meet 1 sees, after the fint starta at a height of 

80x4-16x16=04 ft. 
Second Solviion. By rslative velocity and aooeleiation. When 
the secood starta the fiist is at a height of 

80x2-16x4= 96 ft., 
and haa a velocity of 80 -32x 2=^16 ft^wo. 
The second haa a velocity relative to Uie first of 
64 -16=48 ft, /sec., 
and the relative velocity temains oonataat. 
The second oatohee np the 90 ft. in j3=2 sees. 
The second has been moving for 2 sees., and the first foi 4 sees. 
The poeition ia found as before. 

S. A body ia projected vertically upwards with velocity 72 fL/sea. 
and 2 sees.; afterwarde another is projected upwards from the same 
point with the same velocity. Find vlien and whrav Uiay will 

8. A particle is dropped from the top of a tower 144 ft. high, 
and at toe same moment another particle is projected upwards from 
the bottom. With what velocity is tlie latt^ projected, if they 
meet } of tiie way down, and (riiat is the velocity of each when they 

4. Two partides, started as in the last example from the top 
and bottom of a tower h feet high, meet when the upper one haa 
deeorihed ~th of the distance ; shew that the velocitiee when they 
meet axe in t^e ratio 2 ; n - 2, and that the initial velocity of the 
low" f V?- 

5. Farticlea P and Q atart from rest at points A and B 200 cms. 
apart at the same instant and in the same (Erection (A to B) ; if 
the aooelerations are 12, 10 cm./sec*. respectively, find when and 
where P will overtake Q. 

6. Fartiolea P and Q start from two pra'nts A and B 200 oni§. 
apart in opposite direotiona to meet one another. P has an initial 
velocity of 10 cm./sec. and acceleration 4 cia/Bec'. Q starts 3 
seconds after P, and has initial velocity 8 cm. /sec. and aooeleistion 
S cm. /see*. When and where will they meet T 
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7. A p«rtiol« is let fall from rest at A. Wbcn ic baa been moving 
foe I a aeooiid, & aeooad is lat fitll from B, 16 fL below A. Shew 
that the fint will Qveitake tbe aeooad at the end of anotJiw { aec 

B. A partiole ia let fail from rest at A, and before it reaches a 
point B below it, anothec is lot foil from B. Shew that the first 
Deoeaaarilf oveitakee the aeooad. 

9. A particle P atarta from and mores with oonatBot vdocity 
10 ft./Beo. i at tbe same instant Q starts from rest at O and moves 
with constant aeoeleiation ^ ft/aeo*. Find when aad wbeie Q 
overtakes P. 

10. A body starts from rest at A and moves with otmatant aoceler&- 
tion / in a straight line. T sees, afterwaids a seocHid body starts 
from A and moves with oniform velocity u in the same line. Prove 
that the seoond overtakes the first if 

">2/T, 
and shew that in this case the first overtakee the WMHid again. 

11. A body moves from A with uniform velocity w in a stfaight 
line. T seconds afterwards a second body starta from rest at 
A and moves with constant aooeleration /. Shew that the second 
necessarily overtakes the first, and that the two are tc^ther cmce 
only. 

12. A body starts from A with initial velocity u, and moves in a 
stcaight line with constant aoceleration / T eeoonds afterwards a 
seoond starts with velocity t^ and acceleration/' in the same line. 

Prove that if f >f the second neoessarily overtakes the first, 
bat that itf>f it only overtakes it if 

K-«)'+//T'>2T(jfii'-A). 
Verify that the result of No. 10 b a special case of this. 

19. Variable Acceleration. 

An important general result about variable acceleration can 
be deduced &om the preceding reenlte for unifonn accdoation. 

If the acodeiation variee we may Btill regaid it as neariy 
constant during a very short interval, and bence the equation 



— T?- 
holds approximately for a abort distance, becoming more and 



J 
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more neatly accurate the shorter tlie interval ie. V^th the 
previous notation this would be ezpreeeed as 



/, = Lim5 



where v^ is the velocity at distance s, from the origin, etc. 

Hence, if we know v in terms of s we can draw a graph of 
^, and, as in the preceding work, the acceleration ia the 
gradient of the graph so drawn. 



Fio. 14. 

Also, if we have the accelerstion-dietance graph, an area 
on the graph between two oidinates repreeente the change in 

Example. lif= -t**, prove that «* -u'= -Jfa' where tt ia the 
velocity when «'=0. Prove also that ti=0 where «= ± t, and describe 
the motion. 

20. Other Qraphical Bepreseutations. 



Further, since ' e. = Lim 



-" (j - 



<3-8] 



Hence, if a graph is drawn for - in terms of s, an area on this 
graph gives the interval of time required to deecribe the 
distance. 
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A further cas« is that in wHch/ie given in tenns of v. 
ffinoe /, oLim j 



Lim ^ — -'• 



Hmce, if a graph of - is drawn in termB of v, an area of this 

graph repreeents the interval of time required to cause a given 
change in velocity. 

21. Hence, snmming up the two chapters, we see that we 
can Bolve graphically any of the following pioblemB : 
If s is given in terms of t, we can find v, 



„v „ „ t, 

„f „ „ t, 


., „ /ands, 

„ „ V, and therefore s. 


„f is given in terms of s, 

„/ „ „ ' 

In such a case as the last, 
go on to find s in terms of t. 


„ t^, and therefore v, 
we find I for each v, and then can 
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ThuB, finaUy we have tJie means of finding : 
V and /, if « ia given in teimfl of t, 

,/...» „ „ 1, 
'■"./ 

shewing that any question in which one of the four a, v, /, t 
is given in terms of another, can be solved completel}' graphi- 
cally so as to find the other two. 



EXAMPLES. 

1. A train possee a station A at 30 miles an bonr, and Tnft.in tjt.iTia 
this speed foe 7 miles, and then is uniformly retarded, stopping at 
B, which is 8 miles from A. A second train starts from A at the 
inatiuit the first paesee, and being nniformly aceelerated for part of 
the jonme;, and uniformly retarded for the rest, stops at B at the 
same time as the first, find its greatest speed. 

S. Shew graphically or otherwise that if the acceleration of a 
particle moring in a straight line is always incresaing, the average 
velocity is less than the mean of the initial and final Tclooitiee, aod 
greater than the velocity at the middle of the interval. 

Give the values of these quantities for the intervtd finun to < 
when the distance travelled in time t is itt*. 

S. If the distanoe travelled in I sees, is represented by an exprea- 
fflon - ir=9(-«'+P, 

shew that the velocity Tanishee when 1=1 and when 1=3, and 
that the acceleration vanishee when 1=2. 

Describe the motion. 

4. A pinole is moving in a straight line, and its velooi^ at a 

distMioe X from the origin is k\ Pind the acceleration, and 

describe the nature of the motion if the particle is initially at a 
point x^s ^nd is moving away from the origin. 

5. Two particles moving in the same straight line a'% at a cer- 
tain instant at points A, B, 10 ft. apart and moving in the same 
direction with velocities 9, 2 ft./sec. in the direction from A to B, 



40 SLSMENTABY DYNAMICS 

oud continue to move with ocautuit aooelemtiona 4, 6 ft./aeo'. id 
the same direction. Prove iimt A will ovotake B and afterwards 
B will orertake A, and find Uie times and pcMitioOB at which the 
two poaa one anothw. 

Shew that they aie moving with the game velooit; at the instant 
midway between the instants at which tliey aie togethm'. 

6. Two particles moving in the same stnught line with constant 
s«celerations /, /' in the positive direotion have velocitiee u, u' at 
a certain instant, end are then at distances a, a' from the or^in. 
Prove that they cannot pass one another more than twice, and 
that if thej^ do so twice, the interval T between the two timea <rf 
pofistng is given by 

u/n-T-i' -«■)■ -2(» -'■)U-n 

Bence prove that th^ cannot pass one another wtibtx befbre or 
after the given instant if 

{u-»')'<2(a -«')(/-/'}. 
Interpret the cs«e when 

(i.-.T.2(. -.')</-/•). 
Compcue with the numerical results in Qnestioo S. 
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produce such a dumge, and ve eztoid the idea of force to 
aaj case whero similar tecmlte are observed. Thus, in the 
umial woids — 

Force m anything ihat produces or tend* to 'produce dumge 
in the Blale ojrext or ofmolitm ofabody. 

Id this statement it is understood that there is change in 
the motion of a bodj' whenever the motion is not motion in 
a straight line with uniform velocity. We say, for example, 
that a falling body is acted on by a force because the velocity 
continually increases, and even if the body ceases to move, 
and rests on the ground, we thinlc of it as still acted on by a 
force in the same way ae before, though motion is prevented 
by a force exerted by the ground pressing up against the 
body. 

23. Heasurement of Force. 

To obtain accurate ideas about force, we must find some 
way of meaauting force independently of our muscular efiort, 
which can only give rough ideas. One method is to examine, 
if possible, the weight that the force will support, or will 
balance on a chemical balance. Another is to examine the 
extent to which it will elongate a given spiral a|»ring. That 
these two methods are at any rate approximately consiBtent 
with one another, and with the notions derived from muscular 
effort, may be se^i &om a number of experimente. Thus 
two weights that balance on a balance, whether of the same 
or of different materials, will produce the same elongation in 
a given spring, and again will produce, as far as we can judge, 
the same effect on the muscles. It takes, for example, the 
same muscular efiort to raise a 20 lb. lump of iron aa it does 
a 20 lb. block of wood. We find, further, that (conditions of 
temperature, etc., being unchanged) it will always take the 
same weight to elongate the spring th&same amount. Further, 
we find that if we take two wdghts that elongate the spring 
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the same smoimt separately, the two together would elongate 
it twice aa much, and bo od. Hence we may take the elonga- 
tion of s spiral spring aa giving a measure of any force that 
can be applied to the spring. 

Now suppose a little carriage made to run aa freely aa 
poaaible along a horisontal table, and that the carriage can 
be weighted with different wei(^te. If a epital spring is now 
attached to the carriage and pulled along, the force can be 
determined by the elongation of the spring. It may be 
measured, for the preeoit, by the numb^ of inches the spring 
is elongated. We can thw determine the relations between 
the force exerted and the effect produced, and we find the 
following results : 

(1) If we keep the same force applied, that is, see that the 
spring is always stretched to the same extent, we find that 
the carriage moves with uniform acceleration. 

(2) If we make difier^it experiments with difierent forces 
on the same carrii^ and weights, the acceleration is propor- 
tional to the force exerted. 

(3) If we keep the force the same in the different e]^)eri- 
ments, but vary the weight on the carriage, the acceleration is 
inversely proportional to the total weight of carriage and load. 

(4) If we vary the nature of the toad, change, for example, 
iron to wood, hut leave the weight the same, no alteration 
is produced in the acceleration, provided the force remains 
unchanged also. 

We can write these results as follows : 
let P=the force exerted, 
W =the weight of carrit^ and load ; 
from experiment (1), if a force P acts we get an acceleration/, 
,, „ (2)/iB proportional to P if W is constant, 

(3)/ „ „ „ I- if P is constant ; 
.-. /=itP/W, 
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wh«re i ia ft constant depmding only on the units used and 
b; (4), not on the nature of the material used. 

Now any body drops to Uie earth with an accderatiou g, 
shewing (hat it is acted on by some force. In nnmbttiees ex- 
periments on &lling bodice the only things that remain common 
to all, as far as we can see, are the presence of the falling 
body and the earth. We say, therefore, that the earth attracts 
the body or exerts a force on it which we call the weight of 
the body. Weight is thus a force, and if we express the 
weight and the force in the same unite, we have for the falling 
body that the equation f—itP/W 

becomes y-tW/W; 

.'. /=?P/W, 

P = 7/ (i) 

This result is the fundameatal equation of dynamics, and we 
suppose it to apply to all cases where force is acting on a 
body. It is only necessary to remember that in (i) P and W 
are measured in the same unit of any possible kind, and 
/, g are also measured in terms of one unit. 

The above experim^ts cannot be carried out very accur- 
ately, but the more carefully th^ are performed the more 
closely will they be found to hold. In many other experi- 
ments we find that the same results hold approximately, 
and we believe that if we could examine experimentally any 
case where only one force is acting on a body we should find 
the same results. In more compHcated cases deductions from 
this equation agree with results found from obeervatitm 
and experiment. Hence we are led to believe it to be taue 
universally. 

24. Now we find that the weight of a body varies from 
one place to another. A body as weighed by a delicate 
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spring balance will weigh slightly more, by about 0-4 per 
ccait., at the poles than at the equator. If we go up a moun- 
tain it weighB lew, and if we go down a deep mine its weight 
incieoses at first (as Airy found), on acooont of the greater 
doiBtty of the interioi of the earth, but further down dimihishee 
towards the centre of the earth. If we could go towards the 
centre of the earth the weight would continually diminish 
as shewn by a spring balance, and we could find a place at or 
near the coitre where the w«ght would be zero. If direct 
experiments could be accuratdy carried out, we should 
always find that for a pveo body W is always proportional 
to g, oiW/g is constant everywhere for a given body. 

It must, however, be noted that if two bodies balance on 
an ordinary balance at one place, tiiey will balance at any 
other place, although the weight of each is actually different 
at the second place &om what it was at the first. 

When proper units have been selected, the ratio W/y, which 
we have seen is constant for the same body everywhere, we 
will call the mass, and denote by M. The mass depends on 
such things as the volume and constitution of the body, but 
does not depend on the position in the universe. A given 
body, if moved about without breakage or other loss, has its 
mass unchanged however much the weight may change. - 

Putting W/^=>M, 

equation (i) becomes P=H/, (ii) 

and in this form we shall usually use the equation. 

2S. Units. 

If the equations P = M/, 

and the special case W = M^ 

are used as representing the laws of motion, the units in 
which force and mass are measured depend on one another. 
It is best to take the unit of mass first. In the British systen 
(or F.F.S. units, ft.-lb.-eec. units) it is the pound ; in th 
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Metric (G.G.8. unitB, oaitiinetre-graiDiiie-flecoiid unite) it is 
the gnmme. E^nce the mass of a body is proportional to 
the weight, the number usually used in the British BjBteni 
to dmote the weight may also be used to denote the mass 
in pounds. Thus the maaa of a 10-lb. weight ie 10 lbs. Simi- 
larly in the Metric Bystem, the mass of a lO-gm. weight ia 
lOgms. 

If we first define the unit of mass, the unit of force will be 
defined by either of the equations 

P=M/ or W-M;, 
for if W''!, since (r=32 tt./eeo*. approximatdy, 

M-jljlb.; 
or, the unit of foifie is the wdght of a body whoee mass is 
1/32 lb., or about half an ounce. This force is called a poundal, 
and ia called an absolute unit (in opposition to the gravita- 
tional unit, which we will come to later), because it depends 
only on the unite of mass, length and time, and does not vary 
for any changes of position throughout the uniTeise. 

A poundal, then, is the weight of about half an ounce. It 
may be defined as the force which will produce an acceleration 
of 1 ft. /see*, in a mass of a pound ; or, again, the force which, 
acting for 1 sec. on the mass of a pound, will goierate in it a 
velocity of 1 ft./sec. 

If we use the fundamental equation in the form P—f, it 

does not matter what unite are used for force, provided P 
and W are expressed in the same unite, and the idea of mass 
does not appear at all. This is common with engineers, and 
they usually use the pound-weight as the unit of forCe. The 
pound-weight is simply the pressure exerted by a standard 
pound on a horizontal plane. On account of the rotation of 
the earth, this is not the same as the force with which the 
earth attracte the standard pound, but difiers from it by a 
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small fnuitioi] of a pound-vd^t, aa we shall see later. The 
pound-weight is coUed a gravitational unit because it depends 
on the action of gravitation ; it is slightly difierent at different 
points of the earth's surface. 

A pound-wMght is approximately 32 poundals. Of the two 
units, the poundal is the more eonvenient for accurate scientific 
purposes ; though not much used now, because the British 
unite are no longer used in this kind of work. For ordinary 
engineering purposes the pound-weight is used much more 
frequently; but we feel it is best in working a question in 
British ututs to express the forces in poundals, and if the 
result is a force, to change it afterwards into pounds-w«ght, 
and afterwards into tons-weight if required. 

Corresponding unite will be used in the Hetrio system. 
Thus we have the corresponding units : 



Unit of 


Britiih. 


Metric 


BeUtion. 


>fasB 
Force 


pound 

poundal 

IK-weight 


gramme 
dyne 

gm.-weiglit 


lib. ':'4S3-e^mB. 
I ibl. ^13826 dynes. 
1 lb.-wt=4e3-6 graB.-wt 



A dyne, for example, is the force which, acting for one 
second on a mass of a gramme, will g^erate in it a velocity 
of one centimetre per second. 

To get the relation between the dyne and the poundal we 
may proceed as follows : 
In 1 sec. a force of I dyne generates 1 cm./sec. in a mass 

of 1 gm. 
.'. In 1 sec. a force of 30-48 dynes generates 1 ft./sec. in a 

mass of 1 gm. 
.'. Id 1 sec. 463-6x3048 dynes generate 1 ft./Bec. in a 
mass of 1 lb. 

.'. Hbl. = 463-6x3048=13826dynes(approx.). 
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The distinction between mass and force must be canfDlIy 
pneerved. Tbey ate oitirdy difiereoit kinds of qoantities, 
and cannot be measnied in the same nnits. Masaea are only 
measured in pounds or grammes or multiples oi enb-multii4eB 
of these. Force cannot be measured in theee. It is wrong 
to speak of a force of 10 lbs., tkongli a force of 10 lbe.-wt. ia 
quite correct. It is, however, common among emgineers to 
speak of a force of 10 lbs., but it most be understood as meaning 
10 Ibs.-wt., that is, a force. equal to the weight of 10 lbs. 

26. Facts about Force. 

To return now to the nature of force, we find in the first 
place, in all cases that we observe, that force is exerted by 
one body on another. The falling body we have spoken of 
is acted on by a force due to the presence of a second body, 
the earth. Again, we can only exert pressure with the hand 
I^ pressing against some other body. A motor-car cannot 
start moving without the friction between the wheel and the 
earth to help it, nor could an aeroplane fly in a vacuum, it 
cannot move without the exertion of pressure by the ur. 
Thus we only find force exerted as an action of one body <m 
another. 

27. Aotion and Reaction. 

Further, we find that in all cases, if one body exerts force 
on a second, the second exerts force on the first. When we 
hat^ a body on to a spring balance, the body pulls at the 
spring as well as the spring pulling at the body. When we 
press on the t»ble with the hand, the table presses back, stop- 
ping the hand from moving. Even in the case of the falling 
body, though the effect is not observable, the body exxxta 
an attraction on the earth, in the same way as the earth 
enrts an attraction on the body. When a horse pulls at a 
cart, the cart is obviously pulling at the horse, otherwise the 
horse would rapidly get up a greater velocity. 



_l 
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FurtlieT exp«rimenta sliew that not only does the action 
of a force on one hoAj by a second involve another force (or 
a reaction), exerted by the second od the first, but that 
thefifi two forces are eqiial in magnitude and opposite in 
direction. 

It is, however, difficult to get simple experiments to shew 
the equality of action and reaction without bringing in other 
matters. Some of the simplest ore those on the collision of 
two bodies, and explosion, as in the case of firing a gun, and 
both of these we will explain soon. If we attach two spiral 
springs to one another, and exert forces at the two ends, we 
find that the extensions of the springs shew that the same 
forces are exerted on the two. That ia to say, the force 
exerted by the first spring on the second is equal to that 
exerted by the second on the first. It should be noticed that 
the law of action and reaction has been already assumed in 
the experiments to illustrate the law P»M/, for the force 
exerted on the mass by the spiral spring is assumed to be 
measured by the stretching of the spring which really gives 
the force exerted by the mass on the spring, and an experi- 
m«it in which two carriages are connected together by a 
spiral spring and started moving with any velocities in the 
line joining them can give no more information than we have 
already obtained. 

28. LawB of Motion. 

Summing up the progress so far made, we may say that 
we have the following laws : 

(I) P=M/ for the action of a force on a body, including as 
. a special case the equation W •= Mg. 

(II) .A force lian only occur in conjunction with an equal 
I and opposite one, or — To every action there is an equal and 

opposite reaction. 
I Law (I) includes what are called Newton's first and secnnd 

\ B,tD. O 
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thitt h to My, it is in the opposite direotion to the velooi^ irtiiali 
w« buve taken u poutive. 
Hw nugnitade of the raaktuioe is 

ix800=1001blB. 
=3|lb8.irt., 
or 26 times the weight at the bullet. 

EXAMPLES. 

1, A body of maw 10 lbs. acted on by a oonatant foroe attains 
a Telocity of 20 fL/aec from lest in balf a minute. Find the force. 

2. A body of man 4 lbs. ia polled along a amootb horizoatal 
table, and ia found to move with uniform aooeleration, and ta 
describe 9 ft. from rest in 6 sece. What force ia exerted on it T 

i. Ifabodyaetodo 
from reet in 6 eeoonds, n 

4. A msM of 150 gms. is acted on by a force of 10,000 dptea. 
What diattmoe will it travel in 20 sees, from rest, uid what will be 
its velocity then 1 

6. A foroe of 60 kgms. wt. la exerted on a oarriage of maaa 600 
^niB., capable of moving along horizontal rails without friotdon. 
How long will it take to travel 100 metres from reet T 

8. A body of mass 10 lbs. is acted on by a foroe of I oz, wt. for 
1 minute. What distance will it have Uavelled from rest diem, 
and what will be its velocity T 

7. What frictional force will bring a train of mass 100 tons, 
travelling at 40 miles/hr., to rest in 200 yds. t 

8> A train of weight 100 tons is running at 20 milee/hr., when 
steam is shut oB, and a resistance of 1100 lbs. weight acts oon- 
licaoasly until it is brought to reet Find the dietonoe it travds 
after steam is shut o&, and the time taken to come to reet. 

9. A bullet of mass } oz. moving horizontally .has He velocity 
reduced from 2000 to 1600 ft/aec in soing 300 yds. Find the 
air resistanoe, supposed uniform. Find e&o the velocity at IfiO yds. 

10. If, while the velocity of a riSe bullet falls from ISOO to 1200 
ft^eo,, the average resistance is 20 times the weight, find how far 
it goes in the interval, regarding the bullet as travelling horizontally. 

11. A bullet of maes 1 oz., travelling at 1200 ft. /sec., enters a It^ 
of wood and penetrates to a depth of 12 inchea : find the reeistanoe, 
supposed nnifbrm. 

If the log bad been 8 inches thick, with what velocity would it 



FORCE AND HAS8 

12. A railwkj track wedghing half a ton 
coDBtant force, and traveU OO ft. from rest ii 
magnitude of the force T 

IS. A force of 8000 dynes acting <hi a body cansea it to get np a 
Telocity of 30 cm. /sec. in 6 sees, from rest. What is the maw of the 
body T Find, alao, the ratio of the force to the weight of the body. 

14. A body of mass 10 Iha. is moviiig along a boriEontal table, 
and ite veloci^ is found to diminish ftom 12 ft/aeo. to 4 ft^wo. in 
going 6 ft. What is the force acting on it T 

30. Two or Hore Forces. 

In Law I it is also implied that if two forces act on a body, 
each produces an acceleration proportional to it and inde- 
pendent ot tlie action of the others. We are at pieecnt con- 
cerned only with the case where the different forces act in 
one line, but in either the porative oi negative direction. The 
efiect of two forces in the same direction on a particle is the 
same as that of one force equal to the sum of the two, the 
effect of two forces in opposite directions is the same as that 
of a force equal to the difference of the two and acting in the 
direction of the larger of the two. Thus, if a mass of 10 the. 
is acted on by a force of 8 11m. wt. pulling it in one direction, 
and 6 lbs. wt. pulling it in the other, 

6 lbs. wt. ■• — □ — *■ 8 lbs. wt., 



it will move with an acceleration given by 

P=S-6=21be.wt. = 2x32 Ibis., 
m=10; 

••■/=^=?J -6-4 ft/sec'. 

In working any example, however simple, with more than 
one force, the student should never omit to draw a diagram 
and mark dearly on it all the forces acting. Also, we advise 
the student, as a general rule, when he is working a question 
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inTolTing numerical magnitudes of foic«e, to mark the nnmeri- 
oal va.\am of the forces on the diagram. He must not mark 
aocelerationB or velodtiee on the same diagram and in the 
same manner u forces. If he finds it convenient to mark 
the acceleration, lie may do so hy an arrow by the side of 
the body dealt with, while the forces are marked by arrows 
passing through the body. 

31. Weight carried up by a Lift. 

Suppose that a lift moving with upward acceleration / 
carries a mass m, find the pressure on the floor of the lift. 

We cannot form the equation for the lift, since the weight 
of the lift and the force u^ng it on are not given, but we 
can deal with the mass carried. This is moving with upward 
acceleration /, and is acted on by two forces : 

(i) R, the pressure of the lift on the mass upwards (equal 
and opposite to the pressure of the mass on the lift) ; 

(ii) mg, the weight of the body.. 
Hence we have 

R = m(jr+/) = m?(l+^. 

Thus the pressure of the body on the floor 
of the lift is greater than its weight in the 

"*'" 1+^:1. 

If the acceleration is downwards, the pressure 
will be less than the weight in the ratio 




_/. 



In each case it does not matter in which direction the lift 
is moving. That is to aay, the efiect is the same if the lift 
is ascending with increasing speed and acceleration / or de- 
scending with diminishing speed, but the same numerical 
acceleration for /is upwards in each case. 



FORCE AND MASS 66 

It is to be specially noticed that it is only tlie acceleration 
that aSectB the preeaore, not the velocity, 

Exan^tk 1. A force of 240 gme. wt. is exerted vertioaUy to niw 
a body of mass 200 Rms. With what aoceleration will it move, and 
what time will be taken in raising it 50 meties T (Allow for the 
action of gravity.) 

5. A train of mass 120 tons is pulled with a oonatant force of 
2 ions weight, while theie is a frictional resistance of ^ a ton wei^t. 
With what velocity will the train be moving at the md of 1{ nuns. 
bom reet, and how fat will it have gone then T 

8. A train of maaa 200 tons starts from rest, the engine exerting 
a ccmstant force of 2 tons wt. The resistance is 10 lbs. wt, per 
ton. The train runs for 6 mins., and then steam is shut off. Find 
(1) tiie maximum velocity attained, (2) the time it mns without 
steam before coming to rest, (3) the whole distance travelled. 

4. A train of 120 tons starts from reet, and moves against a 

constant frictional resistance of 11 lbs. wt. per ton, the en^e 
exerting a constant force until steam is shut ofi. If the acceleration, 
while steam is on, is 0'14 ft. /sec'., and the train is required to come 
to rest at the end of 3 miles (without brakes), find (I) the time 
taken on the journey, (2) the greatest velooity, (3) the distance 
traveled und^ steam, 

9. How is the reading of a spring balance in a balloon affected by 
the motion of the balloon T 

A mass of 1 lb. is suspended from a spring-balance in a balloon ; 
if the pointer reads 11 Idn., what is the acceleration of the balloon T 

6. A weight of 100 lbs. is on a lift moving downwards. The lift 
moves at first with acceleration 6 ft /sec*., then with constant 
velocity, and finally with retardation 6 ft. /sec*. Find the ] 
on thelHl exerted by the body in each part of the motion. 

7. A string can jnst support a weight of 6 lbs. at rest What is 
the greatest acceleration with which it can raise a weight of 4 lbs. I 

32. Air Resistance on a Falling Body. 

In the case of a falling body, we have acting beeidee the 
force of gravitation the resistance of the air, which is generally 
assumed to he (for low velocities) proportional to the square 
of the velocity ; hence the resistance can be written ib* Ibla., 
where k is some factor depending on the volume and shape 



^ 
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of the body and the density of the ui, and not on die density' 
of the body ; hence the equation for downward motion becomes 

1 /-»-s-- « 

M fngii here strictly the weight in air, not the true 

i weight in vacuo. It is lees than the true wdght by 
W"*"? the w»ght of the aii displaced by the body. 
'^ "' As this equation (i) gives the acceleration in tenns 
of the velooity, an approximate solution can be obtained 
graphically, but an accurate solution cannot be found withoat 
the int^ral calculus. The -y, v graph is of the following shape : 




The area of this graph by Art. 20 will give the time taken 
to reach any velocity lees than 'Jmgj'k. 

It is important to notice that, as the body falls, the velocity 
increases and the acceleration diminishes and - increasce, 
until ultimately the velocity approaches a limiting value 
given by ,_l^.o 

^ m ' 

which would make the acceleration zero and -, infinite ; the 
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body oannot, tbecelbre, get up a liigher velocity than \^' 
for if the velocity became even slightly higher than this, the 
aooeleration would become negative and the velocity would 

diminish, while if the velocity diminished below 4/^ agtun, 

the acceleration would be positive, and the v^odty would 
increase again. The longer the body falls, the moie nearly 

will the velodty approach the limiting value \l^- This 
velocity is often called the terminal velocity. 
For example, if m = 10 and i=0-06inF.F,8. units, 

^^-%'32x10x20-n/6460-80 ft/sec., 

and the body could not get up a greater velocity, starting 
from reet, than 80 ft./sec., the same velocity that a body 
falling in vacuo would get up in 2| sees. 

NoUce that for upvrard motion the equation is different, 
being mf~-mg~h^; g 

and the velocity continually diminishes till the *^ 
maximum h^ght is reached. *'' 

A limiting velocity can be found if the reeiBtance, instead 
of varying as the aquai-e of the velocity, variee as any other 
power of the velocity, such as the n*". We would then have 
£or the downward motion, 

- fo» 

and the limiting velocity = a/^- 

A very important case of this is the fall of email drope of 
water through the air. The smallet; the drop, the larger is 
the ratio resistance/weight, for diminishing the radius to 



-(,. 
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oii«-teoth of its fonner value diminishes the weight to oae- 
thooaaodth, but the reaiatance which depends on the area 
to a hnndiedth, leBving the ratio 10 times as large as befoie. 
The larger conaequentl; becomes Jfc/m, and the smaller the 
terminal velocity. Hinute drops of water consequently faU 
with exceedingly small velocities, and in this case the reeist- 
(mee is approximately proportional to the velodty. For a 
small sphere of water, according to Stokes, we have the 
resiatiance -6.fay I8x 10-*» 

in C.a.8. units if a is the radius, and as the mass b ^ mfl, the 
equation becomes 

I jra*f= \ jraV - 6mi X I -8 X 10 -*», 



The limiting velocity is therefore 
980a> 



Six 



^=12xl0*xffl». 
For example, if a — -001 cm. = ^^ mm. 
the terminal velocity 1-2 cm./ee«., 

this result only applies if a is very small as we have taken 
it here. These small Umiting velocities account for the bus- 
pension of small drops of water and ice crystals in the air, 
in the form of cloud and fog, and of the tniDUte dust particles 
which are always present in the Mr. 

33. OoUirion, Momentmn, ImpnlBe. 

Suppose that two bodies moving in the same straight line 
collide and separate from one another again ; for example, 
they may be balls on a horizontal table, such as biUiard balls. 
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They exert force an one uiotlier for ft very short time only, 
during which they are in contact, but this force tn&y be very 
great. During the very short time they are acting on one 
another, the force between them may (certainly will) vary, 
but at any particular instant the force will be the same on 
both, according to the law of action and reaction. Hence 
again, the rate of change of momentum is the same for both 
at each instant ; hence also, the change of momentum in 
the interval is the Bame for both, but in oppo^te directions. 
Hraice, let m, m' be the masses, 

u, u' be the velooitiee before collision (mea- 
sured in the same direction) ; 
V, v' be the velodties after coUisian. 
We may represent the data cooveniently thus 

m m' 

O O 

velocities before impact -»■ w -♦ u*, 

velocities after impact -*v -m*. 



W« have mo - m« — - (mV - mV) ; 

.'. mF + mV = mii+mV, 
or the total momentum is unchanged. 

As in all other cases, it must be remembered that velocity 

may have a positive or negative direction. Thue if two balls 

of maaaes 6 and 4 lbs. are moving towards one another with 

velocities 3 and 2 ft. /sec. respectively, the total momentum is 

6x3 + 4x(-2) = 10. 

Many experiments may be made on collision of balls by 
hanging two balls by strings so that they hang in contact 
and in the same horizontal. On drawing them aside to any 
Stance, and releasing them they will collide and rebound 
and their velocities just before and after the collision can be 
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meaannd, and the above equation verified. A fuller occonnt 
of this experiment will be given later. 
The vnifioation of the equation 

no + mV •- mu + m'v,' 
for various valuee of the mBsses and vdocitiee constitutes 
one of the simpleet verifications of the law of aetion and 
reaction. 

34. Shot and ann. 

An exactly similai case occuia when a gun is fired. Here 
we have the sudden generation of gasee in the barrel, which 
produce a powerful pressure on the shot, and an equal and 
opposite pressure on the gun. As in collision, this preesnie 
may be variable, but the total momentum produced in the 
shot is equal and opposite to the momentum of the gun. As 
it is uauatly expieased MV—mv 

tike large letters referring to the gun and the small to tiie 
shot. 

{In this form of the equation, F and v are measured in 
opposite directions.) 

Both in collision and in explosion the force is very large, 
but acts for a very short time, and usually we have to do 
without a knowledge of the force. It is common m such 
cases to introduce the term impulse of the force, which is 
defined in the following way : 

When a force 18 constant, the impulse is the frodud of ^f one 
into the time during which it acts. 

If the force is variable, the interval of time during v^ieh it 
acts must be divided up into shorter intervals so short that the 
force can be regarded as constant during each of the short intervals, 
and the products of the force into the time for each of these 
are added together, and the sum called the impulse of the 
force for the whole time. To get the accurate reeult, the 
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little interralB must be made indefinitely Bhort, and conse- 
qaeuatly their number indefinitely great, and the total impulse 
will then be expressed in the similar notation to that which 
we faftTe used before as 



Lim y) PrTr, 



where Pr is the force acting for the r*^ interval t,. 

If we draw a force-time curve, it will follow that the impulse 
ie repreeented on this digram by the area bounded by the 
graph the axis of time, and the ordinatee at the two inetontv, 
between which the impulse is required. 




In the figure the rectangle QMNK repreeents Pyr,, and the 
whole impulse between the instants t, and f, represented by 
A and B is represented by the area ACDB. 
The definition of Impulse can also be expressed thus : 
The impulse is equal to the average force multiplied by the 
time during which it acts. 

30. Wth these definitions the impulse of a force in any 
interval will be equal to the change of momentum produced 
by it. 
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For if the force is conatant, the acceleration ia constant, 
and we have with onx usual notation 

tnv - mu " mft 
=-K 

E impulse, 
but mv - mu is the change of momentum, hence the impulse 
=the cliange of momentum. 

If the force is variable, we can think, aa before, of the time 
as divided up into the large number of little intervals, tatd 

/ 



for each little interval we have that the impulse during the 
short time is equal to the change of momentum, hence adding 
up for the whole time it follows that the total impulse is 
equal to the total change of momentum. This can also be 
seen from the graph, for if we consider the acceleration-time 
graph we know that the area on this graph represents the 
change in velocity, and on the foroe-time graph the area 
represents the impulse. Now, since the force ia equal to the 
mass multiplied by the acceleration, it follows that the oidi- 
natea of the foroe-time graph are all m times as great as the 
ordinates on the acceleration -time graph, and that therefore the 
whole area on the first curve is m timee the area on the second. 
It follows that in the above cases of collision and explosion 
the impulse can be determined ftom a measurement of the 
massee and velocities. 
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From the above we see that the Newtonian law 
P=M/ 
IB equivalent to the statement 

Impulse ~ change of momentum, 
or I c- mo- ma where Z Btanda for the Impulse. 

If the pressure in the shot and gun example is required, 
it is ueoeesarj to determine the time t taken bj the shot to 
travel along the barrel as well as the muzzle velocity v, we 
then have l=mv, 

also I => n, 

or the average preaHure "^^T' 

There is no generally recognized name for the unit of 
momentum or impulse in either the British or Metric system. 
We will therefore speak of an impulse in IbL-eeo. units or 
Ib.-wt.-aeo. units, or shortly Ibl.-secs. or Ib.-wt.-secs. A 
lb.-wt.-«6c. will be the impulse of a force of 1 lb. wt. acting 
for 1 sec., and similarly for a IbL-sec. A Ib.-wt.-sec. is equal 
to 32 Ibl.-secs. Momentum is measured in the same units as 
impulse. A body of oiaas 1 lb. moving with a velocity of 
1 ft. /sec. will poesees 1 Ibl.-sec. of momentum, or ^ 
Ib.-wt.-eec. 

ExampU 1. Two balls of inueeB 10 and 6 lbs. moving in opposite 
directiona with velocities 8 and 4 ft. /sec. respectively, collide, and 
the smaller rebonnda with a velooitj of 5 fL/sec. What is the 
velocity of the larger after ooUiaion T Also find the average force 
acting between them if they are in contact for 0-01 sec. 

Repreeenting the velocities as above, 

® © 

before colliaion 8 -*■■«- 4, 

Fid. U. 

the momraitum is unchanged by the collinon. 

10t.+5x5=10x8+6x(-4), 
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Hm ohu^ of momeotnm tit tiw aeoood {axtd UteaeSon abo of 
the flnt) IB, in magnitnde, 

Sx6-Sx('4)-4e. 
.'. tbeimpDlseis4filbL-seas.=f}Ib.-wt-seo. 
Tlw fone is giTeu by 

Pt=4S; 
.-. P=45x 100 IblB. 
= 140-fllbB. wt 

2. A shot of 100 kgma. ie fired with velocity 600 motive /aeo. from 
a gun of 6000 kgnu. What constant force would be required to 
stop the recoil of the gun in 2 metres T 

The Tekrai^ of reocul ia given by 



or 6000V=100xBOO. 




v=f„w-=..T "»•'-• 




is given 1^ i^=u'+2/«. 




(,= (?f)-+2/xi!00. 




, 62500 




The force reqmred wiU be M/, 
or eOOOxlOOOx^—dyDM. 




= 104-2xlO» dynes nearly 
=^xlO«gn«.wt. 




= H)63xlO' 




= l-063xlO*kgms. wt. 




= 10,630 kgmB. wt HMriy. 




S. An impulse of 40 Ib.-wt.-seo. units is applied to & mass of 12 lbs. 
at rert. With what velocity does it begin bo move ! 




4. A stone of weight 2 lbs. lying on ice is struck a horizontal 
blow of impulse 10 lb.-wt.-8e6. units. If the friction is I of the 
w«ght, how far wiU the stone go on the ice ? 


\ 




J 
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6. A mass of 2 Ibe. moviog with veboity 18 ft/Beo. oveitaikM a 
mass of 3 lbs. moTJng with velocity 12 ft/seo. If, after coUieion, 
the latter mass moves with a velocity of 16 fu/aec., find the velocity 
of the former aod the impulse between them. 

8. A mass of 2 lbs. moving with velocity 18 ft. /sec meeta a mass 
of 3 lbs. moving with velocity 6 ft /sec. in. the of^ioeite direction. 
If the second rebounds with Velocity 8 ft. /sec., mid the velocity 
of tbe first after coUision and tJie impulse between them. 

7. A steel ball of mass 1 lb. drops on a horizontal plate from a 
height of 10 feet and rebounds to a height of 6 feet If the boll is 
in contact with the plate for 0-01 aec, find the average preesore 
betweMi the sphere and plate while in contact. 

8. Two equal steel spheree moving in oppoeito directions with 
velocities IS cm./sec. coUide affld rebound with velocities 10 cm, /sec. 
The time dm^ing which they are in contact is 0-OOOlS sec. Compare 
the average pressure between them with tbe weight of one sphere. 

9. If two biUls of masses m and m' moving in the same straight 
line with velocities w and i/ collide, and stick together &ft«t the 
collision, prove that the velocity after the collision is 



10. A shot of ISO lbs. is discharged from a 12 ton gnn with velocity 
1260 ft. /sec Find the constant pressure which would be required 
to stop the recoil of the gun in 6 ft. 

11. A shot of 6 lbs. is fired from a gun with velocity 1800 ft./seo. 
If tbe bairel is 6 ft long, find the average pressure exerted on the 

12. A cricket baU of mass 5* oa. has a velocity of 60 ft/sec 
before the batsmMi strikes it, and it is hit back in the same direction 
with a vekMity of 80 ft /sec. What impulse did tbe batflnum give 
to tJieballT 

13. Shote, each ^ oz., travelling horizonttJIy at 1600 ft/sec. 
strike a target at the rate of GO per minute, and fall dead. 

What is the avenge pressure produced on tiie Ripports of the 

^htd the pressure if the shots rebound at 200 ft/seo. 

36. Pressare of a Liquid Jet agaiiut a Wall 
Suppose that a cylindrical jet of water of diiimet«T d incheB, 

and moTing with a velocity of « (t./aec., impinges normally 

againet a fixed vertical wall. 
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The volume of water aihTing at the wall per second if 
) u cub. ft. 



m- 



a, cubic foot of water weighing 62-6 Ibe. 

Before striking the wall its momentum was 

125 «-d»u 
-^x-g^xuF.P.aumtfl. 

If the water does not rebound, this momentum is destroyed 
by the wall, and consequ«itl)r an impulse of this magnitude 
is given to the wall every second. 

But siuce I — Pf, 



1152 7 
135x22 



(ft** Ib8.-wt. 



1162x7x32 
« 00106 (Ptt» lbs. wt 
If the water rebounds, the change of momentum, impulse, 
and pressure will all be greater than this. 

Example. Find the pressure with the same notation, if the 
water rebounds from the weiU with velocit; v. 

ST. Work. 

In the foregoing work we have been specially concerned 
with the force exerted on a body and the acceleration pro- 
duced in it ; but the engineer in designing an engine for a 
railway or steamship is most concemed with such questions 
as the amount of fuel that will be consumed in a certeun 
journey, or the rate at which the engine will consume the fuel, 
when going at full speed, and also what that full speed will 
be. To explain how such questions are to be. answered it 
is necessary first to introduce some fresh ideas and definitions. 

Of these the first is Work. 
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Wt^i a body moves under the Mtion of force, the force is 
said to do Work. Still keeping to the caae where the body 
oi particle on which the force acta mores in a straight line, 
and the force acts along the same Htraight line, we have the 
following definition : 

When a constant force ading on a paHide mooes the point 
of application [the particle], it is said to do wtrJc, and the work 
is measured by the product of the force into the distant the point 
of appUeation moves in the direction of the force. 

When the force acts on a body, the point of application 
of the force may be supposed to be any point in the line of 
action of the force. But as the body moves, the same point 



in the body must be preserved mentally aa the point of appli- 
cation of Uie force. In other words, the body must actually 
move for work to be done ; it is not sufficient for the point 
of application to be simply shifted in the body, such a shift 
would not cause work to be done. Thus if the body in the 
figure is being pulled along by a rope, it is quite indiSerent 
whether we regard the force as acting at A or B, or any other 
point in the line of action of P, as far as the motion produced 
ia concerned, but if we ate estimating the work done, it is 
necessary to think of the same point preserved tjiroughout 
as the point of application of the force ; whether we choose 
A or B is, however, still immaterial, since the distance moved 
by both points in the motions of translation that we are 
considering are the same. 

If the force, instead of being constant, varies, we have to 
nse the same ideas as in the case of the varying velodty. 
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We would divide the distance the particle travels into a large 
number n of small distances, the force being supposed to 
remain oonstant in each of these short distances, and change 
suddenly at the end of each, taldng, for example, throughout 
any of tbe short distances the value it actually has at the 
beginning of it ; we then add up the work done in each 
of the short distances, and the total when n is made 
indefinitely large ia called the total work done by the varying 
force. 

Mathematically, if dr is the length of the r*^ short distance, 
and Pr ia the force at the beginning of this, the total work is 

Lim S Pf'^r- 

Again, by what we have seen, this is represented graphically 
by the area of the force-distance graph between two required 
ordinatee. 



Via, IS.— Foros-Bpioa Dlagimm. 

Id the figure the shaded area repreeenta the work done by 
the variable force as the particle is displaced from the disttmce 
8, to the distance »,. 



The work may also be defined as the product of the average 
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force into the wtole distance. But it must be remembered 
exactly what is meant by the use of the term aveiage. Im- 
pulse could be defined as the average force multiplied by the 
time, but the average force in that case had not the same 
meaning as the average force in the present. In the case 
of the impulse, it is a time-avenge ; that is, the average 
could he found by adding the forces for n instants at equal 
intervals of time apart, and dividing by n afterwards, making 
n indefinitely large. In the case of work it is a space-average 
that is required ; that is, we have to add the forces for n 
different positions at equal distances apart, and proceed as 
before. 

Example X, A body foJls for S eeca. tiom rest. It describee 
400 ft The time-average of ita velocity is 80 fL/seo. Find the 
spnce-average of the velocity by averaging the velocity at the 
diBtuiceB 0, 100, 200, 300, 400 ft. from the starting point Find 
the space-average in the same wa^ by dividing the whole space into 
8 eqnal portions. 

S. When the force is espreeeed by a+bt, prove that the space- 
average for the distance it -a, is a +6-^'', or is equal to the mean 
<^ the initial or final forces. 

38. The absolute unit of work in the British system is 
the WOTk done by a force of a poiindal when ita point of appli- 
cation moves through one foot. This is called a Foot-poundal. 
There is a gravitational unit used by engineers called the 
Foot-pound, and defined as the work done when a force of 
a pound-weight moves its point of application through one 
foot. In other words, the work done when a weight of one 
pound ie raised one foot against gravity. 

It must be noticed that the question of the time required 
to move the point of application does not come into the 
definition. Thus the amount of work done by a bricklayer 
in carrying a bod of bricks of 70 lbs. weight up a ladder 40 ft. 
high ia 70 X 40 ft. -lbs. whether he takes a minute or five minutes 
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to do it. (M the other haod, tlie rate at wMch the work is 
done is important in all questions dealing with trains and 
enginee of all kinds. 

Since 1 lb.-wt.-32'2 Ibis., it also follows that 
1 ft.-lb.=32-2ft.-lbU. 

The corresponding units in the metric system are the Erg, 
corresponding to the foot-poundal ; and the gramme-centi- 
metre, corresponding to the foot-pound. 

Thus an erg is the amount of work done when a force of 
a dyne moves its point of apf4ication through one centimetre ; 
and the gramme-centimetre is the work done in raising a 
weight of one gramme one centimetre against gravity. 

Hence 1 ft. -lb.=453 6x3048 gm.-cme. 

1= 13820 gm.-cms. nearly. 

A ft.-Ibl., being the work done by a force of a Ibl. acting 
through one foot, or 13820 dynes acting through 30-48 cms., 
~13820x981ei^ 
=4-214xl0Serg8 
and 1 ft..-Ib. = 1 -366 x 10' ergs. 

Another unit used especially in electrical work is the Joule, 
which is defined as 10'' ergs. Hence 

IJoule = 0-737 ft.-lb. 

39. Energy. 

Connected with Work, we have to introduce the term 
Enei^, usually defined as the capacity for doing work. 

Whenever a force does work on a body, and so changes 
its state either of motion or position or shape, the body is 
said to have its ene^^ increased by the amount of work 
done, and the work may frequently be done by the body in 
returning to its first state. Thus, suppose a body starting 
from rest is acted on by a constant force P in the line of motion, 
-"^ after travelling a distance s has a velocity v. 
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Since the force is constant, the body has a constant accelera- 
tion ^ven by «* = 2/ij ; 

=m/s = Ps, 
bat P» is the work done by the force, 

.'. the work done by the force o^mt^. 

We therefore take |mt)* as a measure of the energy posaeased 
by a body of mass m moving with a velocity v. 

This ia called the Kinetic Energy of the body. If we try 
to stop the body by exerting a resistance of any magnitude 
in the oppoeit« direction to the motion, in exactly the same 
way work Jjhv" will be done against the resistance, or the 
body will do this amount of work in coming to rest. 

If a constant force P acting on a body changes the velocity 
from w to P, we have 

:. Jmv*- Jmu^ = m/s = P)i, 
or the change in kinetic energy is equal to the work done by 
the force. 

In the same way, if a force is exerted to raise a body of 
mass m (or weight tng) to a height h, the force required is 
mff or W, and the work done is mgh or WA. Consequently, 
the body is then said to possess a quantity WA of energy 
more than it did at first. The energy in this case is called 
Potential. This energy can be recovered in the form of work 
by letting the body drop. By the time it teaches its original 
position it has lost its Potential Energy but has gained Kinetic 
Energy of amount Jmv*, but r* = 2gh ; 

.'. this Kinetic Energy = WM?fi, or the amount of potential 
ene^y it started with. This kinetic energy can be trans- 
formed again mto work done by the body as in the former 
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From the above examplee we see tliat when there ore so 
leeiBtances from outside, the potential energy of a body can 
be changed into an equal amount of kinetic energy, and con- 
versely kinetic energy into potential. This ia a simple case 
of what is called the Conservation of Energy ; but it will 
be Been that as far as this simple case is concerned kinetic 
energy has been defined in such a way that the conservation 
of energy may hold. However, we find that with these 
definitions the conservation of energy is of much more far- 
reaching application, and that in all cases where we find 
change in energy taking place, we will find that corresponding 
to any loss of energy of one kind that we observe we will 
find a gain of the same amount of another kind. We will 
meet with other forms which energy may take, but in the 
dementary dynamics we are mainly concerned with the 
kinetic and potential energy as defined above. 

The above results will be extended later to more general 
cases, and it will be found universally that when a body moves 
under the action of any forces, the gain in kinetic energy is 
equal to the work done by the forces. This statement may 
be regarded as the statement of the conservation of enei^ 
in its general form, so far as we are concerned with it in 
d3mamics. 

Sometimes when a body is moving against a leeistance 
saeigj is lost, or rather cannot be restored to its original 
amount. Thus if a bullet moving horizontally, with a high 
velocity, strikes a target and sticks in it, it loses all its kinetic 
energy. There is no change in the potential energy, since 
the ballet travels horizontally. But we find that the bullet 
and target were heated by the blow, and we say that the 
kinetic energy of the bullet has been changed into heat energy. 

It must be remembered that the expression Jmt^ for the 
Jdnetic energy gives the energy in foot-poundals if m is in 
pounds and v in feet per second, and in ergs if m is in grammes 
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and V in centimetres per second. To express in ft.-lbs. oi 
guL-cms. we must divide bjr 33 or 380 u the case may be. 

40. PoBitiTe and Negative Work. 

PoeitiTe and n^ative quantities are considered in work 
as in other physical qaantitiee. If ve exert a force W to 
raise a weight W to a height h, we can express the work done 
in one or two ways. We can say the force has done WA unite 
of work, or that WA units of work have bem done against 
gravitation, or, again, that gravitation has done -W% units. 
The work done by a force will be positive when the point 
of application moves in the direction of the force and negative 
when it moves in the opposite direction. Kinetic energy 
involving v* is necessarily a positive quantity whether v is 
positive or negative. 

41. Power, Hone-power. 

In dealing with engines we usually want to know not only 
the total amount of work done, but also the rate at which 
it is being done. We therefore introduce the term Power 
to draiote the rate of work of an engine or other agent. We 
speak of an engine being of euch and such a power, meaning 
that it can do so much work per second. The term Activity 
is also used frequently in the same sense of rate of work. 

We can measure power in foot-poundals per second, or in 
foot-pounds per second, or in the corresponding C.g.b, vmite. 
The usual engineering unit is the Horse-power, which is the 
power of an agent which doea 33000 ft. -lbs. per minute or 
550 ft.-lbs. per sec. 

In the metric system the Watt is used for a Joule per 
second, or 10' ei^ per second. Hence, by art. 38, 
I Kilowatts 1000 watts 

= 737 ft.-lbB./Bec. 
= 1-34 horse-power. 
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A quantity of work is Bometimee expresecd in Boise-power- 
hours, a horae-power-hour being tlie amount of work done 
in one houi by an agent working at one borse-povrer, 
brace 

1 bone-powet-bour=650 x 60 x 60 ft.-lbs. 
=884 ft.-tons nearly. 
If tbe foice exerted is constant, the woik done between 
two distances «iaiid«sis P(«t-»i); 

tbo rate of work = Lim ^ ^ ' 
<.-*«, h-h 

= PxLim^^, 
«.-*'. 's-'i 
since P is constant, = Pv. 

And even if tbe force is variable, to get the work done 
we bave to divide the distance into very short intervals to 
get tbe measure of tbe work, and from the short interval we 
still deduce the result that tbe rate of work= Pv. 

Example 1. A shot of 6 lbs. is fired from a gun of 6 cwt with a 
velocity of 1400 ft/seo. Find the initial kinetic energy of shot uid 
gun. 
The E.K. of the shot = imv* 

=ix 6x 1400X 1400 ft-lbla. 
3x 1400x 1400 „ 



- ft.-lbs. 
-ft -tons 



_ 3x 1400x 1400 ^. 

32x 2240 
=82 03£t.-ton8. 
The velocity of the gun ia given by 
MV=m«, 
6xll2xV=«6xl400, 
V=15ft./aeo. 
Its K.E.=ix 6x iI2x 15x 16 ft-Iblfl. 
c=>0-S8 ft.-tons. 
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The forces ue P exerted by the engiae, and F the friction. 
Aa it is moving at coiutuit Bpeed, there is no acceleration ; 

.. P-F=0. 
Also aa the velocity is 44 ft. /sec. and the nte of work 
200xe60ft.-lbs./sec., 
we have Px 44^200x 560, 

P=26001bB. wt, 
P being in lbs. weight because we have left the rate of work in 
ft.-lbe./Beo. If we had put the rate of work in ft. -Ibis. /sec, we 
would have got the force in Ibla. 

3. At a certain instant a train of 160 tons is travriling on a hori- 
zontal line at 20 milee an hoar, and has an acceleration of ^ tt/eec'. 
If the friction is 12-5 lbs. wt. per ton, find the force exerted by the 
engine and the horBc-powec at which it is working. Also find the 
greatest velocity it could have at the same horae-power .and witih 
the same friction. 

Here P-F=mf, and if m is put in lbs. and /in ft/seo*., P and F 
must be in Ibb. F=I2-6x 160 lbs. wt. 

= 3000x32 Ibis. 
P -2000x 32= 160x 2240X f 

P-2000X 32+40X 2240 Ibis. 
=2000+^«^lbs.wt. 
=2000+2800 
= 480011». wt. 
(NotJoe that it takes SOOO lbs. wt to overcome friction, and would 
take 2800 lbs. wt. to produce the acceleration if there were no friction.) 

Since the velocity =20 mikB/hr.=.j ft./sec, 
the rate of work= Pv 

=4«00xy ft.-lb8./aeo. 
=4800x|xgL„.,. 



76 ELEMENTARY DYNAMICS 

When at the mazimam velocity there is no acoelenrtaon, »nd die 
fnrce exerted ib required to OTMOome friction only. It will theie- 
fore be 2000 lbs. wt. onlj, ood the maximnni velocity v' will be 

»™"» »00x.'-«00x|, 

u'=^x 88 ft. /see. 

-48 milee/hr. 

4. A shot of mass 56 lbs. is projected with velocity 2000 tt/ato. 
Find ita initial kinetic energy in foot-tons. 

6. A shot of mass 20 kgms. is projected with velocity 600 
metres/sec. Find its kinetic energy in (1) erge, (2) kilogranunetres. 

6. An impulee of 20 kgm.-wt-eec. units is applied to a maas of 
8 kgms. 'Fmd the velocity with which it begins to move and the 
kinetic energy given to it by the blow. 



7. A ball of weight 8 oxs. is thrown vertioally upwards with sach 
i velocity that ito kinetic energy ifi ini' '"""'■ " - "* ' ■' - 
initial velocity and the height to which it 



a velocity that its kinetic energy ifi initially 32 ft.-lba. Find the 
' ■ h it willriE 



8. A maeit of 6 lbs. is thrown vertically upwards with velocity 
100 ft. pet sec. Find its kinetic and potential energies after H sec. 

9. A body of mass 500 gms. is let fall from a height of 20 metres. 
What are its kinetic and potential energies at the end of I sec. T 

10. A 25 ton gmi discharges a shot of 56 lbs. at 1400 ft/sec 
What is the velocity of recoil of the gun T Find the kinetic energy 
of Rhot and gun. 

11. When a gun ii 
shot and gun are in t 

12. A shot <^ maa 
the relative velocity i .. ._ . 
the total kinetic energy generated ii 

13. What is the horse-power of an engine which can keep a train 
of 200 tons weight going at 45 miles an horn; against a resistance 
of 13 Ibs.-wt. per ton. 

14. What is the gieateat speed at which an engine of 270 b.p. 
can drag a train of mass ISO tons against a resistance of 11-6 Ibs.-wt. 
per ton.' 
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16. Find the nuximum velocity that mi engine of 240 a.F. knd 
wMghing 30 tons ctui get up in a tniu weighing (without the engine) 
170 tons on a level line, when the reaiatuice is 13-6 lbs.-wt per ton. 

Find aJao the maximum velocity when extn tracks weighing 
100 tons am added to the train. 

17. An engine gete up a velocity of 30 roilea/br. in a tnun of 
SO tons in 2 minutea fioin leat. If the lesiatanoe is 12 Ib8.-wt. per 
ton, and the foice exerted by the engine constant, find this fotoe, 
Bjid the horse-power developed by the engine at the end of the 2 
minn(«a. 

If this hone-power ia maintained, find the maximum velocity 
attained, asminung tlie leeistance to temain oonatant. 

42. Change of Kinetic Energy dne to an Impulse. 

If an impulse I in Ibl.-sec. unite acts on a mass of m lbs., 
cluuigiiig its velocity from u ft. /sec. to v ft./sec., we liave 
the work done _e== Jm«« - Jm«» = im(«» - u»), 
but I = mti - m« = m{v - «) ; 

■•■ E/I-i(' + »> 
. = .- 

The kinetic otergy produced = Impulses mean of the initial 
and final velocities. 

43. ZiOSB of Kinetic Energy on Oollieion. 

Suppose that two bodies of maseee m, m' are moving in the 
same tine with velocities u and u' and stick together after 
the colUaion. 

Let us represent the facts thns : 

o o 

m m' 

velooitjes before impact -* t» -*u' 
„ after „ -*v -» e. 
The velocities are the same after the impact, unce the 
bodies are supposed to stick together afterwards. 
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By tbe prinoipl« of momentum, 

mv + m'v =■ mu + m'u', 

V = (mu + m'u')/(m + m'). 
The loss of ldn«Hc energy on oolliBion is therefore 

-H-*"''"'-<"*"'>(=S^)*} 
-sr"*""" s+s — } 

l mm'{v^ + u''-2uu') I mm' . _ ,„ 



3 m+m' 2m+m^ ' 

(«-«')' b«ng eesentially a pomtive quantity, the loes of 
kinetic energy is neceeaarily positive, or kinetic energy ia 
necesBaiily lost. We will Bee latei that kinetic ene^y ib 
always lost, even if the bodies separate after the collision. 

Eiample 1. A maas of 8 Ibn. moving with velocity 5 ft. /sec 
overtakM another of maas 6 lbs. moving with vetooity 4 ft/aeo. 

If the two Btiok together after the oolhaion, find their 

velocity, and also the total loas of kinetic energy. 

S. If the masses in Question 1 
before colliaion, find the 
loss of kioetia energy. 

3. Two bodies moving with velooitiee 4 and 7 ft. /see. towaida 
one another oolhde and separate from one another with velocitJee 
3, 4 ft. /see. 

Prove that the masses are in the ratio II to 7, and that neaily 
69 per oent. of the energy ia lost in the coUiaion. 

4. A nail of weight J oz. sticks horizontaJly into wooil, and is 
struck by a hammer weighing I lb. and moving with velocity 20 
ft/sec, which drives the nail } inch into the wood. Assuming no 
impulsive pressure {or impulse) between the wood and nail, and 
that the hammer does not rebonnd, find the velocity immediately 
after the blow, the total kinetic ene^ then, the reEostanoe offered 
by tbe wood supposed nniform, and the time the nail is moving. 

5. A pile driver of weight 6 cwt. drops 16 ft on a pile wmghing 
I ton. Assuming that tbe groond is no soft that there is no 



-J 
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impolaive pKRsme between the pile md the groond, find the initial 
velocity of the pile, and if it is driven 6 inches into the groond, 
find tJie average resistance to the pile. 

44. Kinetic Energy of Belatdve Motion. 

In applying the idea of energy to ezamplee, we are nsing 
the equation, j^u* - Imt^ = P«, 

expressing tliat tlie change of kinetic energy is equal to the 
wort done. It may seem strange that we are able to use 
this equation so extensively as we do, seeing that the velocities 
are usually velodties rdative to the earth, which body itself 
we regard as being in rapid motion, and if this velocity is 
takra into account, the change in kinetic eneigy is not the 
same as the change when calculated from the relative motion 
only. 

It is neceesary, tha«fore, to examine how the calculations 
are affected by a supposed motion of the origin from wluoh 
we are meaanring our distances. 

Suppose, then, that the origin is moving with uniform 
velocity, relative to a second origin O', this velocity being 
V in the direction in which the initial and final velocities are 
measured, and suppose the acceleration relative to O to be 
constant. 

Let 8 be the distance described relative to in time (, so 
that according to the usual equations 
2/s = o*-u», 
ft~v-u. 

Now, if s' is the distance and f the acceleration relative to 
0', mnce the velodties relative to O' are V+u, V+u, 
/i=(V + p)-(V+«)=P-«=/(; .-./=/• 
2/'s' = {V + e)''~(V+ti)''=2V(i>-tt)+v»-u» = 2Vfl: + 2/»; 

.-. ^ = s + Vt, 
and the distance described has simply been increased by v^ 
which is the distance travelled by relative to o' in the'time. 
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of the string is the rame throughout, is true for any case 
where the weight of the Btriug is neglected, and is true alao 
for an elastic string (that is, a string which is not inextensible) 
or spring under the same conditions. It is still true that 
the tension is the same throughout, if the string, instead of 
being straight, passes round a smooth peg or pulley bo that 
it can slide over the peg without friction. 

46. Two Particles connected by a Strinfr. 

Suppose that two particles are connected by a string, and 
moving in the line of the string under the actios of two forces 
in the same hne thus : 



Let m, m' be the masses, F, F' the forces acting in the direc- 
tions shewn ; then the string will remain stretched, and the 
Telocity of the two particles will be the same at a given instant, 
and BO also will be the accelerations. We have already shewn 
that the tension of the string supposed weightless is the same 
throughout ; hence, if /= acceleration of each {say to the 
right in the figure), we have the equations 
form, F-T=!m/ 

form', T-F'=W»'/ 

hence F-F' = (m + m')/ 



f-an^- <') 

T,F+m-idg:,,i"'»ty 

m + m m + m ^ ' 

Notice that (1) shews that the acceleration is the same as 
if the two bodies formed one (of mass m + m'), and this single 
body were acted on by the two forces F and F'. 
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47. Two Particles connected b7 a String passing 
over a Smooth Peg. 

Ab in the last example, regarding the string as weightless, 
the t^ision is the same throughout. The acceleration is the 
same for both, but upwards for one and down- 
wards for the other. f ^ 

Ijct / be the acceleration of m downwards or i / 
the acceleration of m' upwards. 

Then the equations of motion are 
form, mg-J^mf, 

for m', T - m'g = m'/ ; 

hence by addition, 

(m-in')g={m + m')f. 



^=^'^ 



, ,, 2mm' 



a 



mg 



Pressure on the Peg. [^ 

The peg over which the string passee may be 
thought of as pulled by the two portions of the tmj' 

string, in other words, it is piJIed by a downward ^"'' "■ 
force of 2T and requires an equal force of 2T to support it. It 
will be found that this force is always less than the total load, 

for my+m's-2T = jr- ' — '~ 



-,{(m 



- 4mm'} 






and this is necessarily positive ; hence «w/ + m'j>2T. 

Another way of expressing this is that if an Atwood's 
machine (see Art. 48) ia placed on a weighing machine it 
will weigh less than the total weight of the machine and weights, 
unless the latter are equal, and consequently moving without 
acceleration. 
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48. Atwood'B Machine. 

In Atwood's maclime two weigbts aie connected as above 
by a string which passes over a polley running with as little 
friction as poaaible. By means of a ling through which one 
weight poaaee, an additional weight may be caught oS it in 
any position. The weights that start moving may be repre- 
sented sfl M+m on one side and M on the other. Whem 
M +m passes through the ring, m is caught off, and the moving 
weights are then equal and move on without acceleration, 
that is, with uniform velocity. This velocity can, therefore, 
readily be measured, as well as the distance travelled before 
the wught is caught off, and the time observed. 

Consequently the formulae for uniform acceleration starting 
from rest can be readily verified, namdy, 

^=ft> {!) 

'=m (2) 

«»=2A' (3) 

for we can verify that for given weight and overweight in a 
number of ezpeiimentfi, 

v/t= constant, 
s/(*= constant, 
v'/«= constant. 
In the theory given above the peg is supposed to be per- 
fectly free from Miction. When, aa in Atwood's machine, 
the peg is replaced by a pulley, there is usually sufficirait 
friction between the string and the pulley to prevent the 
string &om slipping on the pulley, and even though the pulley 
may rotate on practically frictionless beanngs, the tension 
will not be the same on the two sides of the pulley, and the 
result of the last paragraph ia affected accordingly. This 
efiect will be considered later (see Part II. Chap. III.). In 
the following articles and examples the rotation of the pulleys 



7^. 
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49. Donble Atwood's Hadtina 

In the figure A is a fixed pulley, B a movable pulley of 
masa m, and strings with weights pass over the pulleys in 
the way shewn. It is required to find the accelerations of 
the weights. The forces acting on the difTeient bodies are 
marked on the figure. The accelerations will 
be most conveniently represented thus : 
Tjet/ —acceleration of m downwards or m, 
upwards, 
,/'== acceleration of m^ relative to m 
downwards 
^acceleration of m, relative to m 
upwards, 
then the actual accelerations of ffli and m^ 
are f+f and /-/' respectively {both down- 
wards). 

Hence we have the following equations : 

form,, m,^-T=mi(/+/'), (1) 

„ m^ »»rf-T-m^/-/') (2) 

„ m, 2T-T' + »iff=tn/', (3) 

„ ntj, T-m^g^mJ, (4) 

four equations to find the four tmknowns /, Fio. si 

/', T, T'. The equations can easily be solved. If we add the 
four equations, we get 

(wii + ffig + m, + m)f+ {m, - Mj)/' =■ (Mj + m, + m - m j)sf, (5) 
also subtracting (2) from (1), 

(m, -♦»«)/+ («h + "Ik)/' = (*^ -»»»)? (6) 

(5) and (6) can now be solved for / and /, and T and T' found 
substituting in (1) and (4). 

60. Body Hanging over the Edge of a Tabla 

Suppose two bodies of masses m and m' connected by a 
string passing over a pulley at the edge of a table, the table 






i..^- 
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being suppoeed smootJi, that is, there is no friction tending 
to stop ^e motion of a body sliding along the table. The 
forces on the two bodies are then those marked in the figure. 



i 



1:^1 



[J]- 



Oo m' there are the normal pressure of the table R, the weight 
m'g, and the tension. But of these the tension alone has 
any tendency to more the body along the table. Hence, if 
the acceleration Ib /, the equations are 
for m' T = m'f 

form mj-T = m/i 



Example 1, Masses 240, 260 gms. hsjig at the two ends of a string 
passing over a smooth peg. Find the distance in centimetres they 
will travel in 6 sees., and the velocity attained in that time. 

2. The weights on an Atwood machine are 160 and 16S gms., and 
they are fonnd to move 190 oma. from rest ip 6 sees. What is the 
calaulat«d value of 9 ! 



4. If the air resistance on each weight of an Atwood's machine 

is the same and equal to hi*, find the limiting velocity. 

If the maases are 16-6 and 15-5 oz. and fc=0-01 when wis in ft. /see,, 
kv* being in Ibla., find the limiting velocity. 
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5. Two Boale-pam each of mua 2 uz. are euspended from (be end* 
of a string pacing over ft amooth peg, and weigbta 10 and 12 oz. 
are placed on the Bcale-pana. Find 

(1) the acceleration of the weights ; 

(2) the taidon of the string ; 

(3) the preesure on each scale-pan, 

6. The trtiing of an Atwood's machine can just support a wei^t 
of 2 lbs. at net. If H lbs. bangs on one end of the string, irtiiie a 
heavier weight at the other end reeta on a platform, find the maxi- 
mum weight this heavier one may have wilbout the string breaking 
when the platfonn foils. 

7. A moae uf 4 ibe. hanging vertically is connected by a string 
with a weight of 8 the. on a smoath horizontal table. Find the 
t«aHion of tbe string and tike acooteration of the weights. 

8. A string CHI just support a weight of 6 lbs. If it is attached 
to a weight of 12 lbs. on a smooth horizontal table, what is the 
greatest weight that can be hung at the other end of the string with- 
out breaking it t 

61. Friction. 

Tbe results of the last experiment would agree approxi- 
mately with the calculated acceleration if the mass were 
mounted on a smoothly running carriage. But if the body 
slides along the table, they will be largely afrect«d by friction. 
Whenever one body slides over a second, a force called friction 
is called into play which tends to stop the motion. Thus, 
if the mass m' can slide along and gradually increasing weights 
are hung to the string, at first there is no motion, shewing 
that the tension of the string is balanced by the friction 
brought into play and acting in the opposite direction, but 
if the weights m are still increased a stage will be reached 
when the bodies move, shewing that the friction is no longer 
able to balance the tension. Further, when the bodies once 
begin to move, they usually move with a finite acceleration, 
shewing tfaat the friction when moving is less than the force 
that is required to start them moving; in other words, less 
than the friction when they were on the point of moving. 
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Henoe we arrive at the results, confinned hy numerous 
experimente, that there is always a maximum value to the 
friction that can be brought into play in any particular case, 
and that the friction when the body is moving is a little less 
than this maximum friction. Further expenmenta in this 
and Other cases shew that if we vary the load m' by placing 
other weighte on top of it, that the maximum friction is 
proportional to the normal reaction between the plane and 
the body, and that the ratio of the maximum friction to the 
normal reaction depends only on the nature of the substances 
in contact (including in nature the degree of polish), and 
not on the area or shape of the surfaces in contact. 

When the bodies move, the friction is, as has been said, 
rather less than the maximum friction, but the same relations 
hold, namely, that 

friction when moving F 
normal reaction R 

is a ratio which depends only on the nature of the surfaces 
in contact, and is nearly independent of the velocity with 
which the bodies are moving. 

We will, therefore, take as a closely approximate result 
that for sliding motion F/Tt=/i, where /i is & constant for a 
given pair of bodies in contact, /t will he called the co- 
efficient of frictioii. 

The value of /i varies greatly for difierent pairs of materiab. 
For smooth blocks of wood /i may lie between 0-25 and 0-50. 
For wood on glass from 0-20 to 0-40. But there is no limit to 
the values which ft may have in different oaaea ; it may have 
any value from zero upwards. 

Example. If we return to the body on the table, the forces act 
as shewn. Since the body does not move vertically, or there is no 
vertical acceleration, p -Wlg=0, 
Off R=Mg: 

.: f=ftR=/Mg; 
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bence if/ is the acoeleratioii, the equations an 
f<«M, T-fMg^W, 

■^='*^+"^' 

M+wt ^' 
It shoold be notioed that wbat«Ter tbe values of M and m,/oan 
never be negative ; in other words, tbe body only movra atid the 
above equations hold only if m>fM. 



If m<fM, tbe muTimiiTn Action is not required to be brooght 
into play to prevent motion, and consequently the friction will be 
lees tban/iMff. 

ExompU 1. If in QueBtion 7, Art 60, tbe table is rough, and the 
coefficient of friction between the table and the weight is 0-4, find 
the soceloratioQ^uid tension. 

2. A mass of 300 gtns. hongmg vi 

along a h<vizontal table. If the . . 

tba falling weight strikes tbe floor after moving 150 centimetres, 
how far will the moss on the table move afterwards T 
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B2. Hone and Oart 

The law of action and reaction when applied to such a 
case as a horse and cart states that the force with which the 
horse puUs the cart is exactly the same as the force with 
which the cart pulle the horse. B^inners sometimes ask, 
How, thea, can the horse and cart progress ^ The simf^ 
answer is that they could not, if there were no other forces 
hut these two acting. If there were no &iction between tie 
horse's feet and the groond, there would be no possibility 
of the horse getting along. The difficulty of progressing 
becomes very much greater on a level sheet of ice or frozen 
road, where the friction is very much tees than on the ordinary 
ground. 

The horse in trying to progress pushes backwards with 
his feet, and the ground ezerto the equal and opposite reaction 
on the horse, bo that it is really this force, the friction acting 
forwards, which moves the horse on. Friction acts on the 
cart too, but in the opposite direction, tending to stop the 
motion of the cart, but this is much smaller, on account of 
the use of wheels, than the friction at the horse's feet. There 
are thus two external forces acting on the horse and cart, 
forces, that is to say, from outside, and which alone can 
cause the horse and cart to move ; these are the friction for- 
wards at the horse's feet and the friction backwards on the 
cart. The former of these is the greater, and therefore the 
horse and cart move forwards. 

S3. Trains. 

It is quite similar with trains. The wheels on a train are 
of two Mnds — the lai^e driving wheels on the engine, them- 
selves driven by the piston and crank, and corresponding to 
the legs of the horse, and all the other wheels on the train, 
which are simply for diminishing the backward friction, and 
correspond to the wheels of the cart. The driving wheels 



FORCE AND MASS 91 

b^ng made to rotate by tlfe mechanism, the Miction, which 
necesaarily tends to stop relative motioD, will be foand to 
act on them in the forward direction, and if there is insufficient 
friction the wheels skid and the train does not move. The 
other wheels are set in motion by the friction which will 
similarly be found to act backwards. Consequently the diSeis 
ence between the friction on the driving wheels and on the 
rest of the wheels is the force which moves the train along. 
The frictional force exerted by the rails on the driving 
wheels is usually called the force exerted by the engine. The 
friction on the other wheeb and the air resistance are goierally 
classed together and called the frictional resistance, or simply 
friction or resistance. 



(-) (v) Q; 



61. The quantities involved in questions concerning the 
motion of trains along a straight horizontal track are the 
foUowing : p ^ f^ ^^.^ ^^g^ed by the engine, 

F = frictional resistance, 
/-= acceleration, 
V = velocity, 

H = rate of work of the engine, 
m = mass of the train ; 
and the relations between them are 
P-F=m/, 
H = Ptf. 
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If the tram ia trav^ing at a uniform speed/— 0, and 
.". P=F. 
TUfl holds in particnlai when the train is going at its greatest 
speed, for then it can have no acceleration. For if it waa 
being acceleiated its velocity would be increasing, and there- 
fore could not be at a maximum ; abd similarly, if it was 
being retarded the velocity would be diminishing, and it 
would have been greater previously. 

Hence, at the maximum speed, 
P=F, 
H = Pv=Ft'. 

When we speak of an engine having a horse-power of 200 
we mean that it has been designed to work continously at that 
rate. It may work sometimes at a higher rate, but cannot be 
expected to continue working long satisfactorily or economi- 
cally at the higher rate. 

In some of the eiuunples on trains the engine is supposed 
to exert a constant force P, so that if the resistance R is 
constant the velocity v, and rate of Pd, increase uniformly with 
the time. 

Actually an engine is not likely to behave in this way. In 
the first place R increases as the velocity increases, so that 
even if P is constant, v will not increase nniformly, but the 
acceleration / diminishes gradually till the maximum velocity 
is reached, the rate of work being proportional to the velocity. 

Further, it is unlikely that as v increases P will remain 
constant. It is more likely to diminish, and hence / will 
diminish more rapidly, and v and Pp increase less rapidly, 
than if P were constant. Also the rate of work will increase 
less rapidly than the velocity. 

Example 1. An engine gets up a velocity of 30 milea/hi. in 
1 min. 60 sees, from rest in a train of 200 toiui weight on a level 
line. If the lesiBtauoeci are 14 Ibs.-wt. per ton, and the velocity 
ia nmtnrniiy acoelerftl«d, find the greatest horse-power the engine 
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is dereloping, and ftbo the greatest velocity it caa get np, if thia 
hoTBe-power ie mtuntaiued. 

30 mile«/hour=^^^|? ft./»o.=« ft./Beo., 

F=14x 200 lbB.-wt.=2800x 321bl8., 
p -f=mf; 

.: P=2800x32+200x2240x| 
o=2S00x 32+400X 448 Ibk. 
•=2800-l-400x 14 lbe.-wt. (dividing by 32) 
=8400 lbs.-wt. 
The rate of woA increases gnduaUy from zero to 
8400x44ft-Ib8./seo. ; 
.-. the horse-power reqmied=8400x 44^=1^=672. 

To find the maaimmn velocity poedble we have only to use the 
same equations, with/=0. 

The force eierted now is 2800 lbe.-wt, only, and we have 
672x650=2800x11, 

i.= 132 a/Beo.=90 miles/hr. 

The large result obtained shews that the friction has been tinder- 
estimated at the high velocities. While it is 2800 lbfl.-wt. at 30 
miks/hr., it would be oonsiderably larger before tiie velocity reached 
90 mllee/hr. 

S. If an engine exerte a uniform force of 2 tons weight un a train 
of ISO t«ns, when there is a reeistanco of 14 lbs.-wt. per ton, find 
the time required to get up a velocity of 20 miles per hr. from rest 
and the graateet horee-power developed in doing this. 

S. Shew that the maiimuin velocity with which a train, of 100 
tons weight can be drawn by on engine of 80 h.p. against a resistance 
of 12'5 lbs.-wt. per ton is 24 milee^r. 

If the engine is working at this rate when the velocity Is 
12 milee/hr., find the force exerted then and the acceleration. 

4. A trwn of 150 tons wt gets up a velocity of 24 niiles/br. at a 
coostant acceleration in 24 mins. from rest against a resistance of 
14 lbB.-wt. per ton. Find the greatest hoise-power at which the 
engine is working, and assuming the engine to continue working at 

this rat«, and the reostance to remain constant, find the n — ' 

velocity attained. 
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6. An engiiie exerting a uniform force gete up a velooit; of v 
mtles/hr. in r train of m tons in I sees, from reet. If the reeiatonce 
IB n lbs.-wt. per ton, find the force exerted by the engine aod the 
maximum horae-power developed. 

66. Extensible Strings. 

If an elastic string or wire is fixed &t one end and a neigbt 
hung at the other, the atring is found to increase in length, 
and the extension of the string is proportional to the weight 
applied, that is, to the toision of the string. The extension 
for different strings of the same material is also found to be 
proportional to the length of the string and inversely pro- 
portional to the cross section. 

Thus the extension is proportional to — , where P is the force 

applied, A the area of cross section, I the length when on- 
stretched. 
If we call 8 the extension, we can therefore write 

= f[ 

where E is a constant for the material, and is called Young's 
modaluB. 
Writing this P = ^s, 

we may also write it P= ks/l, 

or P=.jb, 

where X=EA, and is frequently called the modulus of the 

string, and fc=EA/i, 

It we put A = l and s = l, we obtain P=E, or E is numerically 
equal to the force which will stretch a string of unit cross 
section to double its natural Jength. 

We have already seen that the extension of a spiral spring 
follows the same law in so far as it is proportional to the 
force applied, and if in this case we put 

P = As, 
k may be called the stiffness of the spring. 
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Example. A hiaae wire of length 1000 cms. and diameter 1 mm. 
is found tu be extended 1 mm. by » weight of 6 kgms. Find Yoong's 
modulus for the wire. 

(Note that the force P Hhonld be espreaaed in dyiiM in this example 
to give the reeult in abaolut« o-a.s. unita.) 

66. Work done in Stretching a String. 

Since the force acting when the etiing is elongated tin 
amount s above its natural length ia ks, if we diaw the force- 
space diagram, the graph is a straight line and the work 
done in stretching to a length s where 
ON = s, 
AN-ito, 



OT we may write it 




This result applies to all cases of strings and also to springs, 
and in the latter case both for extension and compression of 
the spring, but in the spring k no longer denotes EA/l. 

67. Impulsive Tension in a String. 

If, in an arrangement like Atwood's machine, an extra 
weight is suddenly brought into motion, there is produced 
a sudden change in the velocity of the weights, and an accom- 
panying impulse exerted by the' string. This is usually called 
an impulfflve tension. 



r\ 
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Experimentally we can produce the effect by making the 
aacoiduig weight pass t&roagh a ring on which is placed an 
extra wei^t to be caught up ; or a loose thread 
may be attached to the ascaiding weight, and 
to a wNght placed at rest vertically under it. 
When the ascending weight rises to a suffident 
height, the loose string suddraily tight^u, and 
the extra weight is jerked into motion. The 
result is the same in either arrangement. Thus 
let m, m' be the two masses of which m' is 
ascending and m descending with velocity u at 
n„ the instant the extra weight M is brought into 
motion, and let v' be the velocity immediately 






— i-i— after M begins to move. 

Fia w. There will be an impulse I in the upper string 

(in the figure] which will be the same throughout, as in an ' 
ordinary ten«on. This impulse is equal to the change of 
momentum in each case. Hence the equations are : 

form' and M together I-(M + m')v'-m'» (1) 

form -I = mo'-mi' (2) 

The negative sign in the latter case comes from the fact 
that tnv'-mv is the change of momentum reckoned down- 
wards while I is the Impulse upwards. 

Adding (1) and (2), we have 

{M + m' + m)^ = {m + m')v (3) 



M + m + m' 
J Mm 

M+m + m' 
The impulnve tension in the lower string is 
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Example 1. An Atwoad'a machine haa weights i uid 6 lbs. 
on the two ends of the Btring. If the nutaa 6 strikes the gronnd 
uid comes to rest after traTelUng 6 ft, find ' 

(1) how muoh'fortJier the 4 lb. wt. will rise ; 

(2) the velooitj with which it begins to raise the 6 lb. wt. again ; 

(3) the impulse in the string when it becomes tant. 

2. A mass P of 4 lbs. hanging over the edge of a table is attached 
by a string to a mass Q of 12 lbs. on the table, and the latter by 
another string 4 ft. long to a mass R of 8 lbs. The coefficient of 
friction betweMt tiie Mile and each wdght ie 0-3. The weights 
Q and R are initially held at rat close together, and then Q is 
released. Find 

(1) the tdme until R beginB to move ; 

(2) its initial velocity ; 

(3) the distance moved by R before ooming to rat ; 

(4) the impnlidTe tension in each string when R b^ins to move. 

3. An Atwood maohin&-haB wdghte 7( and 8^ lbs. on the ends of 
the string. After moving from rest tluough 4 ft., the aacending 

weight b^ijns to raise a maas of 1 lb. _ 

attached to it by a string. Find the 
impulse in the two strings and the 
velocity immediately after the lower 
string becomee taut. 



68. System of Pnlleys. 

The following example will illoB- 
trate difierent methods of tieat- 
m«it of queetiona on pulleys : 

M, m are the " Weight " and 
" Power " in the astern of fric- 
tionlees pulleys shewn, and mj, 
m, are the maasee of the pulleys. 
Find the accelerations of the 
bodies. 

Rrst solution, hy considering 
the forces acting. 

If M movee a distance x up- 
wards, then m, moves a distance 



, T, 
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2z, ftnd m moves a distuice 4z dowawaids. The vdodties 
of the bodies are io the Bame ratio, and so are the accelerations. 
Let /=the acceleiatioii of M and m, upwards, 

then 2/= „ „ „ nit upwards, 

and V** " >• " *" downwards 

Hence the eq^uatiooB are 

for m, mg -T,=m x 4/, (1) 

form^ 2r,-Tj-mgff=m,x2/, (2) 

forM+m,, 2Ti-ni,ff-Mj=(M+mi)/. (3) 

Multiply (1) by 4, (2) by 2, and add the three equations 

img - 2mi9 - ntjg ~tAg = (16»i +4m, + M + m^)/. 
Second solution, by energy. 

As before, if M goes up a distance x and in so doing gets 
op a velocity v, then m, goee up a distance 2z and gets up a 
velocity 2v, and m goes down a distance 4x and gets up a 
velocity iv; therefore the gain in potential energy is 

(M + »»! + 2m, - im)gx, 
and the gain in kinetic energy is 

i(M+t?ii + 4m,+16»n)o». 
The gain in kinetic energy is equ^ to the loss of potential 
energy; 

-■. ^{M + Ml + 4w>( + 16m)ti» = (4m - Sm, - m, - M)gx. 
Comparing this with the equation for uniform acceleration, 
o*=2/a;, 
where/ is the acceleration of M, 

we see that /=7? F * — ■ "''"-. ■ . g- 

Examjile 1, A atriug pasaiog round a smooth peg aupporta 
pulleys each of weight 20 gms., and Btrings pasa round these and 
mpport weighta of 120 aad 100 at the ends of one, and ISO and 160 
at tbo ends of the other. Find the accelerations. 

£. In a system of pulleys (the second) in which there is one 
Rt— — - ™.=,jjjg round two blooks, there ate three portions of the 
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steiiig pAssing between tfae two blocks. A maea of 4 Iba. U hong 
to the movame biuck and 2 Iba. to the end of the string. Find tiie 
aoceler&tioiia and tho tennon, oegleotuig the nutsa of the blocks. 

3. A steing, fixed at one end at A, passes over a pulley B sod a 
masa of 2 Ifae. is attached to the other end. A mass of 6 lbs. can 
alide on the string betweeo A and B. If all portiixui of the string 
are vertical, find the aocelorations uid Uoision. 

4, A string passes over two pnlleya close togetho', and hangs in 
a loop betwem. Masses 160 and 200 gms. are attached to the ends, 
and 300 gms. can elide freelj on the loop. Find the aooel^rationi 



Explain th6 difierenoe caused if the 300 gm. mass is tied to the 
string, and find the tensions and accelerations in this case. 

5. A string has a mass of 200 gms. attached to one end, and paasee 
over a fixed pnUey , and has its oth^ end attached to a movable 
pulley oyer wliieh paaaea a second string with a weight of 160 gms. 
at one end, and with the other end attached to s fixed point. If 
all the strings ore vertical find the accelerations and tensions : 

(1) if the movable pulley is weightless ; 

(2) if it weighs 26 gms. 

69. Units aod Dimensions. 

We have in tlie previouB work used three units which may 
be called fondamental, namely, those of mass, length, and 
time. Any other dynamical quantity may be expressed in 
t«rms of these, and we have seen that when we have settled 
these unite, such units as those of velodty and acceleration 
Datoially follow, if we wish to make a consistent system. 
Thus, if the unite of length and time are 1 foot and ] see. 
respectively, the unit of velocity will be 1 ft./Bec. and of 
acceleration 1 ft. /sec*. Thus again, force being the product 
of mflfls and acceleration, a force of a dyne may be written 
as 1 gm. X cm./sec*., and so for any other quantities. 

If, consequently, we denote the units of length, mass, and 
time by L, M, T, the unit of velocity will be — ; 



the unit of acceleration = 



unit of velocity _ 
unit of tame 
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th« unit of force >= unit of mass x unit of acceleration 



tiie unit of work —unit of force x unit of distance 
ML ML* 

"t*"'-" T»' 
The unit of angle (the radiui) is ind^endent of the thiee 
units or is a number only, and consequently the unit of angular 
velocity (see Art. 113) j | 

unit of time T ' 
The unit of angular acceleration = =^ and so on for other unite. 

The above expressions are bequently called the dimensions 
of the physical quantity, thus the dimensions of force are 

said to he — r-, or frequently the dimensions ore understood 

to mean the powers to which the units are raised, thus force is 
said to be of dimensions 1, 1, -2 in mass, length, and time 
respectively. 

Example. Write down tlie dimetuionB of Impulse, Rate of Worit, 
Fluid I^ceaure [foroe per unit area), Vobune, Denrity (maas pec 

unit volume). 

It will be carefully noticed that dimensions only express , 
the manner in which the unit of the quantity concerned 
depends on the three fundamraital units. Thus the kinetic 
energy of a body is caressed hy |mt^ and the dimensions of 
kinetic eu^gy are -~^, the factor i^ not appearing in the ex- 
pression for the dimensions, which only denote that the nnit 
of kinetic energy (or the erg) can be thought of as a mass of 
1 gm. miJtipUed by the square of a velocity of 1 cm. /sec. 
That a body of mass a gram moving with a velocity of 1 cm. /sec. 
has kinetic energy of half this amount does not affect the 
idea of the dimensions. 
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60. Time are two important uaes of dimensions. 

First. In any physical ezpreeeion oi equation all teims 
must be of the same dimmsions in the fundamental units. 
Just as it is impossible in ordinary arithmetic to add, say, 
an amount of money to a length, so it ia impossible in any 
case to add two terms which are not of the same dimensions. 
Thus, taking as a simple case the equation, 

the dimensions of 4 arc L, 

„ tdare-T = L, 

i/Paro:tT» = L, 

so that all terms are of the same dimensions, namely L. 

It is obvious that this may form a bequent check on the 
accuracy of a dynamical formula, but it must be noticed 
that the check is 'only useful if all the quantities are e^reesed 
algebraically. For example, if we write the equation for the 
foiling body and put g = \^ 

the check is no longer possible, for the acceleration with its 
dimensions -~^ has been replaced by a number which apparently 

has no dimensions. 

Secondly. The second important use of the dimeneional 
formula is to change from one set of unite to another. A 
couple of examples will be sufficiwt to show how this is done. 

Example. Find the number of dynee in a. poundsl. 

The dimensiona of force ore -= ; hence if there arexdjneeinalbL, 



(lgm.)x(lom.) aib.)x(lft.) . 
(Iseo.)' (iBeo.)' ■ 



=463-6x3018 
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If one or both of the quantities are given ia gniTitatioiial 
unite, care must be taken to express them in absolute uoits 
before the transformation is mada 

EzampU. Find the number (x) of ergs in a foot-pound. 
lft-lb. = 32I7ft.-lb!a. 
and the dimensions of work are -=^ ; 



<!-^r 



=3217x453-6)( (30-48)' 
= 1-356x10'. 
EaumpU. Find in this way the number of 

(1) ei^ in a ft.-lbL ; 

(2) watts in a horee-power (a watt= HP eiga per aeo.) ; 

(3) horHe-power in a watt 



1. A tramcar starts from rest, and the velocities at intervals of 
S secB. are given as follows i 



Time in sees. - 





5 


10 


15 


20 25 


30 


Velocity in \ 

miles/hrj " 





8-1 


11-8 


14 6 


163 17-7 


lO-O 



Find graphically the distance travelled in yards in the above time, 
also, it the car weighs 8 tons, find the effective pull exerted on the 

car at the end of 20 sees. 

2. An engine of 30 tons exci-ting a, force of If tons-wt. draws 
three trucks of 10 ton; each. If the reeiatanoo is 15 Ibs.-weight per 
ton, find the acceleration uf thn train and the tension in each coupling. 

8. A hailstone acted on by a resistance projNirtiona] to the square 
of the i^locity has a terminal velocity of 15 ft. /sec. What will its 
acceleration be when moving with a vcloci ;y of 5 ft. /sec , and what 
will tiie velocity be when the acocleratiun is a/2 T 



4. If on atiilete weighing 100 Ibe. runs 100 yds. in 10 seoB., eal- 
onlate dte ftverage horse-power he exerta if he Ukee a •tride of 
5 ft. and during each stride be raises lue centre of maaa 2 iuohea, ait 
rBBiBtanoe being neglected. 

5. A giri weighing 100 lbs. skips 40 times in h^ a minnte, niaing 
her OMttre of maaa 4 inohee at each jump. Find her average rate of 

8, A moss of m lbs. is moving with a Telocity of u fb/aec,, and is 
hiDDght to reet by a constant resistance in ( sees. Find the work 
done against the torce in fb-lba. and ita initial rat« of work in horse- 

7. Find the mazimiim lioTse-power at which a locorootive works 
in bringing a train of 300 tons weight to a velocity of 30 milee/hr. 
from rest in 90 sees., assuming the propelling force constant and the 
resietonce 10 lbH.-wt. per ton. 

8. A train niiuiing on the level at full speed of W milee/hr. slips 
a carriage weighing 20 tone, and the full speed inoreaaee to 46 
miles/hr. Find the horse-power and the mass of the train if the 
reatstance due to friction is 15 lbs.-wt. per ton. 

9. The resiatanoe to a train of M tons at any velocity is given to 
difier from the resJRtanoe when it is just moving by a quantity 
jHTjportional to the square of the velocity. The resistance at the 
lowest velocity is 5 lba.-wt. per ton, and at 30 milee/hr. is 10 lb8.-wt. 
per ton ; what is the total resistance in tons weight at v ft. /sec. T 

If M = 100 tons, and there is a constuit driving force of 2 tons wt., 
find the maximum speed and the hoise-power expended at that speed. 

10. By means of a chain, an engine worlcing always at horw-power 
H is ntifiing a weight of M lbs. vertically. Find 

(1) the maximum velocity v attainable by the weight ; 

(2) the t^ision of the chain and the acceleration when the 

velocity is ti'(<e). 

11. If the mass of a train is M tons, the engme works at hone- 
power H, and the resistance a -I- bv* Iba-wt. per ton, where v is given 
in miles per hour and a and b are oonatanta, find the aocdent«ni 
when the velocity is v miles per hour. 

12. A train of 200 tons weight is drawn by an engine of 300 h.p. 
If the resistance is 12-|-0-005i>* lbs.-wt. per ton, where n ia the velocity 
in fL/eoc, shew that the maximum velocity is given by 

t;•-^2400w - 165.000=0. 
Shew that the maximum velocity is nearly 40 ft./sec., but if the 
lesistanoe were constant (12 lbs.-wt. per ton) at all velocitieB, the 
maximum velocity would be about 68 ft./Bec 



104 ELEMENTARY DYNAMICS 

It The resistkiioe to ft traia <rf 200 tons wt ia a+6u* lbs.-ht per 
ton, where o is given in ft./eec., and it ia foaad that the horse-power 
developed U 240 when the train is travelling at a coDstant speed 
at 30 miles/hr., aad is 426 at 4S mike/hr. Find a and b. 

14. If 1 lb. of coal on being burnt gives out 10 millioii foot-puuiMte 
of energy, how mnch coal will be consunied per hour by an engine 
working at 200 horse-power if only one-t«nth of the energy derived 
from the coal is utilized I 

Ifi. If I lb. of coal (in being burnt gives out 10 million foot-Iba. 
of energy, and an engine working at 1200 B.F. bums 1 ton of coid 
pet hour, find the ratio of the work done by the engine to the oasrgy 
supplied (that is, the efficiency of the engine). 

18. An engine of 5 h.f. is used for lifting a weight of } ton. If 
40 per cent, of the work done by the engine is wasted, what is iite 
maximum velocity attainable fay the weight T 

If the engine is working at the same rate, and the velocity of the 
weight ia 1 ft. /sec at a given instant, find the force exerted on the 
weight then, Had its accderation. 

17. A moaa of M tons is to be raised and brought to reet at a 
hei|^t of h feet above its former position by a rope whose tension 
is limit«d to M' tona wt. 

Shew that the shortest time in which the operation con be pec- 
formed is ,/ M* h 

^M'-M'ie*"^' 

and that the rope exerts the force M ' tons nt. for 



.VM'(M'-M) 16 

18. Prove that the shortest time from rest to rest in which a 
chain which con bear a Btresa of 6 cwt. con lift a weight of 3 cwt. 
a vertical distance of 40 ft. is 2J sece., and shew that the engine 
driving the chain must be capable of working at 32'6 h.f. 

19. A man faJls down a lift well on to the top of a lift which is 
descending with uniform velocity v, and ia at a diatance h below 

' him when he begins to fall. Shew that, as far as the shock is con- 
oemed, supposing it measured by the change of momentum, his 
fall is equivalent to a fall on a fixed object through a distance 



20. Aft«r a body of maas m lbs. has fallen through h feet, it is 
required to bring it to rest by a force not exceeding P Tbs.-wt. Shew 



21. A shot of 56 lbs. is diecharged frum a gun of 4 tons with 
yelooity 1800 ft. /sec. Find the charge of powder required, sup- 
poang that tJie exploeiou of 1 lb. of fowdtx releuw 136,000 fL-lbo, 
of eoergy. 

Q of powder oontains 46 kgm.-metfee of energy ; 6nd 
f tiie charge neceaaary to produce a velocity of 400 



kgraxa a 
light of b 



SS. A weight of 46 oz. is dropped from a height of 2 ft 3 in. on 
the head C^ a vertical nail weiring 2 ox. already driven some dis- 
tance into a boud. Shew that if the nail ia driven a further distance 
of i iooli, the reeistanoe of the board, sappoaed constant', ia approxi- 
mately 162 lbs. wt. 

£4. A sliell of mass M travelling with velocity V suddenly breaks 
into two fraements m and M -m, which continue t« travel in the 
same lineT U the velocity of ffl ia v, find that of the other tisgment, 
and the amotmt of energy generated by the explodorL 

06. A 100 lb. ahelt travelling at 1600 ft. /sec. bursta into two 
eqnal portions which continue to travel in the same line. If 200 
ft.-tona of enei^ are generated by the explosion, find the sub- 
sequent velooitiea. 

lib. Find the energy in horse-power- houra required to propel a 
ahot of 1 cwt. with a velocity of 2000 ft. /sec. 

27. A shot of mass m lbs. is fired horizontally from a gun of mass 
M lbs,, and the kinetic energy due to the explosion is E ft-lbs. Find" 
the velocity of the ehot and gun, the latter being supposed free te 

28. A gun files a shot weighing 1400 lbs. and possessing energy 
of 64,000 ft.-tons when it issueK from the muzzle. 

What is the mnzzle velocity of the shot t 

SO. A gun of mass M lbs. firing a shot of mass m lbs. recoils with 
velocity V ft./seo. Shew that if the mass of the shot ia increased 
to 27n, the kinetic energy of the explosion remaining the same, the 

velocity of reocal becomes 

^ J2 lM+m) 
V M+2m 

80. A ahell travelling with velocity V bursts into two pieces of 
massee m,, m„ which continue to travel in the same line. If the 
kinetic energy produced by this explosion is E, find tiie velooittee 
inmiediately after the explomon. If the shell breaks into equal 
maescA, and the kinetic energy generated is equal to the kinetic 
energy of the shell just before biiniting, shew that one- half is brought 
to reet and the other moves with velocity 2V. 



106 ELEMENTARY DYNAMICS 

8L A shot of mus m is fired with velocity V point blank at » 
target of thiokness k Hid nuwe M, and eme^es wiUi T^ocity v. 
If the target is free to move, find ita velocity, and the time takea 
by the shot to traverae it, sappoBiiig the reaistauoe uniform, and 
that there is no impnlBe aa atriking the tai^^ 

S2. A bnllet of mua m is fired into a blcNik of wood of masa M 
which is free to move on a amooth horizontal tabte, and penetrates 
it to a deptJi a. 

Shew that at the instant when the bullet oomee to reet relatiTely 
to the block, the block has moved a distance ma/(fA+m), the stress 
between the bullet and the block bwig aaaumed oonstant aa long 
as there ia relative motion. 

83. A train consiBts of an engine of maas M tons, and two cairiagea 
each of maas m toa^ Initiailj the train is at rest, EUid the liuffers 
are in contact, but wh^n the .coupling chains are tight the buffers 
are a feet apart. If the engine exeite a constant force of F tons-wt. 
and friction in neglected, prove that the velocity with which the 
aeoond canriage starts is given by 

V>=2Fga(2M+m)/(M + 2m)>. 

84. Bain falls uniformly so that 5 inches fall in 12 hrs. Find the 
pressure on the ground at any instant produced by the falling^ain 
in tons-wt. per acre, aasuming the diopa indefinitely small and the 
tcmiinal velocity to be 10 ft. /sec. 

8fi. A taroet of 4 sq. metrea in area is strnok perpeodicnl^y 
every Becond by 50 bnllets, each weighing 20 gms. aad travelling 
at a velocity of 500 metres per aeo. Suppodng the bullets not to 
rebound, find the steady pressure on the target that would produce 
the same average streea on the supports. 

If the bullets rebound with a velocity of 60 metres per sec., how 
would the equivalent pressure be alTect«d I 

36. A mass of 10 lbs. ia at relative reet on the rough horizontal 

floor of a car moving at the instant with velocity 40 ft. /aeo. and 
. with retardation 5 ft./sec'. Find the friction between the mass 
and the car, and infer a lower limit for the coefficient of friction 
between them. 

If the ooeffioient of friction is 0'!! and, when moving at the same 
velocity as beford, the retardation is suddenly increased to 10 
ft. /sec',, and continues so until the carriage is brought to rest, prove 
that r^tive motion ensues, and find how far the mass moves in the 
oarriage before it is findly at reet. 

\ balloon by means of a parachute. 
""'* " ""* lbs. wt. when the velocity 



is ft. /see., and the pafoohute and man together weigh 400 lbs., 
find the mazimiim velocity attainable. Draw a graph to fpve i. 

in tenns of v from 0=0 to v= 14-1. Deduce from it the time taken 
to get np a velocity of 10 ft/sec 
Compare Ute latter time with the time taken when no leeiBtenoe 

S8. The weight of a train ia 200 tons, the part of the weight 
of the engine supported by the driving wheels ib 2S toaa, and the 
coefficient of friution between driving wheeUand rails is 018. Prove 
that at the end of I minut« after starting on the level the velocity 
cannot l>e aa great as 29^ milee/hr. 

88. Two masses tai, n>, am free to move in a horizontal line. 
They are projected towards each other with velocities u, v, and 
there la a Mtnstant force F between them opposing the relative 
motioQ. Find the change of distance between them when the 
relative motion oeasea, and the common velocity they then have. 

U. A hanging weight of 2 Ibe. drags a weight of 6 lbs. along a 
table a distance of 6 ft 6 in. in 4 sees. If the weights are chaoged 
to 5 and 13 Iba; resp^ively, the weights move 9 ft. m 3 aece. ^nd 
the coefficient of friction and the value of g. 

U. A weight Q hanging over the edge of a smooth table drags 
P a distance of a ft. on the table in I sec*. If P hung and Q were 
on the table they would move 2a ft in t sees. Shew P=2Q, and 
compare the tensions in the two cases. 

42. Shew that when P and Q are connected hy a string over the 
edge of a smooth table the t«nsion is the same whether P hangs 
and Q is on the table, or Q hangs and P is on the table. 

43. A weight of 2 Ihs. hanging over the edge of a smooth table 
is attached by two strings to two weights of 1 and 3 lbs. on the 
table, the strings lying in tho same vertical plane perpendicular to 
the edgB of the table. Find the tension of each string and the 
acceleration of the weights. 

44. A particle of mass m is attached by an inelastic string of 
length f to a particle of mass m'. From the point where m' lies 
on the ground m is projected upwards with velocity v>^/2gt. Find 
the height to which each risee, and the velocity with which each 
mches the ground again. 

46. A string posses over two smooth pegs close together, and hangs 
in a loop between them. A mass m is tied to one end of the string 
Uid a mass M is slung on the loop (so that the string rann through 
a Btnooti) ring on M). The other end of the string is palled with an 
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acoeleration /. Find the aooelentions of the iwghta and the 
twuion of the string. 

If M is tied to tbo Btring, find the aooeler^i<ms of the maeaee and 
the tensions of the two ptuts of the string. 

W. A string passing over a smooth peg oairicH a mass m at one 
end and a fnctionleaa pulley of man M at tho other. Over the 
lattra another string pamem, one end of whioh ia fixed and the other 
csaniee a weight m'. Find the aooeloraticxia of the masaee, and 
tenstons of the string ' 

47. Two men of massee m, m' sitting on a smooth table hold the 
ends of a stretched rope. If at a certain instant the first is pulling 
tho rope through his liands at a rate v ft./eeo. and acceleration f, 
find the motion of the men, and the tension of the rope. 

48. A mass of 6 lbs. can move on a smooth horizontal table. 
Two strings attached to it on opposite sides pass over puUeTS at 
the two ends of the table, and wdights of 8 asd 4 lbs. hang from 
them respectively. Find the acoelerations and t«nsi(His of t£e two 

If the 8 lbs. mass, after moving for 4 ft>, comee to rest by striking 
the ground, how much further will the other manes move before 
coming to instaataneooa leat T 

49. Solve the same question as No. 48, supposing the table to 
be rough with coefficient of Motion 0'25 between iiae weight and 
the table. 

50. If there are n portions of the string between the blocks in a 
system of pulleys of the second order, and a mass m is attached to 
the end of the string and M(>nm) tu the block, find the tensiOQ 
and accelerations, assuming tlic block weightleas. 

If M strikes the gronnd when moving with vdocitj v and remains 
at rest, find how long m will move before the string is stretched 
again, and find the impulfivo tension in the string then, and the 
velocity of M immediately afterwards. 

61. In the BVBtom as in Es, 50, if M < nm and M moves upwards 
for ( sees., and at the end of that time a second mass M attached 
to the first by a string is suddenly brought into motion, find 

(1) the accelerations and tension befoie and after the seoond M 

begins to move ; 

(2) the velocities just before and aft«r tho change ; 

(3) the impulsive tension in eaoh string. 

JfSS. A mass M of 5 lbs. banging vertically drags a mass m of f) Ibe. 
along a rough horizontal table. A third mass m' of 4 lbs. is con- 
nected to m bv a string 4 ft. long, and m and m' are b^ initiaQy 



(1) the velocities just before and ait/BC m' begins to move ; 

(2) ttie impolMa in the strinfpi at the inatutt nt' begiilB ki move ; 

(3) the dmUtux m' moveH before coming to net 

53. On one aid of a atring of an Atwood machine are WMghts of 
120 and 20 gtae, and on the other 130 gma. After moving trom 
test for 3 seoB., the descending weight paiHee through a ring and the 
20 gma. ia caught off. How much fuitfaer wQI the weights go before 
fiiBt coming to rest, and after what time will the fiiat paaa through 
the ring again T 

B4. The weights on an Atwood maohine am 170 and 160 j{ma. 
When they have been moving from leet throogh 4 ft. the ascending 
w«ght paases through a ring and oatches up a weight of 40 gnu. 

This weight is dropped again when the weight puaee downwards 
tiuougb the ring, and ao on. Find the time Itetwemi the n*^ time 
the weight is caught up and the (n+1)*^. and the whole distance 
(up and down) traveled in the intmral. 

Find the irtiole t4nie and whole distance travelled until they finally 

56. The moasee on an Atwood machine are P and Q(P>Q). 
They move a feet from reet, and then P strikes the ground and 
temaina at rest. Afterwards P starts to move upwards and there 
is an impulsive tension in the string, and later P strikee the ground 
again, luid so on. Find 

(1) the time betwem the n'*' and (n+l)'' impacts that Q is 

moving by itself, and the time that botn P sjid Q are 
moving; 

(2) the impulse in the string in the aame interval ; 

(3) the total time l>efore the system comes to rest. 

66. Weights of 4 lbs. and 10 lbs. hang by strings respectively, 
pawing round a wheel and aile, the former of diameter 12 inchea 
and latter 3 inches. If friction is n^lected, and also the mass of 
the wheel ajid aile, prove, by writing down the kinetic and pot«ntJal 
energy in any position, that the acceleration of the 4 lb. wt. is Jf^. 

67, A weidit of 5 lbs. hanging over the edge of a table draws 
along a w«ig$t of 10 lbs. on the t«ble. If the coefficient of friction 
betn«en the table and the weight is 0-3, find the acceleration and 
tension. . 

If the string breaks after the maseee have been moving for 2} 
aecs.. find how far the 10 lb. mass moves altogether before coming 
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58. Three maasee are such that M'+m > M > M'. M i« htmg at 
one end of a string paesinc over a smooth peg aad M'+m at the 
other in suoh a way that m can be detached as in Atwood's machine 
when M'-t-mis moving down, and picked up again when M' is moving 
Dp. If the massee move a distance h from leet before m is caught 
on, find the nest two positions in which the mAeeee are install' 
taneoualy at reet. 

59. A particle of mass m mores in a straight line, and in only 
[icted on by a aeries of impulses at equal intecralH of time r, the 
T)"" impulse being - ^n', where i is a constant and v, is the veJoci^ 
jiiiit before the impulse. Prove that if ti, is the initial velocity. 






where x, is the distance described to the time of the n*^ impulse. 
Deduce that if a particle is moving in a straight line mider a 

T^aistance hv, u 



where v and z are the velocity and distance dracribed at time (. 

60. A number of maBsee are attached to a light string AB ens- 
ponded at A over a, table which is at a distance a below the lowest 
mass B. The end A being suddenly released, the maaaes are heard 
to hit the table at equal intervale of time r. Find the dietaooes 
apart of the e 



CHAPTER IV. 
■ FOBOES m TWO DIHENSIOHB. 

8L So &r we have been dealing with motion of a point 
whose portion was Jized relatively tfl a point of reference 
by a SDgle measurement along a line passing through the 
point of reference. Now we Have to consider the next case 
in oicler of difficulty, where we have two lines of reference 
Ox, O^ meeting in a point O, and the moving point P always 




lies in the plane determined by Ox sad Oy. The plane of 
reference may be moving in any way. Thus the point P 
may be a point describing any path on a plane sheet of card 
on which straight lines Ox, Oi/ are drawn, while the piece of 
card itself may be moving in -any way. The latter motion 
will be neglected for the present, and it is only the rdative 
motion in the plane that we have to deal with. It is generally 
most convenient, though not necessary, to take the lines 
Ox, Oy at right angles, and we shall assume them to be so 
unless otherwise stated. 

The portion of P in the plane is determined in one or other 
of two ways : 

(1) It may be determined by the lengths of the lines PM, 
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PN dnwn parallel to the axee Ox, Oy and meeting Oy and 
Ox ; theee are deooted by x, y, thus : 
PM=a!, 
PN-y. 
(2) It may be determined by the length OP and the angle 
POz ; these we denote thus : 

OP=r, 
POa!=0. 
Obviously, when Ox, Oy are at right angles, 
i=rcoBfl, 
y=rBiji6. 
62. In the second method the position is determined by 
the length and direction of a Btiaight line, and if we want 
to represent the position on a sheet of paper we can do so 
by taking a line O'x' on the paper and drawing a line O'P', 
representing OP on a certain chosen scale and making an angle 
P'OV equal to the angle POi. Any quantity which involves 
magnitude and direction in this way, and is hence capable 
of being represented by a straight line of a certain length 
and. drawn in a certain direction, is called a vector quantity. 
Thus a velocity is a vector, for it is only determined com- 
pletely when its direction as well as its magnitude is given. 
Quantities which do not involve direction, but only magni- 
tude, are called scalais. Of the quantities we have been 
dealing with it will be found that the following are 
Scalar — mass, work and energy, power ; 
Vector— displacement, velpcity, acceleration, force, mo- 
mentum, impulse. 
That kinetic energy (Jmu*) is a scalar while velodty (v) 
is a vector la suggested, though not proved, by the fact that 
kinetic energy cannot be negative, and that if v is changed 
into - o no change is made in the kinetic energy. 

68. In dealing with the rules relating to vectors it will 
be best to begin with the simplest — the vector denoting the 
distance of one point from p.nnt)>er 
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Suppose, then, there are three towns O, P, Q, and we are 
told that P is 3 miles north-east of O and Q 2 miles north 
of P. We can draw a figure 
to scale on paper and find the 
distance of Q from O. 

We may express the reenlt 
more fully thus : 

// AB M drawn to represent 
m magnitude and direction the 
distance of P from O, <md BC 
to r^preeeni on the same scale i 
the distance of Q from P, then 
the distance ofQ,Jrom O is represented by AC. 

64. Ohange of Foaition or Displacement. 

We may imagine in Fig. 40 P is a moving point and Q a 
second position of P. Then the fiiat position as measured 
from O is represented by OP as before (or AB) ; the second is 
represented by OQ (or AC), and PQ (or BO) may be called the 
change in position or displacement. 

Hence, if the position of a point relatively to is repre- 
sented at one time by AB and at another by AC, the change 
of position is represented by BC. 

66. Composition of Displacements. 

The foUowing law will now hold for displacements, — 
If AB represents the displacejnent in any time of P relative to 
0, and BC represents the disj^oement of Q relative to P in the 
same time, then the displacement ofQ r/dative to O is represented 
by AC. 

For, let O, P, Q represent the original positions of the 
points, and suppose P displaced to P', PP' (or AB) is the dis- 
placement of P relative to O. If Q were not displaced relo- 
tivdy to P, its distance from P' after the displacement would 
be the same in direction and magnitude as it was from p 
brfore the displacement, and the displacement of ^ 
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have brought Q to Q,, where P'Qi is equal and parallel to PQ. 
But now Q U displaced relatively to P' bo that it cornea to 
Q', and QiQ' is the displacement relatively to P. BC is there- 
fore drawn to represent Qfi,'. Now the total displacement _ 




of Q relative to O is represented by QQ', and this will be sewi 
at once to be the same as AC for AB, BD are equal and parallel 
to Q&i, QiQ'. and the law for the composition of displacementB 
is therrfore proved- 

66. Composition of Velocities. 

Velocities in like manner require direction as well as magni- 
tude to completely determine them. Prom the composition 
of displacements we can deduce at once the composition of 
velocities which should be stated in the following form : 

If AB represents in direction and magnitude the vdocity of 
P rdc^ive to O, and BC represents the ^)docity o/Q relatim to P, 
then the veiocUy ofQ relative to O is represented by AC. 

For it is oiJy necessary to think of the displacements as 
taking place in a time (, and the average velocities during the 
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interrsl of P relative to O, Q relative to P, and Q relative 

too, are AB BC AC ,. , 

-7-, —, -r respectively, 

and therefore the linee which represent the dispUcementa, 
repreeent correctly, on some definite scale, the average velocities. 
Hence the parallelogram law applies to the aver^^ velocitiea, 
and therefore also, by thinking of the interval as reduced 

indefinitely, to the velocitiea at an instant. 

Example 1. A train is trBvelling at 15 miles/hr. to the east, and 
drops erf raiii appear to spMaenser to make an angle 30^ with the verti- 
cal towards the west. When the velocity of the train is increiwed to 
30 miles ui bour, the drops appear to make an angle 60° with the verti- 
caL Find the t^^e velocity of the drops in direction and magnitude. 

Oraphical Solution. 

If OA represents the velo-' ^— 
citf of IS milea/hc. (or 22 
ttjaoc.) of the train, and OB 
represents the true velocity 
of the drops, AB represents 
the Telocity of the drops rela- 
tive to the train, and oonse- 
quently we have 

OA=22 ft/sec., " p,g ^^ 

iOAB=6tf', 
bat B is as yet not fixed, but if OC repieeents the velocity of the 
train in the seccmd case. 

0CB=3(f ; 
and nnce OC=20A, 

we have z.ABC=30"; 

.-. AB=.AC=OA; 
.■- OB=OA, 
and i.AOB=eff'; 

/. the true velocity of the drops is 22 ft/aeo., making 30' with 
the vertical and towards the east. 

2. What velocity would the train have if the drops appear to 
come down verticaJly t 

66a. Change of Velocity, 

In Fig, 41 OP, OP* represent the positions of a point relative 
to a given point at two instants, and PP" represents the change 
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of position. Id exactly the aame way, if OP, OP' represent 
velocities relative to a given point at two instants t sees, apart, 
PP' must be regarded as representing the change of velocity 
in the interval, and -— will represent both in direction and 

magnitude the average acceleration during the interval, from 
which the acceleration at any instant can be deduced by making 
the interval t indefinitely short. 

This may be regarded as a definition of change of velocity 
when the direction of tbe velocity is changing ; and the import- 
ance of regarding change of velocity in this way may be seen 
if we think of the relation being impulse and momentum. 
Impulse was equal to change of momentum in motion in a 
straight line, and the same thing wil] still be true in any motion 
if we understand change of momentum correctly. 

If a particle is moving at one instant with a velocity repre- 
sented by OP, and a blow is given to it which changes the 
magnitude and direction of the velocity, so that it becomes 
OP', the change in velocity is PP", and the change in mom^tum 
is m X PP', and the impuke given to the body to produce this 
change of momentum will be represented by m x PP" in magni- 
tude and must be parallel to PP". 

In fact, if change of velocity is understood in this way and 
acceleration deduced from it as above, all the statements made 
ill the last chapter about the relations between mass, accelera- 
tion, force, momentum and impulse will still hold for a particle 
moving in any way. 

Example. A mass of 2 ibs. ia moving with a velocity of 10 ft/sec. 
to the north, and is given a blow which changes its velocity .to 
10 ft./8ec. to the east. Show that the impulse must be \1 Ib.-wt- 
aecs. to the south-east. 

67. Composition of Accelerations. 

In exactly the same way as the composition of velocities 
was deduced from that of displacements, so the composition 
of accelerations can be deduced from that of velocities, and 
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the statement of the compositioa of accelerations is the 
same aa that of velocities with the Bubstitution of the word 
acceleration for velocity throughout, thus : 

// AB r^presente in direction and magnitude the accdenUion 
of P rd^ive to O, and BC represents the acceleration ofQ. relative 
to P, then the acceleration ofQ, rdative to O is represented by AC. 

This is often expressed by saying that the point Q has two 
indepraident accelerations AB, BC ^ 

(one on account of the motion 
of P, the other on account of 
the motion relative to P), and 
that these two are equivalent to 
a single acceleration AC, and the 
composition of velocities is often 
expre&sed in a eimilar way. 

AC ia called the resultant of the * 
two AB and BC, and AB, BC are ""■ "^ 

called the components of AC. We will discuse these terms 
more fully in connection with forces. 

68. Forces. 

When we pass to the case of forces, a new idea cornea in, 
namely, the Independence of forces. This may be supposed 
to he understood in the laws of motion, and may be expressly 
stated thus : 

// two or more forces cut cm a particle at the same time, each 
produces an acceleration exactly as if it acted alone. 

Further, we must regard it as an experimental result that 
two accelerations produced by two forces may be compounded 
into a single acceleration by the same law as given above, 
and that the particle moves with the acceleration thus deter- 
mined. The efEect of the two forces is therefore to produce 
a definite acceleration, which again could be regarded as 
being produced by a single force, and this single force would 
therefore be equivalent in its action to the two forces acting 
separately. We are liius led to the idea of replacing two 
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forces by a single one wliich produces the same effect aa the 
two, and we can prove that this single force can be found 
from the two original forces by a similar law, which is 
known as the 

Parallelograio of Forces. 

// tvK /orcea acting on a particle are represenied in magnittide 
and direction by two straight lines AB, AC, they are equivaietU 
in their t^eet to a single force represented by AD, the diagontd 
of the paraUdagram of which AB, AC are a^acent sides. 

To prove this, let AB, AC represent tJie two farces whose 
magnitudes are P and Q, so that 



Nov, on the principle of the independence of forces, these 
will produce accelerations, say p, q, where 
P Q 

^ m ^ m 
m being the mass of the particle. 

If these accelerations are represented by ab, ae it will 
follow that "* _ P _ f* _ ^ 

ac~ g~Q~AC' 
and also the direotions of AB, AC are the same as those of ofr, ae. 




Therefore the paisllelogiam dbdc is similar to the parallelo- 
gram ABDC, and AD AB P 



and AD is in the same direction as ad. Now, by the com- 
poation of accelerations ad is the acceleration equivalent to 
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the two accelerations p, q, oi is the accelerfttion produced as 
the result of the two foicee. But we see that since 

AD =m.arf, 
a single foroe AD would produce the acceleration ad. 

.'. the two forces represented by AB and AC are equivalent 
in their effect to the single force represented by AD. 

69. It will now be unnecessary to prove the parallelogram 
law for other vectors. The student will find no diJBculty in 
proving it for momenta or impulses. All other vectors which 
are used in this book wlU likewise obey the parallelogram 
law, though there are quantities of which angular displace- 
m^it is the most important, which require magnitude and 
diieetion to express them, but which do not follow the parallelo- 
gram law. Such quantities are called vectors by some writers, 
though othras refuse them the name. 

70. Reanltant and Oomponents. 

The force that is equivalent to two given forces is called 
the TeauUant of the two, and the two ate called the components. 
From what has gone before it will be seen that if two forces 
are given, there is only one possible resultant ; but if the 
resultant is given, it can be replaced by two components in 
ui infinite number of ways. 




Thus if OC represents a force, it is only necessary to draw 
any two lines through O and parallels through C, and we get 
components OA, 06 together equivalent to OC. 
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The most important case is where the components are at 
right angles, the components being then usually called resolved 
parts or resolutet of the force. 




If P is the magnitude of the resultant force, and auppoee 
it is required to find the resolved parts when one of them 
makes an angle 6 with the resultant. 

Let P„ P, be the resolved parts. Drawing the parallelogram 
OACB, which is now a rectangle, we have 
OA . 

— - = UOB 0, 

OC ' 

but OC repreaents P, and OA represents. P^ ; 

/. P, = PcoBe, (1) 

similarly, Pj=PBin 8, (2) 

by squaring and adding (1) and (2), we have 

P»=P,!' + Pj«, (3) 

and by dividing (2) by (1), 

tsme-^ (4) 

(3) and {4) also follow at once geometrically. 

(1) and (2) give the resolved parts in two directiom at 
right angles when the magnitude and direction of the reeultant 
are given, (3) and (4) give the magnitude and direction of the 
resultant when the resolved parte in two directions at right 
angles are given. 

71. When the components make any angle a. with one 
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another, the equationa are rather more com|dicated. Uaing 
the other letters aa before, we have £rom the figure ; 




Fio. «. 

p!i=P^i + pi^.2P^PJ<Maa. (6) 

^^^ P.rincL 

Pi + Pjcoaa ^ ' 

p _ Psin(a.-e) ^ 

P,-y»? (8) 

aU following from elementary trigoDometry. They should be 
verified by the student. 

Exampte, Shew that equations (6)-(8) reduce to (l)-(4) if a ia a 
ri^t angle. 

72. It is important to observe that the resolved part of 
a force in any direction is obtained by multiplying the force 
by the cosine of the angle between it and the given direction. 
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Th« sum of the reflolved parts of two forces in ft given 
direction is equal to the reeolved part of the resultant in tba 
same direction. 

PoF in the figure OM is the resolved part in the direction 
OxoiPi; MN '=AK=OL and IB the resolved part of Pj; while 
ON is the resolved part of P in the same direction, and 
OM + MN=ON. 

73. Hore than two Torces. 

When we consider the action of more than two forces we 
can proceed by steps. Thus, if OA, OB, OC represent three 
forces acting at a point, OA and OB can be combined into a 
single force OE, and then OE and OC into a single force OF, and 
evidoitly OF is equivalent in its action to (or is the lesultuit 
of) the original three. 




no. w. 

But the best way to deal with three or more forcee is to 
extend the theorem of the last article. It will be easy to 
see that the following result must hold : 

The sum of tke rest^ved parts in any dtrection of a number 
of forces or other vectors is eqwd to the resobied part, in the same 
direction, of their resultant. 

74. Application of the foregoing Frinciplea. 

In applying the above to examples it is nanally most con- 
venient to replace each force by its resolved parts in two 
chosen directions. 
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Thus, if we have a number of forces P making an angle a. 
with Ox, Q making an angle ^, etc., these forcee con be 
rei^aced by reeolTed parts : 

Pcosa+acoe^ + etc. along Ox, 
and Psiiia+Q^^+etc. along Oy. 

Under the influence of such forces a particle of mus m 
will have an acceleration whose componeate /„ /, along Ox 
and Oy are ffvm by SPoos a=m/„ 




Having obtained each component of the acceleration, the 
componeuta of the vdocity and the distances described in 
each of the two directions are to be obtained, if poesible, by 
the methods of the previous chapters. 

In the following examples the particle moves in a straight 
line, and it is best to choose the directions for resolving the 
forces, one along the line and the other perpendicular to it. 



EXAMPLES. 

1. Abody moves along a line of greatest slope of a smooth inolined 
plane tmder the action of 
gravity alone. Find the 
acceleratioii, and also the 
pressure on the plane. 

In this cose the only forcee 
ore the weight mg acting 
vertically and the praasiire R 
of the plane, which is perpen- 
dicular to the [Jane, since this . 
issmooth. If the plane maiea 
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an angle a. with the horizontal, the tbroe mg can be resolved into 
n\g 008 a. perpendioular to the plane, and my «n a. down the plane. 
Henoe, if /=aoceleratioa down the plane, 

.: /=gmnou 



find the motion. 

The result will depend o 
down the plane, for in one 
the other upwotdB. 



iiB example the plane in not smooth, 
1 between the plane and particle ia fi. 




i. (Hotloa ap tha plan*.) 



Fia. GB. (KoHon down tha pluo.) 



The forces are conseqaently as marked in i 
In 62 let/= aooeleiation doum the plane, ir 
reaoWing aloi^ the plane, 

nR + mgBiafu=mf; 
peqjendicnlar to the plane, 



R-m^ct 



= 0; 



.-. mf= nmg coe a. + mgMn a.; 

.: f=gnnti.+ iis COB a. 
In I^ig. 53 in the same way the acceleration down the plane will be 
? sin 0.-^008 0, 

3. A train of 160 tona weight ia drawn from rest down an incline 
of 1 in 200 against a frictional reaiHtance of 11'4 Iba.-wt, per ton, 
and gets up a volooit; of 36 miles on hour in 2 mins. If the force 
exerted by the engine is conatant, find the force and also the greatest 
horse-power developed. Find also what horse-power would be 
developed in drawing the same train up the incline witii a constant 
velocity of 39 miles per hour. 
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An incline is sud to be 1 in 900 when there ia a rise of 1 ft. verti- 
cally for 200 trarelled along the incline, thus the sine of the angle 
of inclination is ^j^. 




ftn. »». 
The forcce acting in th>) first case are : 

( 1 ) the weight 160 tons or 160 x 2240 x 32 Ibis., 

(2) the friction 160x 11-4 lbe.wt. = lS24x 32 Ibis., 

(3) the normal reaction R, 

(4) the force P exerted by the engine. 

There is a coastant acceleration, and the velocity of 36 miles 
per hour, or 36 x ^j. ft. per sec,, being generated in 120 sees., the 
acceleration is ^ 

Hence, resolving the forces along the plane, 

P+160x2240x=^x32- 1824x32= 180x224OXj^- 

P= 16 X 224 X 44 + 1824 X 32 - I7B2 X 32 Ibis. 
=l»^^^+1824-17921bs.wt. 
=4928+1824-1792 
=■4960 Iba. wt. 




The horse-power will be greatest when the velocity is greatest, 
and then equals aa i 
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If the tniii were tnTeUing up (he plane with ootutaot velocity, 
the forces would be aimil&r to the pntoeding, but if P" is the force 
up the plane, 

P'= 100 X 2240 X s^+ 1S24 IbB. wt. 



200 

= 1792+ 1824=3016 lbs. wt. 

,„,„^ 3ax44 ^ 1 
= 3616x-^^X3^: 



347 nearly. 



4. A body u projocted up a smooth plane of inclination 30° with 
velocity 16 ft/sec., how far up the plane will it go T 

(. A body slides 12 ft. from rest down a amooth incline of 1 in 6. 
Find the time taken and the final velocity. (The incline rises I ft. 
in going 6 ft. along the phuie.) 

8. A tnun nuis from rest without steam for half a mite down 
an incline of I in 112. If the friction is 12 lbs.-wt per ton, find 
tito velocity generated sod the time taken. 

7. A body is projected up an incline of 30* with velocity 20 ft/sec. 
If the fricttion is always i of the weight of the body, find the dis- 
tance the body will go up the plane, the velocity with which it returns 
to the atartuig point, and the time of ascent and descent. 

8. A body is projected up an incline of 2tf with a velocity of 
30 ft./sec. If the coefficient of friction between the body and the 
plane is 0-20, find the distance it goes np the plane and the velocity 
with which it returns to th? storting point. 

9. Particles slide down a seriee of smooth wime startit^ at the 
same point and ending in the same horizontal line. Shew tliat the 
time taken is proportional to the length of the wire, and the velocity 
generated is the same for all. 

10. Particles ^de down a series of smooth wires starting at the 
same point and ending in the same vertical line. Find an ezpres- 
sion for the time taken and shew that It ia least for the chord which 
makes on angle 45° with the vertical. 

11. A train runs from Mst without sl«am down an incline of 
1 in 1 12 for half a mile and then comes to a level line. How far 
will it ran on the level if the resistance is 16 lbs.-wt. per ton throngh- 

12. A train of 180 tons is travellmg on an incline of I in 120 at 
40 milee/hr. What force will be required (o stop it in 200 yds., 

(1) when the motion is uphill, 

(2) when it is downhill T 
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IS. A tnin of 90 tcsia m dnwn op an incliiw of I in ISO bj an 
^igine exorting & constBot fiKce of 2 Una weight, %bm bietiooMi 
ToaBtanoB being 15 lbe.-wti pc ttai. Attir 3 miiurtBa fnxB rert 
stCAiu is afaat oS. Knd 

(1) the n^^^imnn. VOlOCi^, 

(2) the time to oonu to rest, 

(3) the total distanoe tnvelled. 

14. A toain nuu firom reet tc« a nule down an indiBe of I in IWv 
and then cornea to an npwaid incline ako id 1 in IMi How fiv 
will it nm np Ukis incline if the friction ii 12 lbi.-wt per ton, steam 
being shut oS the whole time t 

15. A trun of 240 tarn wtafrfit ia drawn np an incliiMt <rf I in 100 
at the nte of 20 mika/hr. U the fricticn is 11 5 lba.-wl. per fan, 
what ia tiie hocse-power of the engine T 

19. What ia the maximnm velocity wiUi which a ti«in of ISO 
ton;> can be drawn np an inoline of 1 in 160 if the home-power of 
t-be engine ia 225 and the frictitKi 12-5 lfaa..wt. per too T 

17. Compaie the maxironm veloci^ np and down an incline of 
1 in 200 when the friction is 14 lbe.-wt. per ton and the hoiae-power 

18. If the maziminn vdocity of a train np an inoline a. is v, and 
up an incline a.' is v*, prove that 

the friction being - of the weighL 

19. If the maximum velocity for a tr^n of 200 ton» on the hori- 
. zontal in SO milee/br., and up an incline of 1 in 80 is 16 milea an 

hour, find tiie bone-power and the reeistanoe. 

20. A trtun of 200 tons wt. geta np'a velocity of 30 mike per 
hour in 2 mins. from twt traveling down an incline of 1 in ^0, 
and friction ia 13 Ibs-wt. per ton. If the force exerted is con- 
stant, find its magnitude. What would be the least horse-power 
capable of obtaining the above resnlt T . 

21. If an engine can draw a train of 200 tons weight at a maximum 
velocity of 36 miles an hour on tie level, at what rate would it 
draw it np an incline of i in 80, friction being 12 lbs.-wt. per ton 
in each case T 

22. A train of m tons weight geta up a velocity v milea/hr. on 
Ml incline a, in I sees, from starting. If tJie friction is n Ibe.-wt. 
per ton, find the force exerted by the engine (supposed constant) 
and the horse-power developed at the end of the t sees. 
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28> A train nmamg at 40 mileB/hr. Domea to the foot Qf an incline 
of 1 in leO with no steftm on. If tho reeistanoe is 11 lbe..wt. per 
ton, find the distanoe it will ascend the incline, tJie velocity with 
whioh it letnma to Uie foot of the plane, and the time of aacent 
and descent. 

U. A man of 20 Ibe. ie drawn up a smooth plane of inclination 
20'' by a mass of 16 lbs. luutging reitically and attached to the 
firet by a atring passing over the pnlley at the top of the plane. 
Find the aoceleration. 

S6. A weight P hanging vertically diaws Q np a smooth incline 
of 30° in tuw the time that Q hanging vertically would draw P 
np it. Shew that P= jQ. 

26. A mane of 6 Ibe. hanging vertically draws a mass of 9 Iba. 
up a rough plane uf inclination 1 in 3. Find the acceteiation if 

the coefficient of friction is 0'3. 

27. A mass of 10 lbs. is drawn up an inclined plane whose height 
and base are in the ratio 3 to 4 by a weight of 10 lbs. hanging verti- 
cally. If the mass movea 5 ft. in 2^ sees, from rest, fhid tbe 
coefficient of friction. 

£8. A mssH (if 10 Iba. is drawn up a rough incline of 30° by a 
weight of 9 Ibg. hanging vertically. The coefficient of friction is 
0-4, and after the bodies have been moving for 3 sees, the string 
breaks. Find 

(1) the total distance travelled up the plane, 

(2) the time till the body cornea to rest, 

(3) the time it takes to descend the plane again to the starting 

88. If P hanging vertically draws Q op a amooth incline of 15° 
with acceleration g/3, what will be the acceleration if the inclination 
is increased to 26^ I 

30. Two masses 10 and S lbs. wt. respectively on smooth inclines 
of 30° Mid 45° placed back to back ate connected by a string passing 
over a pulley %t the top of the planes. Find the acceleration. 

31. Two masses, 10 and 20 lbs. wt., are placed on two smooth 

Slanee back to back, the sines of whose inclinations are 0-6 and 
■8 respectively. They are connected by a string passing over 
the intersection of the planes and perpendicular to it. Find the 
acceleration of the weights, and tension of the atring. 

Find also the acceleration if there were friction and the coefficients 
of friction between the planes and weights were respectively 0-3 
and 04. 
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If the maMM an m, n, and the molinations cS the pUoea a, fi, 
(rad tite acceleration of each. 

33. A particle of man m slides from rest down the BmoDth fbce 
(of Inclination a.) of a wedge of maaa M reatijig on a smooth hori- 
zontal table. Find the moticai of the particle and of the vedge. 




The force* m the particle are : 
(i) its weight mg vertical, 

(ii) the pressure R of the wedge perpendicular to the face. 
The forces on the wedge are : 
(i) it» weight M?, 

(ii) the pressure R of the particle on the wedge, 
(iii) the pressure 8 of tlte table (vertical because the table 
is smooth). 
Let /= acceleration of the wedge to the right, 

/'a „ „ „ particle relatively fo Iht wtdge. 
Then the aooeleration of the particle is the reeultant of/and/', 
tad its oompon«ats are f—fctx a. along the face of the wedge 
downwards, and /sin a. perpendicular to the face; therefore the 
equations for the particle are along the fooe 

m(/'-/coea) = »tffBin(L, (1) , 

perpmdictilar to the face 

nt/'sina.oflvoofla- R (2) 

For the wedge horizontally, 

M/= Rflina. - (3) 

Prom (I), f-f<ioaau=gaaa. (4) 

From (2) and (3), eliminating R, 

/{M + m Bin'a.) = niff sin ol cos ol; (6) 

. .^ wiff Sinn- cos g . 
" ■' M+msin'o. 
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M. A wedge of man M, whose faces ore iaclined at anglea ol, p 
to the hcxizontaJ, movea cwi & smooth horizfmtal table. Two par- 
tJolen of mUBee m, m' move on its smooth faces, being connected 
by a string passing over a light pullOT' at the top of the plane, and 
lying in a plane perpMuUcnlor to the line of interaectioil of the 
two fooes. Find the motion of the particles and wed^ 




As. er. 



The fones acting are as marked in the fignre, 

(1) on m, tsfi-, R, T ; 

(2) on m'. m'g, R', T ; 

(3) on M, R, R" (the reactions to the above), 

T, T (reactions to the former T and T, 
and acting on the pulley, which may be coneidered as a part of 
the wedge. These forces are representad by the arrow-heads close 
to the pulley). 
Also Mg and a 
Let /= acoeleration of M to the right, 

/'=" „ „ m relatively to the wedge down the 
first face; 
.'. /*= acoeleration of m' relatively to the wedge np the 
second face, 
.'. the component accelerations of m are 
/"-/cos a. along the first face downward^, 
/sin a. perpendionlar to the first face and tcwards the wedge ; 
the component aooelerations of m' ue 

/'-/cos fi along the second face upwards, 
-/sin p perpendicolar to the second fitoe towards tlie wedge. 
Hence the equations are : 
for m along the laoe, 

m{f'-fcoe a.) = mff sin a.-T ; „(1) 
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perpendionlar to the face, 

Wifaiiai.=mgeoea.— R; (2) 

for nt' along the face, 

r.-(/'-/o<,ft-T-«.'j™^i (3) 

perpe&dicnl&i* to tho face, 

-m'/8iii^=m'iico8^- R'. (4) 

ForM, IV=RBinn.- R'cos^+Tcoa/J-TcMo. (6) 

Giving five equations for the five unknowns/,/', R, R', T, wliich 
can conseqnently all be foond. 

35. A particle oF mass 4 lbs. slides &om tmt down the smooth 
face of iociination siii~'g of a wedge of mass 12 lbs. which cap slide 
without friction on a horizontal table. Find the- accelerations of 
the particle and wedge. 

76. Work. 

We have defined work done by a constant force as the 
produce of the force into the distance the point of application 
moves in the direction of the force. This definition is still 
complete in any case if we understand the distance the point 
of apjAication moves to be the same as the resolved jmrt, in the 
direction of the force, of the displacement of the point of application. 

Thus, in the figure, if the point of application moves from 
A to B wh'le the foro« keeps its magnitude and direction 
unchanged, the work is estimated by the product 
P. AN = P. ABcoafl. 



N 



This can also be expressed as the displacement multiplied 
by the resolved part of the force in the direction of the dis- 
placement. 

Work, it should be noticed, is a scalar quantity not involving 
direction in its specification. 
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76. Case of sereral Forces. 

The work ione by the restiUaiU of tteo fortxs ie the turn t^ 
the amounts of work done by each fonx separately/. For if 
P, Q are two forces acting on a particle and the particle is 
displaced from A to B, the sum of the amounts of work done 
by P and Q is ab(P cob a. +Q cos fi). 

where ct, ^ are the angles P and Q make with AB. 




But P COB (X. +(l cos j3 is the sum of the resolved parts of 
P and Q along AB, and therefore equals the resolved part 
of the resultant along AB (Art. 73) ; 

.'. the above amount of work is equal to the work done 
by the resultant. 

The same result evidently holds for any number of forces. 

77. Similarly, if a force remains constant in magnitude 




and direction while the point of application undergoes two 
suTOesaive displacements, the total work done is the same 
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moldng an angle 6r with Qr-iQn then the work done from 

Qr-i toQrisPr.Qr-iQrCOG0r^PrSrC<»0r> whele Sr = Qr.iQr> 

and the total work for the whole paths SPrJrCos^r- 




This becomes more and more accurate the larger the number 
of divieiona in AB. If the number of parts like Qr-iQr is n, 
the accurate expression for the work is 



Lim 2j Pr^CO»0r. 



There is no difficulty in representing this work graphically. 
Draw a straight line OC representing the whole length AB, 
and take it as axis of x. At each point draw an ordinate 




representing the resolved part of the force in the direction 
of the tangent (that is, Pr cos 6r) at the corresponding point 
of the curve AB. We will thus get a graph, the area of which 
represents the work done between the extreme points. 
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SxampU 1. A man of 12 atone weight climba a hill 220 ft high 
in 7 mins. Find the amomit of work be dOM and hia »V«»ge 
hoiae-power. 

8. If a body joHt slidea down an inctine without acoelention, 
ahew that the work done hy gnvity is equ&l to the work done 
against friction. 

3. Find the work done in dragging a body of 40 kgins. 5 metres 
along an incUne if the vertical height travelled is 3 metres and the 
coefficient of friction '4. 

79. Oentre of Mass of a System of Particles. 

If two particles P, Q have maaeee mj, m,, the point which 
dividM PQ in the ratio m^ : ntj is called the centre of mass 
of the two. Thna, let the poaitioiiB of two paiticlee P, Q of 




massee m^, m, be given by the coordinatee i,, y, and x^, y^, 
and let the coordinates of Ct, thdr centre of mass, be x, y. 

Draw from P, Q, Q perpendicnlara PM, OK, ON to the axia 
ofz. Then OM = Xi, 

OK=a:, 



OQ nil 
MK mj. 
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SimiUriy, "hyj + ^Hft 

If there is a third particle R of maaa nij at x,, y„ and H 
is the ceatie of mass of a particle % + ntj at G, and m^ at R, 
H is called the centre of mass of the three m^, m,, m,. 

The X coordinate of H is 



K-".)'''^!^^-"^-^ 



(mi+mj) + «ig 

and for any number of particles we may define the centre of 
masB as the point whose coordinates (which w« shall draiote 
in futuie by x, y) are 

- _ '"l^ + ^^3 "^ "'g^ + ■ ■ ■ _ ^"'"^ 

_ 2mv 

80. If the particles are moving in any way, the centre of 
mass will also move (in general), and may be said to have a 
velocity and acceleration. 
Let Xi, ^1 be the coordinate of m^ at time t ; 

«!, t>i be the component velocitiea along Ox and Oy of 

tHj at time t ; 
fv 9i ^^ ths component accelerations of m^ at time ( ; 
x,y he the coordinates of the centre of mass at time ( ; ' 
5, V be the component velocities of the centre of mass 

at time t ; 
/, ^ be the component accelerations of the centre of mass 
at time t ; 
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aod denote by dashed letters the correflponding quuttitics at 



time i. Then 



2m(/-g) 





2..(/.-.) 


1 1 






i-t 


■ Lim 


i^/-^ 


-X 

-t 


2mu 

' 2m' 






:7jnw 







■m 

Now 2mu=the total momentum in the x direction of tM 
the partklee, and u2m is the momentum in the same direction 
which a particle of mass 2m would have if moving with the 
velocity of the centre of mass. 

Hmce the equation (2) expresses that the total momentum 
in the x direction of all the particles is the same as that of 
a particle equal to the total mass and moving with the velocity 
of the centre of mass. 

81. fSmilaiiy, 



2mu' 
-Lim 



. . /2mM' 

^'"'V^r-2^;rn 



2CT(n'-tt) 1 



-L.m^Sm-^ 

^2ro/ 
2m' 



/2m = Sm/. . 
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Now Sm/ia the sum of aU the x-compouentB of the fotcee 
actually acting on the aepaiate particles. Hence equation 
(3) expresses the fact that the accderation of the centre of 
maaa in the x-direction is the same as that of a mass equal 
to the total masa of the particles and acted on by the forces 
nhich actually act on the separate particles. 

Sm/ is the sum of all the components in the a>direction of 
all the forces acting on all the particles, including forces due 
to the action between any pairs of the particles. But any 
forcee that exist between a pair of particles are of equal magni- 
tude on the two and act in opposite directions on them, and 
hence in adding up the resolved parts these cancel one another. 
These actions and reactions (called internal) between different 
pairs of particles consequently disappear from the expresBion, 
and the only forcee that need be considered are the external 
forces ; that is, those due to some external system. If X, is 
the component in the x-direction of the external force acting 
on mj, we may write the above equations : 

uSin = 2mu, 
/2m = 2m/=2X, 
and 2X is the sum of the x-components of all the external 
forces acting on the system. 
Also, Sm=total mass of the particlea 

= M, say, 
and the equation m/= 2x 

expiessee that the acceleration of the centre of mass in the 
a^direction is the same as that of a.single particle whose masa 
is the total mass of the particles, and which is acted on by 
the z-componentB of the forces. 

As the same appUes to the ^-components, it follows that 
the TesuUant accderalion of the centre of maes is the same at 
that of a smgU paHide whose mass is the total mass of the 
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partides, and which is acted on by forces the same in diredion 
and magnitude as those actvtUly acting on the sejmTote particles. 
A simple case of this has been used extensively already — 
namely, it has been possible to treat a train aa a single particle, 
though the difierent forces acting on it may not neceesarily 
act through one point. 

The effect of gravity on a body can always be regarded as 
a single force acting through the centre of mass, and con- 
sequently, if a body such as a stick is thrown into the air 
its centre of mass will move in exactly the same way as if it 
were a single particle, provided air resistance is neglected ; for 
example, rotation of the stick will not affect the velocity of 
the centre of mass. 

Even if a body, such as a shell, projected in vacuo explodes, 
the centre of mass of the body continues to move in exactly 
the same way as it would have done if the explosion had not 
taken place, for the impulses due to the explosion acting on 
the difierent parts of the shell counterbalance one another 
when taken together, and therefore the velocity of the centre 
of mass is unaltered by the explosion. 

82. If there are no external forces with resolved parts in 
the x-direction, 2X = ; 

.-. /-O; 
.'. M = constant, 
or the x-component of the velocity of the centre of mass is 
constant. /_ also 2mM=conBtant, 

or the sum of the component momenta of the particles in this 
direction is constant. 

If there are no external forces at all, the centre of niasa 
moves with uniform velocity in a straight line, and the sum 
of the momenta in any direction is constant. 

This result is generally called the pnnciple of the conser- 
vation of momentum. 
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It will be noticed that notlimg has beoi said aboat 1^ 
mannw in which the particles move among one another. In 
fact, the theoi«mB are toue whether the particles move about 
like the molecules of a gas, or like the mm siad planets in the 
Solar Syatem, or whether they i^eeerre the same podtions rela- 
tively to one another as in a heavy body thrown into the air. 

BmmpU 1, Two partialee of nuweea m, m' move in a v^tical 
plane on the smooth faces of a double inclined plane, bung ocw- 
nected hj a string pasnng over the top. Find the >oceleration of 
the omtn of maaa (^ the two. 




The forces are as marked in the diagram. Let/=acceleiatioD of 
m down the plane, mf=mgwxa.-J, 



■' m+m' 


y- 




The horiiontal and vertical oomponentB 




are /cos a. to the left. 






fma a. downwards. 






ddofm', /coe (9 to the left. 






/sin fi upwards ; 








(i) horizontally to the left. 






i,^oc»o.+m'fcce0 






tn+iH' 






(m ooB 0. + m' cos j?)(m Bin a. ' m' s 


'^, 


(m+m')' 




—•—g, 


(ii) VKtically downwards. 






m/'aira.-m/ain^ 






ffl+m' 




-"'■r-:":.r^''.. 
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tn". Find the 

3. Two manoco of 3 uid 2 lbs. wt. tnTel with uniform velociliee 
6 and 10 ft./seo. aXoag lines at rig^t angtee, find the Telocity of their 
oentre of maaa in direction and magnitode. 

4. Two masses of 6 and 4 lbs. move alcnig two straight lines 
Ox, Off at an angle 60° with one another, with constant velocitiM 
10 and 20 ft./aec. When the iecoad is at O the firat is S ft from 
O. Find the direction and magnitude of the velocity of the centra 
of mass, and also the position of the line along which the centre 
of niosB moves. 

EXAMPLEB. 

1. A Bt^amer con travel 12 milee an hour in still water. She 
apparently soils due east as shewn by the compass, but there exists 
a south-east current with a velocity of u milee an hour which causes 
her true oouise to be 16° S. of E. Find u and the resultant velocity. 

2. A, B are two ships which steam at the same rate, and an 
initially at points P, Q at a distance a apart. A steams at right 
aoglea to PQ. Shew that if B steams so that the least distuioe 
between A and B may be lia, itA course will make an angle 2 sin~' k 
with A's, and'that if it Bt«ams so that it may get within a distance 
ia in as short a time as possible, ite course will make an angle 2 tan~i li 
with A's. 

3. A point P moves with uniform velocity it along O*, and Q 
moves with uniform velocity v along O^. At one instant OP = au, 
0^-=bv. Shew that the least distance between P and Q is 

' ' \u* tf' wf / 

where the angle xOy=a- 

4. A particle of mass 20 lbs. on a smooth horizontal plane is 
palled by two horizontal strings at an angle 60° with one another, 
with forccB 3 and 4 Ibs.-wt. ; if the directions and tensions of the 
Strings ara kept constant, find the position and velocity of the 
weight at the Mtd of 3 sees, from reet. 

B. A particle P is moving at a certain instant in the direction 
PX with a vehmity of 30 cm./BBc After 10 i 
4 metres along PX and 1 metre perpendicular to P 
tion is unifonn, prove that it is 2-828 om./sec 
with PX, and tlie final velocity is 53-85 cnL/sec 

6. A particle of mass m describee a regular 
with uniform speed v. Find the magnitude oi 
impulse required to be given to it at each angula 
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7. One putide slides down a smooth inclined plane of inclination 
30° ud a second drops vertically, both starting t<^ethM' from the 
top of the pluie. Find the relatire velocity in curcctioa and magni- 
tude at the end of 3 gecB. 

8. Two points P aod Q are describing concentric circlee of radii 
a and h, and centra O, with velocities u and v. Find the velocity 
of P relative to Q when the angle POQ ia B, and find d when 

fi) the relative velocity is along PQ, 

(ii) the component relative velocity along PQ is greateat. 
B. An engine exerting a constant force draws a train of SO tcma 
weight up an incline of 1 in 100 and attains a velocity of 30 milce^r. 
in 3 mins. If there is a frictional re«iataiice of 10 Ibs.-weight per 
ton, what is the tension of the oonpling of the locomotive T 
Discuss the horse-power. 

10. If the frictional resistance to a train is 6+n^ Iba.-wt. per 
ton where v is the velocity in milee/hr., prove that if the train 
runs down an incline of 1 in 112 without st«am on, the maximum 
velocity is 5S miles/hr. 

11. If the resistuice is ^'4~<un' ^^ ^ '^^ ^^ question, and a 
train of weight 160 tons is pulled up an incline of 1 in 200 by an 
engine of 360 h.f., shew that the maximum velocity is given by 

!)■+ 41280 =202500, 
and shew that this gives a maximum velocity of 37 miles/hr. approxi- 
mately. 
Find also the maximum velocity down the plane. 

12. If the rmistance is a+bifl Ibs^-vrt. per ton where » is the 
velocity in miles/hr., find the maximum velocity attained by a 
train running without steam down an incline of 1 in n. 

13. A mass of 20 lbs. moves down a rough inclined plsjie of 
elevation 45°, the coefficient of friction being 2. The air re^et- 
ance vatiee as the sqnare ^ the velocity, and is 1 Ib.-wt when 
the velocity is 50 ft./seo. Shew that the terminal velocity is 168 
ft. /sec. nearly. 

14. A body is projected with velocity n up a rough plane of 
inclination a. If ^(< tana.) is the coefficient of friction between 
the body and the plane, find the distance the body goes np the 
plane, and the time until it retmns to the starting point. 

15. Two masses of 4 and 6 lbs. moving with velocities 20 and 
30 ft./8eo. respectively at an angle 60° with each other collide, and 
subsequently move as one body. 

Shew that tbe velocity of this body is 22-47 ft./seo. 



16. A ahot of mass m ia fired from & gun of mass M ftt reet on * 
horizontal plane. If the barrel is inclined at an angle a. to the 
horizon, and the ezploeion oouses the velocity of the shot relative 
*-] the gnn on leaving it to be w, find the mitial horizontal and 



17. A ahell travelling with velooitj V breaks into two frogmenta 
one twice aa heavy as the other. If the exploeion adda an amount 
of kinetic energy equal to the original, tuid if the larger piece travela 
immediately ^er the exploeion at an angle 46° with the previouB 
direction of motion, ahev that iu velocity is V/^^ and that of the 
smaJler VVB, and that the latter travels at an angle mn~' l/Vs 
with the ori(^nal direction. 

18. A shell travelling with velocity V breaks into two portions, 
one twice as heavy as the other. If the explosion adds on amount 
of eaorgy equal to the original, and if the larger masa has a velocity 
ti imm^ately after, prove that the velocity of the amaller becomes 
'\/2(3V*— (>■}, and that if the directions they make with the direction 
before explosion are a., a.', 

oost<.= (V«+2e')/4Vf), ^___ 
COS a'= (5V»-2««)/2V*/2(3V'-ii»). 

19. A particle of mass m slides from rest down the rough face 
(of inclination a.) of a wedge of mass M capable of moving on a 
smooth horizontal plane. Find the distances moved by the particle 
and wedge in any time, taking the coefBcient of friction to be /i. 

20. A Iciangal^ prism of mass M reat« with one face on a smooth 
horizontal table, the other two (smooth) faces are at right angles 
to each other. Two particles each of masa m are connected by a 
string passing over the middle of the upper edge of the priam, 
Shew that the acceleration of the prism ia 

mff COS 2o./(2M + 3m - m ain 2a), 
where cr. is the smaller acute angle of the priam. 

21. A rectangular block of mass m resta on a smooth horizontal 
table, and two particles each of mass m are attached to a string 
which paaacB over one edge of the block, one of these hanging down, 
and the other moving on the amooth horixontal foce of the block. 

If the aystem ia allowed to move freely, find 

(1) the angle the hanging end of the atring makea with the 

verticil, when this angle ia oonstant, 

(2) the tension of the string, 

(3) the accelerations. 
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82. A smooth prism of mass M moves with ite edges horizcHital 
down B pluw of inclination >, the aaglee of the prism in cootaot 
witii tiM fiaae being a. and 0. A string passing over the npper 
edge of tbe prism carries masses m, m' at its eniu which move on 
the smooth fiMsee of the prism. Write down the equations of motion. 

£8. A partdole of mass m is on a rough inclined plane of inclination 
a, the ooeffioient of friotioo being (l. A string from the particle 
pMWf over a smooth peg, and carries a mass M(<ni] at the othw 
end. Suppoaing the peg is so far from m tiuA the string can always 
h« regarded as rertiosJ, find the accelentiona in motion up and down 
the fSane. 

84, Two pardoles on smooth inclined planes of Inclination ct, /9 
are simultaneously released from the same point <ri their line <^ 
intersection. Find the velocity and acceleration of the one relative 
to the other in direction and magnitude at any instant. 

86. Particles slide down a series of rough wirM staiting from 
one point and ending in the same vertical line, the ooefBcient of 
friction in all oases being /i( = tan k) ; prove that the time tak^i 
is least down a chord which mAkes an angle ^ — n- "^^ tbe vertioaL 

S6. Particlee slide down a series of smooth chords of a vertical 
circle starting from rest at the highest point. Shew that tlie times 
taken aie the same, and the velocities generated are proportional 
to the length of the ohords. 

87. A particle slidee down a smooth wire from a point O to a 
line AB in the same vertical plane. Prove that if a is the distance 
of O from AB, and ol is the angle AB makes with the horizont^, 
and d the angle the wire makes with the horizontal, the time taken is 

■J2alga\-n0sia(9 + a.). 
B shew that the least time from O to any point of AB is 
3^ when the wire makes an angle %~'s with tbe horiztmtaL 

85. Two equal weights slide down smooth wires in the same 
vertical plane, and start at the same instant from rest at the same 
point. If the weights are each 2 lbs., and the inclinations of the 
wires 16° and 7^, find the magnitude and direction of the accelera- 
tion of the centre of mass, and find the resultant momentum at 
tbe end of 3 sees. 



^' 



CHAPTER V. 

VEOTOB HETHODS. 

SS. The work of the last chapter could be considerably 
Bhorteoed hj a more ext^isive use of vector methods whi<^ 
are now so generally used in all the highei mathematics. In 
the present chapter we intend to give the simplest part of the 
vector work, and the nilee relating to the algebra of vectors, 
deducing them from the laws obeyed by vectors relating to 
position. We shall repeat some of the previous chapter in 
this form, and the present chapter may be regarded as an 
alternative method of deaUng with questions connected with 
parallelogram laws. 

Odinary algelnra, it will be noticed, deals entirely with 
Bcalars. 

Since we frequently want letters to denote the numerical 
magnitude of the vector only, we will use any of the following 
notations : 



Kl, 1/31, etc. 
|A|o^^ |v[or .-, 



In the notation PP' it is understood that the vector is to 
ran in the direction from P to P'. 
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84. Two vectora are equal if the magnitudes are tlie same 
and their directions parallel. They need not be thought of 
aa ueceaaaiily lying in tJie same line. 

85. Vector Snm. 

When three points o, A, P are in a straight line, if x is the dis- 
tance of P from A and a:' the distance of A from O, then x+x'ia 
the diatanoe of P from (with the nraal convention of affiB). 




In the same way if the portion of P relatively to A is given 
by a vector j3 and the podtion of A relatively to O by a vector 
a., we shall say that the position of P relatively to O ia given 
by a vector a +^. This consequently defines the meaning of 
the sum of two vectors. 

OP is consequently colled the vector sum of OA and AP. 
We can write this for shortness : 

0P=OA + AP 
using the sign = for is equivalent U>. 
Consequently, for any three points O, A, B, 

OA + AB^OB; 

hence we say AB ^ OB - OA 

Kmilariy, BA =a - ^. 

Of course, from the meaning of a, vector, we know that 
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Notice particnlarly the following results, which the student 

can prove at once : a. + /?=/9+a, (1) 

m{a.+^)=ma.+mfi, (2) 

where m is any scalar ; foi example, a sumbei. 

86t If now P moves in the plane considered and comes 
from a poerition P„ whose vector lelstive to O is a, to P,, 
whose vector is a.,, the displacement of P is PiPi> which^we 




have seen ie denoted according to our rules by a.|-a.j. If 
the point is at P^ at time (j and at P, at time t^, then the ratio 

1 ? or "-t'^i 18 the average velocity of the point during 

the interval (giving both its direction and magnitude). As 
in the previous work, we get a definite idea of the velocity 
at a given instant by taking the interval inde- 
finitely short, thus : 

'■%^™|^' 

▼i being the vector representing the velocity. In 
the same way, if the velocity at time t^ is Vj, 
the vector denoting the acceleration is 



If ^i> Ti f^^ represented by OQi and OQ,, QiQs represents 
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87- Compodtion of Velocities. 

Now, retorning to tlie case when the position of P h ffm 
at time ^ by a vector /?, denoting ita position lelativdy to 







■ >bvi 






Qj and the position of Q, relativdy to by a vector Oi, >in 
similarly at time tj : 



I 

ij„ «i-«i+fe-ft ^ I.. 



using Newton's notation of a dot to denote the rate of change 
of a quantity. 

Now oci is the velocity of Q relative to O at time fj, 
^, is the velocity of P relative to Q at time tj. 

Hence we have, that the velocity of P relative to O is the 
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ector sum of the velocity of P relative to Q and of Q relative 
bO. 

TMa remit is the composition of velocities as given in 
lit 66. 

It is obvious now that the same reeult appUes to accelera- 
icas ; thus, if P has an acceleration relative to Q represented 
7 a vector fi, and Q has an acceleration relative to O lepre- 
ented by a., then the acceleration of P relative to O ia repre- 
ented by the vector sum a. + /J. 

The vector sum is the same as the resultant of the two 
ectoM, 

The above results can be extended to caaes where any 
ninber of vectors o 




Thus, if OQ, QR, RS, SP repree^it four vectors, OP will 
note their vector sum, for 

OR=0Q+QR, 

08=OR + R8 , 

= 0Q+QR + R8, 

0P=08+8P 

OQ-I-QR + RS+SP. 



160 ELEMENTARY DYNAMICS 

Hence, also, 
if the velocity of P relative to 8 ia represented by a vector d, 



„ „ Q „ ,> O „ „ „ ■ „ a, 
then the velocity of P relative to O is represented by a vector 
a. + ^ + y + d. This result for any number of velocities is caUed 
the polygon of velocities. 

88. Oomposition of Tones 

What we have called the Independence of forces states that 

if P and Q be two forces (as vectors) acting on a particle of 

mass m, and that they would separately produce accelerations 

a. and fi (also vectors), and since 

P=w(a, 

then when the two act together the acceleration is a + /?. 

Hence the efFect is the same as that of a single force 
m(a.+fl. 

If we call this force B, we have 

B = »i{a+j9) = ma + mj3=P+Q; 
that 18, R is the vector sum of P and Q. 

Hence, if two forces act on a particle at the same time 
they produce the same eSect as (and can therefore be replaced 
by) their vector sum. 

This ia the parallelogram of forces. 

89, Work. 

It will be remembered that the work done by a constant 
force is defined as the product of the force into the distance 
the point of application moves in the direction of the force. If 
the force P moves the point of appUcation from A to B, the wort 
done is P . AB cos 9, where 6 is the angle between P and AB. 

This is a scalar quantity. 
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If we denote the force as a vector by F, and the displacement 
as a vector by p, the quantity of work done is denoted by 
P . p, and F . /I is called the scalar product of F and p. 



So, also, if we denote any two vectors by ot and ^, and the 
angle between them is 6, the scalar product of the two is 
written a. • ^, and ia defined as 

|a| |/i|coBe, 
There! a|, |^|, are the magnitudee of a and^. 




Thus the scalar product is ike product of the magnitude oj 
one of the vectors into the resolved part of the second in the direction 
of the first. 

It is to be remarked that this is a pure matter of definition, 
the scalar product being defined in this way because it is a 
quantity that frequently occurs in physical questions. It 
must not be called the product of the two vectora, because 
there is another quantity which is called the vector product 
of two vectors, and the product a.^ will have no meaning 
given to it, 

90, The following are the principal laws obeyed by scalar 
products: 

(1) a. ■ P=P ■ tx. from the definition. 

(2) lioi, p, y are any three vectors in the same plane. 
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Pot in the figure LN-AK-OM ; 

■■• r.(a+/»)-|>'|ON-|y|(OL+OM) 
= iy|OL + |ylOM 
-j-.a + y.^. 
Proofe of the following, where required, can be suppfied by 




(3) If m is a ecalai, 

{ma).^-M(a.^). 

(4) (oL + p) .[y + d)=a..y + a..d+^.y+p.8. 
<6) If a, ^ are at right angles, 

(6) Conversely, it a .^=0, we have three altemativee : 
eith^ |a.|-0, 

or 1)9 1=0, 

or COB 6=0, 

i.e. a. and ^ are at right angles. 

(7) The scalar product of a vector by itself is the square 
of its magnitude, thus : 

(X.<x-(|a|)', 
A.A-A". 
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(8) The scalar product ia podtive if the vectois include an 
acute angle, negative if the; include an obtuse angle. Thus : 



in the figure, if the displacement is from A to B, the work 
done by the force is negative, or work is done against the 

91. Several ForceH. 

The work done by the resultant of two forces is equal to 
the sum of the works done by the two foices separately. 
This ia an example of (2) above, for, if P, Q are the two forces 
aavectora, P+Qis the resultant, and if a is the displacement, 
the work done by the resultant 

= (P+Q).a=P.a + Q.a 
=8um of works done by each force separately. 
The same result evidently holds for any number of forces. 
Similarly, if a foice remains constant in magnitude and 
direction while the point of application undergoes two suc- 
ceasive displacementa, 'the total work done is the same as if 
the point of application had undergone a single displacement 
equal to the resultant of the two displacements. 

As before, it (x, ^ are the two displacemente as vectors and 
P the force, the total work ia P.a+P./J=P. (a. + /3), which 
proves the result. 

Tbft results of this paragraph should be examined in con- 
junction with Pig. 73. 
92. Centre of Mass of a System of ParticlM. 
We have defined the centre of mass of two particles P, Q 
of masses m,, trij as the point which divides the line joining 
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PQ in tile ratio m, to m^. Thufl, if OL^, aj are the rectolB of 
P and Q, and Q is their centre of maas, we liave 

Pa-a,-a,; 

.-. S.^5lpS — !!L(,^.„t,); 




Similarly, we can prove (as in Chap IV.) that if there is any 
number of particles of maeaea %, m, .., whose position vectors 
at time ( are aj, a^ ... , the vector to the centre of maas 

is -- — . Denoting thia by a., so that 

— Sma 

and supposing that at time t' the positions have become 

a.\, a.'t ... , 
the centre of mass has come to oL' where 

-,_2ma' 
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Similarly, if t^, Vf... denote the velocities ae Tecton and 
T the velocity of the centre of maae at time {, 

_ ___ Smot' - Smo. 
-t ""'^ 



«-- Lim 



2:m(a'- 



"2^ — ~r= 

— „-Lim2mT 



2mT 
° I'm 



or v^m = 'Sm9. (1) 

Now nirVr is the momoitum (aa a vectoi) of the mass m^ 
and SniT is consequently the vector sum of the momenta of 
all the particles, or, as we may call it, the resultant momentum 
of the system, and hence this equation expresses that the 
resultant momentum of all particles is equal to the momentum 
of a particle whose mass is the total mass of the particles, 
and which is moving with the velocity T with which the c^itre 
of mass moves. 
With eimiUi notation. 

Smce ' = "2m 

,. „ =, SmV 

. . at time f , T = -vs — 

2m 

■ f ^■ 

2m ' 

.'. f2m = 2mf=2P. (2) 

Where tr is the acceleration (as a vectoi) of nir, 

f is the acceleration (as a vector) of the centre of 

mass, 
2P is the vector sum of all the forces that act on 
all the particles. 
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HflDca (3) expreues the fact that the acceleration of the 
centre of nuss is the wme as that of a mass equal to the 
total maw of the particles and acted on by all the foicee 
which actually act on the separate particles. 

TluB may be interpreted as in the last chapter. For example, 
if there are no external forces, 

2P=0; 
.'. f=0; 
.'. T^ constant, 
or the centre of mass moves with uniform velocity in a stiught 
line, and the resultant momentum is constant. 



CHAPTER VL 
SDCFLE HASXONIG MOTION. 

93. A simple case of motion in a Btraight line, and one of 
very frequent occuirence in nature, is the caee where the 
particle is moving mider the action of a force directed towards 
a fixed point in the line of motion, the force b«ng proportional 
to the distance from the fixed point. 



Thus P ie the position of the particle of mass m lit «iy 
time, the force acting is represented by it . OP and almjs 
acta towards O. 

Taking O as origin and 

OP=ii:, 
the force = -kc, 
and the equation of motion is therefore 

m/= -ikr (1) 

k being a positive quantity. Motion of this nature, or closely 
appro^mating to it, occurs in the particles of air in a sound 
wave, the particles of water in a wave on water, the vibrations 
of a pendulum or of a wdght attached to a spiral spring, 
rocking chairs and rocking atones, vibrating rods, and so on. 

Since the force is -fee, the work done in any change of 
position can be calculated from the force-distance curve, which 
is in this case a straight Une. 
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' Thus the work done against the force in the distance PiP, 
is the aiea of the quadrilateral PjPjifi^ in the figure, or 
OP^-OP,Qi = iOPj. p^,-iOP, . PiQ, 
-Jfct,'-Jfa," 




and the loss of kinetic energy, im{v^-v^) being the work 
done against the force, 

.•• }»,(.,'-.,')-J*W-V); 



and hence for all values of x and i 



. single 



:^+m^'' 



unaltered. 



It will be convenient Bometimes to replace - by 
letter ft (note that the acceleration is now - /i x diapli 
and fi ia positive). 

Since v>-i-—x> remains unaltered, as a: increases ti diminiehee, 
m 
and consequently, if the particle is moving from the centre 
with any velocity at one instant, sooner or later its velocity 
must vanish or it comes to rest and begine to move back. 
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If a is the distance &om the origin when the velocity vaniehes, 
we have therefore f =0 when x=a; 

m m ' . T 

v= +\ 



W|(--'') i'-) 

94- Now draw a velocity position graph in which, however, 
the ordinate instead of r^>resentiiig v iteelf represents - ^^^, 

putting y- "*''VT ' 

the graph is 



J" 


-xlf 






1 ° 


^ 






V 




* 











Draw ordinat«s at two adjacent points Pj and P^, and let 
them meet the curve on the negative side of Ox in Q, and 
Q,. Then, as P moves along the line Ox, think of Q 
gloving in the circle. While P describes the distance 
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P,P|, Q dcecribea the distance Q^Qi. Draw Q,K perpen- 
diciilar to PjQj. 
Then the velocity of Q=^>^xvel. of P. 

But UDCe Q,Qi is ultimately perpendicular to OQ„ 

and QjK is perpendicular to OP, 
■'. AQiQ|K is similar to A P^OQi ultimately ; 

- ■■ -isK PA' 

■ %% = 2«»- 
" P,Pj. PjQj' 

.'. velocity of Q=-'^xvel, of P 

and ia therefore a constant 

.'. as P moves along the diameter AOA' with simple har- 
monic motion, Q moves with uniform speed round the circle. 

This important property ia frequently used as a definition 
of simple harmonic motion, thus : If a point Q moves with 
uniform speed in a circle, and perpendiculars QP are drawn 
from Q to a fixed line, P is said to describe a simple harmonic 
motion. 

Now the oiroumference being 2iro, Q takes a time 

to get round the circle. 

Consequently, P takes a time ^'"''J-j, ^^ get from A to A' and 

iMUik to A again. This is called a complete oscillation of the 
particle ; and the time is called the periodic time, and it is 
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to be Bpecially noted that thia time does not depend on a. 
For example, tlie particle might be released from any point 
A under tbe action of thia force, and the time taken for a 
complete oscillation would be the same however far ofT A was. 
Ekiuation (3) shews that the velocity is the same at tbe same 
distance on each side of the origin (i.e. same at distance x 
as at' — x). 




Ae the time taken by Q to describe the whole angle 2t is 
^^a/t' ^^ ^^^^ ^ ^ described in ^a/x ^eca., or in ( sees, an 
angle */- 1 is described ; 

.'. if we measure the times from the moment when P is 
at A, at the end of t sees. 

LQ,OA = ^t; 



= aooB^t. 



95 Collecting the results, and writing fi instead of J~, we 
have that, if in any case, ™ 

f=-f ^. ^'> 

then v=±-Jfi{a^-3^), (2) 

x=acoB-/fit (3) 

and the periodic time = —^ (4) 

a is called the amplitude. 
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Hrom thcM wa ham also 

• - -\'/(fl■i^^//*i, (5) 

tha n^ativs sign beie replacee the ambiguons one, for it win 
be seen that (A) agrees with the fact that 

« b iwgatiTe from i-0 to f'=-^, 

{i.e. whilfl P moves from A to A'), 

and poeitiYe from <-=-=^ to t^--^ 
•Jft -Jli 

(while P moves &om A' to A), 

96. We can now describe the motion more fully. Starting 
bom rest at' A, the particle movee with accelet&tiou towaids 
O, and therefore increasing velocity till it reachea O, where 
its velocity is a maximum and equals -/jta. After passing 
the acceleration ia in the opposite dii«ction to the vdocity, 
•ad the velocity diminishes until Ute paitioJe oomes to iwt 
at the same distance a on the other side of O. It then starts 
to ietum and moves in exactly the same my as before, oom- 
jdeting tJLe whole osoillation in -Z, seconds, each quarter of 
the path £rom A to O, or O to A', et«., taking the same time 



has its maximum value -J^ia, while the acceleration is zero; 
at the extremity of the path the acceleration has its maximum 
value fia, while the velodty is zero. 

Example 1. A particle starting from rest and moving with S.H.Ii. 
of period 18 seoa. travels 10 ioB. in 3 sees. Find tbe amplitude, 
maximum velocity, and Telooit^ at tbe end of 3 hocb. 
Here, from the equation (4), we have 

18=^; 
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^3XMiicex=a-^ feet wbeD (=3 sec, 



.*.-^S.o.» 



obvioDBlf tlie lengQiB oonld have been left id inohes equallj w^ 

2. If the velocity of a partiole moring in rimple harmonic motion 
is 6 ft./Beo. wbetj at a distancs of 4 ins. from the centre, iud S ft /sec. 
when 3 ins. from the omtre, find the amplitude, time of oeoiUation, 
and masimnm velocity. 



3. Draw a Telooitj-ntaoe a;rapb 
p^od 4 aecs. and amfthtude 12 ina. 



for simple bonnooic motion of 



4. A partiole moves in h.h.h. of amplitude 13 ins., «id has a, 
maximum velooity of 13 ft/sec Find ite velocity at 6 and at 
12 ins. from ibe centre. 

B. If the amplitude in s.h.ii. is 10 inches and the period 4 sees., 
find the times taken to describe the Buoceeeive ioofaeB of the path 
fromreat. 



7. A particle moves in b.h.h. of amplitude 10 ins. and period 
6 aeos. E^nd the time taken to travel 5 ins. from rest, and the 
time to travd the nest 5 inches. 

8. A particle moving in a.H.it. of period 2»- sees, has velocities 
of 3 ft/see. and 2 ft./sec. at points 1 ft apart. Find the positions 
of the oentie and extremities of the motion, and the maximum 
velocity. 

* 9. At three pointo in a straight line at distanoes of 1 ft. from one 
another the velocities of a particle moving with s.h.h. are 
respectively 8, 7, 4 ft./Bec. !Flnd the centre and extremities of 
the motion, the time of oscillation, and a — ' 1---.^ 
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10. A body of maw 2 lbs. moTiDg with s.B.ic. of period 4 sees. 
is, at a certain instant, 6 inohee from the centre and has a vnlocity 
of 3 ft./eeo. At thia instaqt an impulse of 4 IbU-secioad units is 
given to it in the direotioa of the motion. Find the orignnal and 
new amplitude. 



11. A hoy weighing 6 etcaie standing on a plank osoillates verti- 
cally in s.H.H. of amplitude fl inches and period I see. Find the 
greatest and least preesuree exerted on the piank. 



12, A shelf oeoillatM vertio^y witl* simple hannonio motion 
of period ) sec. Shew that if the amplitude of the oacillation is 
2'S incfaea, an object on the shelf will leave it when it is neariy at 
the higlteat point of its path. 

18. A particle vibrating in simple harmoDio motion of period 
4 seas, is at a given instant at a distance 5 Ins. fiom the centre and 
moving toward the centre with velocity 1 fL^eo. Find the ampli- 
tude and time to reach the o«itie. 

14. Shew that the average speed in simple harmonic motion is 
0'S37 of the maximum, and that the average acceleration (in magai~ 
tude) is 0-637 of the m ftTJin iim acceleration. 

15. An air particle makes dOO osoillationft per second of ampli- 
tude 10^ om. Find the greatest velocity of the particle and its 
greatest acceleration. 

97. Other Results. 

If the force instead of bung ke is ffvea by an ezpiessioii 
h+kx=h(x+-^\ the motion is still mmple harmonic, for it 
is only necessary to mark a point O' at a distance -^ &om 



the origin and the force becomes JfcxO'P, and the motion 
will be simple harmonic about O' as centre. 

It may not be convenient to measure the time bom the 
instant at which the particle is at ita extreme position. If, 
for example, the origin of times is taken r sees, after the 
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moment at which it is at the extreme poeition, the poeition 
is giTen 1^ x=acoB-Jii{t + T), 

or x = aeoa(\/fU-t-e) (5) 

whei^e e — •//tr. 

The angle e thus introduced la usually called the epoch. It 
13 evidently the angle of Fig. 78 when (=0. The whole angle 
or i//it + e in called the phase. Hence the epoch can also be 
called the initial phase. 

The velocity will now be given by the expression : 

0= - -J/ia Bin (-J fit +e) (6) 

These equations may also be conveniently written : 

X -^ A COS -J fit + B sin >J/U. {5a) 

where A - a cos e 

B= -aaine 
and than r — - ^/^ sin -//jt + t/fiR cob •//it. . . . (6(i) 

Foi example, if the particle is projected from a point C 
at a distance c trom the origin and in the direction from the 
origin with velocity u, we can detennine a and e, for we have, 
when (=0, c— acos 

w= --/fia 



ia sin ej 



M ft 



tane — uc./^ 
With the same initial conditions it will be seen that (Ga) 

X - c cos \//it + -7= sin ■//k. 

BXAMPTiRP OF SIMPLE HASHOHIC MOTION. 
98. Spiral Spring. 

The simplest case of simple harmonic motion, theoretically, 
a where a body is on a smooth horizontal table and attached 
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by » aj^ng to & fixed point, and the body is releued bom 
any point when the spring is not at its natural lengtii, or 
projected with any velocity in the direction of the lengtJi of 
the spring. 

i K-^ 



Let O be the fixed end of the spring, 

OA the natural length, 
P the position of the body at any time, 
m the mase, 

AP=a; (taking A as origin). 
In the figure when x is positive the spring is elongated and 
therefore in tension, and a force Jb: acta on m towards A, 
or a negative force. 

When X is negative the spring is compressed, and therefore 
a force kx acts towards A in this case also, or a positive force. 
The equation of motion is therefore correctly put 
mf— -kx, 
and the motion is simple harmonic with the period 2'r -v/t- 

An importatt example of this is when an engine or truck 
possessing buSers runs against fixed supports at the dead 



iriitisoiFinrihri 




end of a line, also provided with buSers of the same stiffoess. 
Here, after the buffers meet, the two springs act aa a sii^e 
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one with oae snd fixed ftad the other attached to the engine 
or truck. 

Swmtrieat SxoMpk. A Spring of natni&l length 1 ft. hu one 
end attaohsd to « point O <mi • •mooth hw k o e tal laUe, aod a 
masB of 8 1 be. la attached to the other end. The iprlng is pulled 
out to a length of IS inobea, and the weight u th<m start«d with 
velooitjr 12 ft/Ma. In the direction away from O. If the epring 
is of wich stiffoeflfi that it would bo elongated 1 in. by a wei^t <rf 
6 lbs. hanging vertically, find the time of oMiHation and the manianin 
length of the spring in the sobeeqneot motion, and the maxiranm 
force, acooleration, and vekicity. 

The sUffneM k is given by the fact that a force of S Iba. wt. elon- 
gatca i» 1 iw^ or . «. , 1 

6x32=ix^. 

t=*60x 32 In absolote iinitB. 
The eqnation of motion is, therefore, 

8/--60x32x: 
.'. /=-24(te. 
The notion it therefore umi^ bMmcnia tA ftnoi 



The Tekwity in any ponticn ia givea by 

utd since initially x=3 inB.=^ ft., 

«- 12 ft. /see.. 



144.!40(^-i), 



giviog a=0-814 ft. = 9-8 ins. 

This is the owximnin extension of the aprin|b the maximnm 
length being consequently 21'7 ins. 
Hm m^Tirw"" foroe~ in 

^e0x32y0'g]4 Ibb. 
•=48-8 lbs. wt 
Tbe maximnm acceleration 

=^.^=240x0-814 
»ia5-3ft./seo'. 
Tbe maximBBi Tdodfy (when x=0) is ofita 

='>^iOxOgI4-lZ-fll fl^Mft 
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9ft. freight liaitgmg ly a WeighiUsa Spiral ^^/ring or Eidensible 
Sbittg. 

Let OA be the natural length of the spring, then, as before, 

when the mass is &t a point P at a distaace x below A 

the forces are the tension =jb; upwards and weight mg 

downwaroB. and the equation of motion is therefore 

mf-^mg-kx 



K-7) 



and by Art. 97 the motion is still simple harmonic with 
period . (^ 



T^ but the centre is at a distance -^ below A. 

"V This may otherwise be put in the following way, 

FiQ. St. Qj^ bdcg the natural length (say I) when a mass m is 
hung on it would rest at a point B(OB = r), so that at B the 
tension would be equal to the weight, or 

k(r-l) = mg (1) 

If now the mass is in any other position at a distance x 
from B, the tension is j/j' -i + x) 

and the resultant force downwards 

=.mg-k(r-l+x)^k(V~l)-k(l'-l^x)=-kx, (2) 

and hence the particle describes simple harmonic motion 
about Bas centre and of period 2w J^ = 2ir-^J by (1). 

The same results apply to an elastic string, with the excep- 
tion that the spring can exert pressure while the string cannot. 
Hence if the string in contracting reaches its natural length, 
it ceases to be stretched, and no force is exerted by it until 
the string is stretched again. 
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100. Determination of g btj a spring Baiance. 

The last example auggeats a method of determiniDg the 
value of g. 

Performing the experiment as above, we determine the 
time of oscillation T, and the elongation V -I produced by 
the mass m, when hangiug at rest. 

Then T-2TJt2, 

or ir = 4x'(''-0/T'. 

Uung the formula in the form 



"\f' 



i may be oonveaiently determined by observing what 
elongation a is produced by any extra weight n added to m ; 
then ^^^^ 

and T.2t./^. 

yng 

101. Motion of Piston and Crank (kinematica). 
Let OB be a crank of a steam engine turning about O with 
oniform velocity. 

CD the piston rod moving in the line OCO, 
BC the connecting rod. 



Then, if BN b perpendicular to OC, N moves with simple 
Wmonio motion. 

If, further, the length of BC is much greater than OB, 
the angle BCN will always be comparatively small, and hence 



170 ELEMENTARY DTNAHIC8 

NC will difier little from BC, or NC is oeaiiy coiwt*nt, and 
C oi aoj point on CD moves in nearly the same way as N. 
Id otlier woida, the motion of tlifl piston is ne&rly sim^ 
IwrcKxuo. 



..._j value ot the angle BCN i» about O'l 1 __ _.. _.. 

from CB by a maximum amoimt of about 0-3 ins. Henc^pro 
that while C describes a path of length 12 Ins., at the instaDt midway 
between the instants at which it is at ita estreme positions, it is 
at 0'3 ins. from the contre of the path. Also prove that it is at 
the mean position at an instant which diffwH from the mean instant 
by abont 0-OOB of the whole period. 

2. A particle moving in s.b.k. in which the soceleration is 
— /UT, has a velocity v from the origin w hen at a dtstanoe c from the 
origin. Prove that the amplitude ia ^/<;*+ ti*//i, and that the time 
to the wttremity of the oKriHation is _=t«in-'-^, and hence 
tiukt the poaition at time I is given by '•I* (^v/i 

n/^+^Z/Z cos -./^ ( ( - -T= tan-' ^ ) - 
Shew also that this is equivalent to 



3. A mass of m lbs. is attschod to one end of a spring, wbbh is 
of natural length I fb, and is elon^ted a feet by a tension of T 
Ibs.-wt The other end of the spring is attached to a point on a 
smooth horizontal table, and the mass is started with velocity m 
when the spring is stretebed to a length {'. Find the time of oscilla- 
tion, amplitude, maximom tension and maximum velocity. 

4. A mass of 6 lbs. is attached to one end of a spiral spring, the 
other end of which Is tized to a point on a smooth horizontal table. 
The sprii^ is of natural length 6 inches, and would be obligated 
1 inch by a t^^nsion of 5 Ibs.-wt. If the body when in its position 
of equilibrinm is struck a blow of impulse 40 Ibl.-aeo. units in the 
direction of the Imgth of the spring, fmd the time and amplitude 
of the consequent oscillation. 

6. A body of mass m is attached by two elastic strings, each of. 
natural length I and modulus k, tn two points A, B on a smooth 
horizont^ table at a distance 2('{> 21) apart. Find tbe raaxhnnm 
velocity with which the body can be started in the direction of AB 
from Mie paiition of equilibrium without either string becoming 
ataek, Uid find tbe time of oeaiDation. 
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6. Tn Question 5, if the airings are of length 1 ft. each, and would 
be Moh elongated 3 inches bjr a tension uf 1 lb. wt., and if the man 
is 4 oz. and AB 3 fL, find the initial velocity and time of oscillation. 

If the ioiti&l velocity i> greater than that found in tbia way, 
deeoribe the ensuing motion. 

7. A particle is attached by an elastic string of modulus \ and 
natural length I to a point O on a Bniooth bcmzoatal table, and 
can move in a atraiglit line through O. If the string is stretehed 
to a length l'(>l), and the particle irleased, describe the motion 
that ensues and find the time of a complete oscillation.' 

8. A particle is attached to a spring as in Example 4, but the 
plane i» rough with coefficient of friction between body and plane 
of ^. Shew that the time of oaoillatim is unaltered, hut the centre 
of uacillation is shifted at each reversal of the motion. If the 
mass starts from rest when the spring is of length 1 foot, find tJie 
anbsequent positiunB of iuBtantoneoua rest and the podtion where 
it finally comea to reeb 

8. A spring of length 12 ins. would be elongated 4 inchea by a 
tension of I Ib.-wt. A weight of } lb. is attached to it, and the 
spring is pulled down to a total length of 2 fL arid released. Find 
the time of oscillation and maximum velocity aubsequently. 

102. CompoBitioni «r S.H.lI.'s of the same Period 
in tiie same Strai^rlit ZJne. 

It has been mentioned tbat wlien a sound travels through 
the ail the particles of air undergo simple harmonic motion. 
If two Bounds are travelling in the same direction, and each 
eepamtdy would produce S.H. oscillationB of the same period, 
each will produce its own eflect, and the actual motion of 
the air particles will be the resultant of the two, which we 
will shew to he also a simple harmonic oscillation. 

Another important case in nature is found in the tides. 
A tide may be regarded as a simple harmonic oscillation in 
a vertical line, of the surface of the ocean, having a period 
of 12 hrs. for the tide produced by the sun, and about 20 mins. 
longer for the ehkhi. The actual tide obeerred is the lesultant 
of these two tides (with other less important factors). 

Supposing, then, a particle acted on by two forcea in the 
same straight line which would each produce separately a 
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eimple hamiouic vibration of period -7= but of difierent 
amplitudes and phases, we can expreae the displacement due 
tooneaa x^ = a^cofi{^/}u+e^), 

and due to the other, 

and the actual displacement under the action of the two 

forces will be given by 

x^Xi + x^to^fxia (V/ii + 61) + ttj cos (-Jfit + e^ 

= cos V/*( {«! cos e, + Ojooa 6g) 

- sin '/fii (ttf sin e^ + a^ sin Cj), 

and this can be written 

a!-acos(*^ + e), (6) 

if acos6— a, cose, +((jC08£j, (6a) 

« sin 6 = a, ain e, + Oj sin e, ; (6ft) 

.'. squaring and adding 

a' = a,^ + Oj* + 2ffliag (coa Cj cos Cj + sin e, sin e^) 

-a,» + as» + 2ai«aC0B(ei-ea), (7) 

, . a. sin e, + a„ sin c, ,„, 

and tane = -i J *- — -? (8) 

a, cos e, + (ij coa ffj 

Now, we can always find a ant! e to satisfy these equations, 
for in (7) a' is the sum of the squares of the two quantities 
in (6a) and (66), and therefore is essentially positive, hence 
a can be found from (7). 

Also, whatever positive or n^ative value the right hand 
side of (8) may have, an angle e can be found (between 90° 
and - 90°) whose tangent is equal to the expreesion. 

Hence the resultant motion is found in the form (6), which 
represents a simple hannonic motion of amplitude a and 
phase e. 
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From No. (7) it will be aem that for difierent values of 
fi-€j the amplitude a of the reeultant vibration may 
take' any value from (ii + a,when £1 = 6, to ai~a^ when 

When Ci^ffg, the compoDent oeciUations are said to be in 
the same phase. 

When Cj ~ c, = X they are said to be in opposite phases. 

On^hiaU Rtytreaentatum of the above. 

Itt the following diagrams three simple cases are lepre- 
sotted. The oomponeDts are represented by full lines, and 




reeultant by a dotted line. In each rase the amplitude of 
one component is double that of the other. In Fig. 84 the 
phases are the same, in Fig. 85 they are opposite or diSer by 
180°, in Fig. 86 they differ by 90°. 

If the periods are different, the resultant of the two cannot 
be expressed in a single term of the form of (6), and is there- 
fore not a simple harmonic motion. We give one diagram 
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in iriuoh Ae amiditude and period of one oBcillation sie each 
douUs tbe amplitude and period of the other. 




■Imple faarmonlB (wHIlalloDi In phusi dlOaring bf MT. 



103. Oompositiott of Two Simple Hanooaic Hotioiu 
at Viight ijiglw. 

If a body is acted on hj two forces at right angleB, each 
of which by itself would cauae it to move with simple har- 
moaic motion, the resultant motion may be found in a similar 
way. 
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We shall only conaiiler the case when the periods are the 
same, and therefore the two vibrations may be lepreeented by 
X = Oi COS (-Jia + Cj), 
y"a,co8(s//tf-«-c,). 




■Implg bunoDli: motlafla ol dlffsnmt imliidi. 



For any viJues of the conatants, the path can be traced 
by first calculating the values of x and y for a number of 
difleieot values of t. 



N 

y 


y 











^ A 


( ■» 



If 1 is elimina^ between the equations, the rdatioo found 
b«twe«i X and y will give the path. We shall take a couple 
ot the Bimpleet cases : 

(1) ««,-«„ ^^ai_ 

y a,' 
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Shewing that i£ the phases are the same ^ is conBtaut, or 
the resultant motion is along a straight line through O. 
(2) If £2 = ^1-^ and th^Og, 

z^'O^ooBl-Jfa + ei), 

Conaequently, when the phases differ by a right angle and 
the amplitudes sie equal, the reeultant motion is circular. 



y 






/? 


t\ 


1 









^ 


■)■ 



Also, since 



and in the figure, 



^=tane; 



or 9 increases uniformly with (, or the resultant circular 
motion is uniform. Conversely, a uniform circular motion 
can be resolved into two simple harmonic motions at right 
angles. 
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(3) In the general case if d ia the diflerence of the phasee, 
it can be shewn that 



.1.. 



-aaa&= 



the proof and interpretation of which we will leave to the 

student. 

Examfie. Prove that a s.h.h. can be resolved into two equal 
unifona circular motions in opposite tUrectiona. 

Various methods may be used for shewing the composition 
of two simple harmonic motions experimentally. Most, of 
Uiem depend on the fact that the bob of a pendulum, or any 
point rigidly connected with a pendulum, moves with a very 
close approximation to S.H.M., as we shall prove later. Con- 
sequently, a point can be jointed to two pendulums so that 
it moves with a motion which is the resultant of two simple 
harmonic motions. 

EXAMPLES or MOTION OF PAHTICUS CONNECTED 
BT SPBINaS. 
104. TVo particles on a smooth table are connected by a 

spiral spring. The particles are pulled apart so that the spring 
is elongated and then released, examine the oscillafcions. 






Let m, m' be the two masses, 

P, P" be their positions at time (. 

The particles being released from rest, the centre of mass 

ia also initially at rest, and therefore by the conservation of 

momentum remains at rest. Now the centre of mass always 

divides the spring in the same ratio m' : m, and hence the 



gj^rr y -'-.i .^ Z33Li3EjCE 



nf 3F CP. 



« — ■ 






> :«»■ rrj^ »TA- ~ T-MJi be if the end 



-' -v^vi.^ :i ivci nnidw murt 
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If the particles weie started with any velocities in the line 
[oining them, tiie centre of mass would move with uniform 
velocity, but the motion of each relative to the centre of mass 
would be the same as before, the equations being exactly 
the same aa before, since the acceleration of either particle 
is the same as its acceleration relative to the centre of mass, 
the latter having no acceleration. 

105. The following example, 'involving two periods of 
vibration, illustrates a very important method in higher 
dynamics. 

Tipp particles of equal TOnss on a smcoth table are attached to tuv 
timilar tunings as in the diagram, one spring being attached to a 
fixed pmtU O. Determine the oseUlationt, in the line of the springs. 



FlO. DI. 

Let a be the natural length of each spring, x, x' the dis- 
placements to the right at time ( of P, P' from their positions 
of rest. 
The elongations of the springs are, therefore, 
X, x' - X, 
and the tensions, T = fee, 

T^k(x'-x). 
If /, /' are the accelerations to the right, the equations of 

motion are m/=k{x' -x)'kx = k(x' -2x)\ (I) 

mf^-k(x!^x) j (2) 

Now we will try to find what possible oscillations can occur 
in which the period is the same for both particles. 



If the period of each is ^, we must have 



/=-/«. (3) 

/=-/w', A4\ 
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and (1) and (2) become 

{m/i-lik)T.= -h! 1 (5) 

fcB.(m/i-it)a;7 (6) 

1.-™. mu-2A -i . 

k mfi-k 

■■■ ™.=*^ (T) 

giving two possible periods 



'''Visits •"" ^'VTs 



-■JE 

Calling, for Hhortneas, the tvo values of /t given by (7) 
ft and ft, 

(6) give. f--5^,pra " -ISjJ^ru W 

in other wordB, for the OBcillation given by /^ the ratio -^ is 

constant or the oscillations must be in the same (or opposite) 
phases, and similarly for the second possible oscillation. 

We will prove immediately that a combinatioiL of these 
two oscillations is likewise a possible motion, so that a more 
general solution of the equations may be written 

x=aj<iOB{-Jfiyt + e^) + ajCoa(-J/i^ + e^ (9) 

!c' = i,coB(V/i,( + Ci) + fisCOB(V/iji + ej), (10) 

where the ampbtades are connected by the equation (7), 
thatie n, k 

l--i^i (") 

2 

1+V5 

°i--.^^ <>») 

1-^5 V5-I 
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and the GonstaQts a^, a,, e„ e, oan be determined when the 
initial positions and velocities of both particles are given. 

The two initial positions and the two initial velocities being 
given, we get four equations for finding the foor constants. 

Thm, if the initial values of x and z* are c and c', and the 
initial velocitiea u and u', we have the equations : 

C = tfj cos 6j -t- Oj COB Cj (13) 

e* = 6, COB e, + 6j cos Cj (14) 

u= -\//i,((, sine, -s//Xjttj sin ffj <1R) 

u'= - s//i,ii sin Ci - ^//iJ&, sin Cj (16) 

tbeee with the equations : 

a,/6, --*/(«/*! -2i) (11) 

Vftj- -kl(mfi,-2k) (12) 

are six equations to give the six constanto a,, bj, a^, b^, e^, e^. 
They can be solved as follows. Substitute for 6, and 6, 
from (11) and (12) in (14), and (13) and (U) become two 
simultaneous simple equations for a, cos f , and a, cos e^. 

Similarly, from (15) and (16) we have two Bimultaneous 
equations for a, sin e, and a^ sin e,. 

Having solved these, from the values of a, cos e, and a, sin e, 
we can deduce by squaring and adding, the value of % and by 
division tan e, , and similarly for a^ and €,. 

In the above we have found that simple harmonic motions 

of periods -^ , -^ are separately solutions of the question ; 

that a motion which is the sum of the two is also a solution, 
that is, that (9), (10), (U), (12) give a solution, may be shewn 
as follows : 
Let z=OJC08(^//*li + e,) + aJCOs(^//iJ( + 6J) 

Mid 3f = !^i + ^j, 

and therefore /= - fiiXi - fi^ 
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ukI substituting in (1) and (2), 

m(-/i/i-/i^j)- -*(/, + /,- IE, -a^ 
and these ore satisfied I>ecauBe /ti, ft^ liave been determined, 
80 that -m/iiZi=k(x\-2Q^), 

-m/i^tf^'- -k{x\-Xj), 

Taking the numerical values of (11) and (12), we see that 
a, and bj are of opposite signs, shewing that the diBplacementB 
given by a^, x^ are such that the maximum diaplacemeotB 
occur in opposite directions at the same moment, or the 
particles are vibrating in opposite phases ; this is the shorter 
of the two periods. On the other hand, in the longer of the 
two periods the phases are the same for both particles. 

Summing up the results, we see that we have proved the 
following : 

(1) There are two and only two distinct posnble simple 
harmonic vibiationsr and that one particle cannot vibrate in 
either of these periods without the otiier doing eo also (for 
the amplitudes are connected by definite equations (11) and 
(12)). 

(2) That the phases of the two particles in the corresponding 
vibiatitHis an either the aame or difier by ir. 

(3) That a motion composed of a combination of the two 
simple harmonio motions is a possible form of the motion, 
and that the amplitudes and phases depend on the initial 
circumstances of the motion and can be calculated when the 
initial f^iouimtaiioee are known, while the periods depend 
only on the nature of the springs and the m^^tudee of the 
masses. 

It follows that the motion found in this way satisfies all 
conditions, and, as it is impoesiUe to imagine that two different 
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motions could arise undei the same citcumstuiGa, w« can 
call tluB eolation — (&) and (10) — the complele solution of the 
question. 

It may be added, tliough the proof cannot be given here, 
that any periodio motion in a straight line, that ie, one which 
repeats itself at regular intervals, can always be regarded as 
the rcBultuit of a number of simple harmonic motions. 

Exampk. If one of tJie quantitiefl Oj or b, is zero and the other 
is not, tiiea a,/6|=0 or oo, and one body oocillates in a certain 
period without tbe otiwr doing so. Eianune if this i» powibls 
for any value of k. 

106. A particle is attadud to the middle point of an elastic 
siring iiffhily stretched bettoeen two points on a smooth horiamlal 
iahle, and is prcjected jrom the eqwiibriwt posilum in a direction 
perpendicular to the tiring. Find the motion, st^tpoeing the greater 
displacement smaU in amtpariaon mth the Imgth of the siring. 



IM. n. 
In the figure, let 

OP^^x^^displacement at time t, 

AP = ,/Ft^ = /-yl + p = '(l + 2^) nearly, 

hmcfr the string increases to length as the particle goes from 

O to P by an amount ^. 

How «/I is giren se small, so that 3^/21 can be ne^ected 
ofloi^ly, kcDce the string can be regarded of constant length 
80 long aa aquarea of the small quantities may be n^ected. 

Esnce, also, the tenmtm remains eonfltapt to the same 
degree of ai^ozimstion. 
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BeBolving the force* along OP, if /ia the acWeration, 

.'. the motion is simple harmonic with a period 2ir a/st- 
The displacement wijl be given by 



VSJ 



i^^) 



and the velocity 



■-''Vi"»(Vi'+') 



If the initial velocity is u, we have 
when i = 0, x-0, v = 






"■\/S™(V5' 



' Note that the above is approximate only, but the emallei 
the osciBationa the more closely do they approach the true 
simple harmonic motion. Notice, also, that the work would 
fail altogether if there were no tension in the string when 
straight, the force then would be due to the elongation yrbtax 
displaced, and would be approximately proportional to a^. 
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107- Two equal particies are attached by three eifual and similar, 
stretched, elastic strings to two points en a amooih ttAle as in the 
figure. Find the possible oscillations in the line 0/ the string. 



,7^ 4f. 



Fia. M. 

Let a be the Imgth of each string in the equilibrium poffltien, 

T the tension of each in equilibrium. 
Let o +x be the length of AP at time t, 

<t+x' „ „ AV „ 
.'. a-x-x'iB „ PP* „ 
Let/,/' be the acceleratioDB in the direr.tioDB marked, then 
the tensionB are 

Tg = T+fcr'. 

r^=T-k{x+x'), 

and the equations of motion aie 

m/=Ta-T,= -k{2x + 3f)\ 
to/' = T2-To= -k(23f + x)i 
putting /= ~fix, 

we have 

{-mfi-¥2k)z= -M (1) 

fci: = (m/i -2t)a!'; (2) 

. Tttji - 2A i 

ra|U = 3t or i. 
Hence there are two possible periods of oscillation, 



2Tr 



Vi *"'' 2*Vr 
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9 Btrmgs ate nef^gible, as in Art. 106, and the toDsion 
e regarded as constant. 

i_E' T 



; components o{ the teDsionB peipendicuUi to AA' are 
Tj, T-p, Tj, 



be equations of motion. 



m/. T^-T?.}(/-2i), 



■. m/.-T^^ 


^-Tf 


=!('- 


, puttang /= 


■-« 




/ = 


■-/«•, 




(---?)" 


.1., 




V- 


.(-™, 


..■^).. 


. (™.-?)'= 






2T 


-..\. 




/. m// = 


= ?"' 


T 


the possible periods are 






-Vi 


and : 


,.^. 



the fiTst or shorter oscillation x^i -x', and tike two 
desaxe alwajra on opposite sides ot AA'. 
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18. Two nMsaes m, M slido on a smooth horizontal bar, and a 
nuusleea helical spring giving a thrust T at unit compreeaioD is 
interpowd between the massee. The masses have velocities v, V 
tovarda one another before the spring comee into action. Find 
their velooitiea after the action ceases, and the time it lasts- 

14. Two springs AB, BP, whuso tensions at unit eKt«nsion are 
K|, Kn are conneotod at one end B of each, and tie along a straight 
line ABP. The end A is fixed at a point of a smooth horizontal 
tahle on which a msss M, fijed to the end P, moves in a itt&ight 
line. Prove that the motion of M is simple harmonic of period 



'Mk+k} 



15. Two springs AB, BC of stiRoesB K, K' are attached to fisod 
points A, C and to one another at B in the same line. A mass M 
ta fixed to the springs at B. Shew that the period of oscillation in 
the line ABC is 2ir-JMJ{K + K). 

16. A mass M has two stretched elsstio springs, each of natnral 
length a and modulus A, proceeding from it in opposite directirais. 
The second end of one spring is Szed, that of the other is constrained 
to execute a simple harmonic motion a.Bm pt in the line of the 
springs. 

Shew that M can execute a simple harmonic motion of the same 
period and phase, and of amplitude XaJ^iK - MjAt). 

17. A mass M is suspended from a point O by a helical spring 
of natural length I ft., whcae tension is T Ibs.-wL when its Iengt£ 
ia increased by a feet. The mass is released from a point at a dis- 
tance J below O and hits a fixed inela^tjc plate (ao that the momen- 
tum of M is destroyed) 6 ft. lower. Find the velocity of the mass 
when it reaches the plate, and the time elapsed. Find also the 
tjme when the mass reaches the plato again, supposing it to leave 
it for an interval. 



CHAPTER Vn. 
HOnON IN A PLANE OUBTE. 

112. When a. particle ia moving in a. plane curve it is 
usually neceeaary to find the component accelerations in each 
of two directions, and it ia moat convenient usually to 
find the components along and perpendicular to the tangent 
of the path. Before obtaining expressions for these accelera- 
tions it will be necessary to explain some introductory results. 

113. Triffonometricai Limits. 
Prom elementary trigonometry we have 

8in0° = 0, coaO' = l, 
or more accurately expressed, 

Lim sin 6 = 

Lim COB 9 = 1 . 

Approzimationa to the values of sin B and eoa $ when 6 

ia a amall angle (whicli we will suppose given in circular 

measure) are also given in moat trigonometries ; we shall 

prove the following appioximationa : 

sin = 6 nearly, when B is small, 

&^ 
COB fl = 1 - -=- nearly, when 6 is smnll. 

Taking a small angle 0, then, from the diagram, 
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instants, the extremities of the lines wiJl lie o 

is called the Hodogiaph, and it will be easy to prove that the 

accdention of the point in the original cuive is the same in 





diiectJon and magnitude as the velocity of the correflpondii^ 
point in the hodograph. 

Example. Shew that the hodograph of a point moving with 
nnifoim speed in a oirole is itaelf a circle. 

118. Motioii in a Circle. 

The moat impoitant case of motion in a curve is when the 
point ia moving with a uniform speed in a circle. 
Here v = constant ; 



also 



acceleration along the normal is — . 

Hence, if a point is moving with uniform speed v in a circle 
of radius r its acceleration is — {or «V) along the radius and 
directed towards the centre of the circle. 



there is no acceleration along the tangent, and the ' 
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If tho motion is not uniform, the KcceleratioD along the 
riuliiis is Btill ~ if the velocity at the InetAut is v, and there ia 
also on acceleration along the tangent of 
Lim-5^ 




if A ia the angular acceleration of the radius to the point. 

If a particle of moea m is moving with uniform speed ti in a 
circle of radius r it is acted on by a force ■ — or mtoh towards 

the centre. This force is often called consequently a centri- 
petal force. 

It is often convenient to speak of the number of revolutions, 
n, the point makes in a second. It will be seen at once that 

We will illustrate motion in a circle by a number of 
examples. 

EisampU 1. Find the acceleration of a point on the circumEer' 
enoe of the wheel in Question 2, Art 115. 

2. Find the acceleration of a point on the earth's surface in 
latitude A due to the earth's rotation. 

8. A body having an initial velocity of 30 ft. jwr Becmd deeoribee 
a circle of 6 ft. radius with constantly decieosing speed, cwmiug 
to rest after exactly going round the circle. Find m magnitude 
Mid direction the resultant acceleration at each 120° from the 
initial position. 

Uniform motion in a circle is approximately attained in 
nature in the motion of tKe earth relative to the sun, and of 
the moon relative to the earth, and other similar cases in 
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4. Find the acceleratioa of the euth doe to ita molJon about 
tbe BUD, auppoung it to deooribe » circle of radius 92,860,000 miles 
in 3es| dajv. 

From the result of this example it vUl be seen that t^e 
acceleration of the earth due to ita motion round the bud is 
very small compared with the acceleration due to gravity, 
and consequently in queations involving acceleiatjons com- 
parable with that due to gravity the earth can be treated as 
moving with uniform velocity ; in other words, the results 
are the same as if the motion about the sun did not exist. 

5. Find the accelemtjon of the mooa relative to the earth, aup- 
poain^ it to describe relative to the earth a circle of radius 238,000 
miles in 27 32 days. 

This example is important from its hiatoricat interest. It 
shews that the acceleration of a body at the surface of the ; 

earth is very nearly 3G00 times as great as the acceleration ) 
of the moon. Now the moon's distance being very nearly J 
60 times the radius of the earth, we sec that the motion of 
the moon is accounted for by supposing it acted on by a I 
force of attraction towards tlie earth similar to the force 
exerted on a falling body, but less in the ratio of the square 
of the distance from the centre of the earth. This numerical 
result was obtained by Newton, and was the first and most C 
direct argument in favour of the Law of Universal 
Gravitation. I 

119. The Law of Gravitation is as follows: "Any two I 
particles in the umverse attract one another with a force 
which is directly proportional to the product of the masses 
and inversely proportional to the square of the distance i 

between them." j 

In symbob, if two particles of masses m, m' are at a dis- 
tance r apart they attract one another with a force X ^., ' 
A being a constant depending only on the system of units 



> 
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chosen, and called the constant of gravitation. Thus, if m, m' 
are in gcammes and r in centimetres, the foice ia given in 
dynes if A = 6-66x I0-«. 

Tlie above formula still holds, as Newton shewed, if the 
particles are replaced by spheres either uniform or of density 
depending only on the distance from tlie centre. 

Thus if S, E are the masses of the sun and earth in gramm js, 
R the diatance apart of their centre, 
M the angiJar velocity of the earth about the sun, 
T the time of revolution of earth about sun in seconds, 
according to the law of gravitation the force on the earth 
ia — ^ , but its acceleration is u^R ; 

and B, = Y^; 

. ,« ««. 47rW 
.. XS = wW = ^^. 

Example 1. Taking A,^6'7xlO'^ find tbo mass of theaun. 

The value of A is to be found experimentally by measuring 
the attraction acting between two bodies of measured 
masBes and distance apart. This is an extremely delicate 
experiment, as the force is exceedingly small in any actual 
case. The principle of one method may, however, be easily 
explained. Suppose a metal sphere suspended from one arm 
of a balance and weighed, the weight being found to be 
M grammes. Then another sphere of weight M' grammes, 
usually much heavier than the first, is placed directly under 
it and close to it. As a consequence the weight of the first is 
increased by the attraction between the two. This increase 
in weight is observed, say it is m grammes or try dynes. The 
distance d cms. between the centres of the two spheres is also 



206 ELEMENTARY DYNAMICS 

detennined, and the constant k may then be calculated from 
the equation mm' 



S. A Bpherioal mast of 20 kgma. is atbraoted hy asotber of IGO 
kgras. with a foroe of 0-23 mllligTms.-w«ight when their oeatiee 
are 90 cms. apart TtdA the (xMUtant of gravitatioa. 

8. A bod; of mass nt<m tJi« taiOi ia atlncted to the earth with 
a foroe—mti naarl; ; 

.-. A— j-=ni9, if a=radiiia of earth 

\E =ga\ 
Deduce the maiw of the earth. 

i. If a particle acted on onlj by the graTitAtional attraction 
of a sphere revolves round tlie sphere oloee to its Bur&ce, shew 

that the time of revolution of the particle 

densitj of the aphere. Thus the time depends on the density 
only and not on the size of tJie sphere. Find Uiis time in the ease 
of the earth, supposing it to be a uniform sphere of density 6*6. 

5. If two planets revolve round the sun in circles of radii r an 
r", and the times of revolution aie T and T', prove that 



^^" 



This result is the statement as far as circular motion is 
concerned of what is known ob Kepler's Third Law. It was 
discovered empirically by Eeplec in 1618, and was later shown 
by Newton to follow from the law of gravitation. The law 
may be stated thus : 

The squaree of Uie Umes of revoiution of any two planele 
about the sun are m the ratio of the cubes cf their mean distances. 

6. A particle of mass 1 oz. is made to run in a horizontal circular 
groove of 10 feet radius. If it is started with a velocity of 20 ft/sec, 
and the friotion is always one- tenth of the weight, find 

(1) the distance travelled before coining to rest, 

(2) the radial and tangential components of acceleration ini- 

tially and when it has travelled half the distance to rest, 

(3) the resultant horizontal reaction in magnitude and 

direction at the same two points. 
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end of tbo string which is fixed. If it maJcea 6 revolutions a aeoocd, 
what ia the tenBiun of the string I 

8. A string a metre long is Kttiuihed at one «id h) & fixed point 
in a Bmooth horizontal table, and to the other end a weight of a 
kilogram is attached. If the weight makes 4 revolutions a second, 
find the tension. 

9. A string 3 feet lena; is attached at one end to a fixed point 
in a rough horizontal table, and to the other a weight of 2 1m. is 
attached. Tho weight is started with a velocit7 of 12 ft/seo. 
perpendicnlar to the Htring which ia taut. If there is friction of 
a quart«r of tbe weight, find the tension initially and when it has 
travelled through a right angle. 

10. A string 10 feet long can just support a weight of 2 lbs. ; 
what ia the greateet velocity with which a particle of mass | lb. 
attached to one end can revolve about the other on a horizontal 
table without breaking the string ? 

11. A string { feet long can just supports a weight of M lbs. What 
ia the greateet number of revolutions per second that a mass of 
m lbs. tied to it can make without breaking the string T 

12. Two particles of masses CO and 100 gms. are attached to a 
string at distances 40 and 60 cms. from one end which is fixed. 
If the string rotates about the fixed end in a horizontal plane making 
6 revolutions per second, find the tension in each portion of the 

18. Two equal maaee are attached to the two ends of a string 
iriiioh passes through a small hole in a smooth horizontal table. 
With what velocity should the one on the table be pnijeotad so 
that it should describe a circle of 60 cms. radius, the oUier hanging 
vertically, and how many revolutions per second will it make T 

U. Two particlee A, B of masses 60 and 100 gms, respectively 
arc attached to the ends of a string passing through a small hoje 
on a smooth horizontal table. If B hangs at rest and A describes 
a circle CD the table, making 2 revolutions per second, what is 
the radius of the circle T 

Ifi. A string of length 10 ft., whose ends are fixed at A and B 
8 ft. apart, can bear a maximum tension of 6 Ibs.-wt, A mass 
of I lb. weight can slide freely on the string. Neglecting gravity, 
find the greatest number of revolutions per sec. that tne string 
can make about AB without breaking. 

IB. A particle of mass m can slide freely on a string ACB whose 
ends are fixed to points A, B. If AB=2{, and the length of the 
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BtringE>2I', find the teiuion whwi the Bystem makes n revolutions 
per second, n^leoting gnvity. 

17. A particle of mas« m is tied to a string at ACB at C. The 
ends AB are fized and the whole is made to rotate about AB with 
unifurm angular velocity u. Given tho lengths of AB, BC, CA, 
and neglecting gravity, find the tensions of the strings. 

120. Conical Pendnlmn. 

Vei7 often unifomi motion in a ciide is the result of the 
sction of two or more forces whose resultant is along the 
Tadins of the circle described. The simplest case is the coni(\al 
pendulum where a heavy particle ia attached by a weightless 
string to a fixed point. If the bob is drawn aside so that 
the sbing is inclined to the vertical, and if a blow is given ' 
to it BO as to start it moving in a direction perpendicular to 
the plane containing the string and the vertical, and with 
the proper velocity (to be determined immediately), the bob 
may be made to revolve in a horizontal 
circle with uniform speed. 
I** fn be the mass of the particle, 
I the length of the string, 
h the depth of the plane of 
the circle described below 
the fixed pdnt C, 
r the radius of the rircle de- 
scribed, the centre being O, 
6 the angle the string makes 
with the vertical. 
The only forces acting are T, the tenaon of the string, and 
mg the weight of the body. These two forces then must be 
equivalent to a dngle force muyh- along the radius FO. 

Hence, resolving 
horizontally T sin 6 = mwV, 

vertically T cos fl - my = ; 
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' I'' 9 ' 

.: «>.| 

^=> period of revolutions^— ="2Tr a/— (I) 

also v=wr = rJ^ (2) 

Example 1. Ptoto that 

■ «-«-S=£. ■ <») 

2. Provethat T=fli/«.'=^^ (4) 




The result (1) shews that the tame of revolution at a given 
place depends only on the depth h of the plane of motion 
below C. Thus, suppose a number of conical pendulums 
attached to the same point, but with different lengths of 
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F, e: horizontal component acting on all the wheels on the 

other aide of the carriage, 
R, -^^ vertical component acting on all the wheels on first 

Bide of the carriage. 4 

R,=verticBl component acting on all the wheels on aecond 

side of the carriage, 
r = radius of curvature of the curve, 
V —velocity of train ; 
then since there is a horizontal acceleration — 



F, + F, = — . 

and since there is no vertical acoelemtion 
R, + Rj - mj = 0. 




The wheels exert pressures on the rails equal and oppowte 
to those shewn. As F, and F, act in the same line there is 
no possibility of separating them mathematically, and the 
amount of the total force ¥^ + F^ which acts on each rait depends 
on the shape of the wheels and inequalities in the track. If 
the flanges of the wheels are towards one another, that is, 
on the inner side of each wheel, the lateral pressure is practi- 
cally borne by the outer rail, that is, Fi=0 nearly. 

These lateral pressures (F, and Fj) are very objectionable. 
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as they tend to rapidly deatioy the track. To avoid them 
the sleepers are tilted up so that the plane of the track is 
normal to the resultant pressure. There will then be no 
lateral pressure, the centripetal force being supplied by the 
resolved part of the normal pressure itself. 



If the inclination of the sleepers is d, and the resultant 
reactions Si and 8,, then resolving horizontally and vertically 



8,co89 + 8jCO8e-m3 = 0, 

or (8, + 8^siufl = ~, 

(S, + 8j)cosS-mjf; 

.■. tan 9 = —, 

giving the angle at which the sleepers should be laid for a 
train travelling at a velocity v. Exactly the same results 
apjjy to a banked-up cycle or motor track. 

If various trains travel round the curve at difEcrent rates, 
it is impossible to get rid of the lateral pressure except foi 
those of one particular speed, those travelling at a greater 
speed exerting lateral pressure outwards, and those travelling 
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at a amallei speed exerting lateral pressnre inwaida {i.e. down 
the slope). But it is best to tilt t^o sleepers to suit the faster 
trains, for, as will be seen from the following examples, ii 
the angle of tilt is such as to suit trains at 30 miles an hour, 
a train at 45 miles an hour will produce a much greater lateral 
pressure than a train of the same weight at 15 miles an hour. 
Or, if the sleepers are tilted to suit a velocity of 30 miles an 
hour, the faster trains sKould slow down to that speed on 
approaching the curve, while the slower ones should increase 
th^ speed if possible. 

Example 1, Find tiie lateral piessore when an engine of 60 tons 
weight travels round an untilt«d track of 440 yards radius at 30 
miles an hour. 

2. Find the angle at which the track 1 
tilted to get rid of the lateiaJ presBure. 
one rail should be raised above the other if the gauge is 5 ft. 3 ins. 

3. If the track ia tilted at the angle required to avdd later&l 
pressure when the velocity is v ft/sec., prove that the lateral pres- 
sure outwards when, an engine of mass m lbs. travels on the curve 
at velocity v' ft. /see. is 

mg , Ibla. or m nearly. 

A. At what angle should a motor racing track be banhed if it 
is 300 yds. in diameter, and the motors are expected to travel at 
about 60 miles/hr. T 

6. Find the lateral pressure when the track in Question I is 
tilted for a velocity of 30 miles an hour and the engine travels 

(1) at a speed of 46 miles an hour, 

(2) .. „ 16 „ „ 

6. Find the angle at which a motor track of 110 yards radius 
should be banked up for motors travelling at 46 miles an hour. 

128. When a motor turns a comer the case is again the 
same as the railway carriage on a level line. 

To calculate the values of R, and R, it is necessary to intro- 
duce the idea of moments. A discussion of moments will 
be found in Fart II., Chapter II. Using the first results of 
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t-liat chapter (Arte. 178-179), it ia possible to find R, and R, as 
follows : 

We have, as before, 

Ri + R2=»«5 tl) 

Also, aa the forces are equivalent to — through the centre 
of maes, the sum of the moments of the forces about any 
point is the same as the moment of the 



i~i 



'rd 



If we take moments about the point where the i 
through the centre of mass meets the ground, and if 
2o = distance between the wheels, 
k = height of centre of mass above the gr 



Rjfl - RjO 



mi^. 



From (1) and (2), 



Hence, the larger 



' ia, the smaller ia R,, and if t 



^# 
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R) — 0, or the whe^ on the inude of the curve axe not pieesiag 
on the ground at all. In other ntrds, with a Telocity >.W^ 
the motor will upset towards the outside of the curve. 

A tricycle upeeta much more readily, principally on account 
of the smaller value of a. 

liS4. When a bicyclist rounds a corner he leans over 
towards the centre of curvature for similar reasons. If we 
represent the bicycle and rider diagraininatically by AB, Q 
being the centre of maas, and m the total mass of man and 
machine, AQ=A, the forces are as in the figure. 




FlQ. 110. 



In order that the three forces may be equivalent to a single 
force — through Q, it is neceaaary that the resultant of F and 
R should act through 0, that is, along AQ, hence 

but F = WMf*/r, 

R = 7ng; 



ExamfU I. A motor weighing 14 tona goes round the comer 
of a horizontal roadway at 15 miles^r. describing a circle of GO ft. 
radius. What friction is required to prevent side slipping T 



MOTION IN A PLANE CURVE 217 

S. If the ceatre of maea of the motor in the last example is at 
a height 2 -ft. 6 taa., and the distance between a pair of vbeek 4 ft. 
6 ins., find the total vertical pieeenre borne by Uie wheels on each 
Bide trf the car. 

3. If a=2i ft., A=2i ft, r=40 ft., m=i ton, find the greatest 
velocity with which the car can tnm the comer with all its wheels 
on the gromid, and find the lateral pressure (friction) exert«d at 
tiiia speed. 

4. A motor track of radius r ft. is banked to an angle 6, and a 
motor of mass m runs round it at a velocity v itjeec. If the height 
of the centre of mass of the motor is h ft, and the distance between 
a pair of wheels 2a ft., shew that the total normal pressure on the 
wheels on the lower side is 

and find the velocity necessary to make the motor upset 

126. Motion of a Particle on a Smooth Onrre in a 
Vertical Plane. 

By motion on a smooth curve we may understand that 
(1) a small bead is threaded on a fine wire and is moving 
along the wire ; or (2) that a particle is moving along inside 
a fine tube ; or (3) it is moving along either the concave or 
convex side of a strip of metal bent into a curve. In the 
first and second cases the particle necessarily keeps to one 
definite path, but in the third it may happen that the particle 
will leave the curve at some point. In the latter case it 
will only be necessary here 'to deal with the motion as long 
as the particle is in contact with the curve. The mathe- 
matical work is the same in all cases, the only difierence 
lying in the fact that in the first and second cases the pressure 
of the curve on the pajrticle may act at one time towards 
one side of the curve, and at another towards the other, but 
in the third case it can only act on the one side. 

When the curve Is smooth, so that the reaction is per- 
pendicular to the curve, and gravity is the only other force 
acting, it is easy to get a relation between the velocities at 
different points by means of the conservation of energy. For 
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At the higheet point 

cob9=-1, 
.'. e* = w*~4^ 
hence the particle will reach the highest point if 
w=^4yo. 
If H*<iga the particle will oecillate, the greatest angle 
reached b^g given by r = or coa 6 = (2pa - ^)l2ga. 

Equation (2) shewB that the reaction diminishee as $ 
increases, and when 6 = 180°, 

R = Smj = -(«'- bga), 

consequently, if u^>5^ the reaction will remain positive all 
round the circle. 
Writing the equations (I) and (2) in the form 



consequently, if R vanishes the value of v where R=0 is 
given by , u^ -^ga 

e-= 3 ' 

hence R can never vanish if #<2i7(i, and if u^>'2ga, R=0 

where cos fl " ~- . Since the velocity at the extremity 

of the horizontal diameter is s/m^ - Sjfo, if R vanishes, the 
velocity at the point where it vanishes is leas than the velocity 
at the extremity of the horizontal diameter. Hence R ctm 
only vanish on the upper half of the circle. 

When hga>u^>^ga, the reaction vanishes somewhere in 
theupper half of the circle and changes sign, becoming negative, 
or, in other words, acts along the radius outwards. In other 
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words, the bead is pressiDg outwards on the circle in the 
lower part and inwards in the upper part. 

Equation (1) shews that the velocity is the same at the 
same height on the two sides of the vertical, and consequently, 
when the particle oecillates, the oscillations are symmetrical, 
and it reaches the same height on each side. 

127. Motion on the Inside of a Smooth Vertical Circle- 
If the circular wire is replaced by a strip of smooth material 

on the inside of which the particle is projected the equations 
arc the same, but if R vanishes at any point the particle is 
then no longer pressing againat the circle ; in other words, 
it begins to move in a free path leaving the circle altogether. 
Its subsequent motion belongs to the chapter on projectiles. 
In the name way the equations can be written down for 
the case when that particle moves from the highest point 
along the outside of a circular ring. 

Erampk 1, If a particle ie placed at the highest point on the 
outside of a smooth vertical circle (or sphere) and jiist displaced, 
it continues to move down. Prove that its velocity in 2'Jgama^ 

where $ is the angle the radius at a point maliefl with the vertically 
upward radius. 

Prove also that it will run off the circle when coh 6-= J. 

2. Prove that if started with any velocity it from the highest 
point it will leave the otrole at once unleaa u' < ga, 

128. Particle Tied to the End of a Weightless String. 
It will be noticed that if a particle ia hanging from a fixed 

point by a light (i.e. weightless) string, and is given an initial 
horizontal velocity u of any magnitude, its motion will be 
exactly the same as the above case where the particle was 
caused to move on the inside of a vertical circle. The string 
can only exert a tension, and if the tension vanishes the 
string becomes slock and the particle ceases to describe the 
circle until the string becomes taut again. 
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Kcantpte 1. A bead sliden down a smooth wire in the form of 
s p&nboU with its aziii rertioal and Tortes upwards. If it starbs 
from rest at the highest point, shew that its velocity at any point 
is propArtioiuJ to its distance from the axis. 

B. A particle of maas } lb. tied to a atriag of length 8 ft. deacribea 
a vertical circle aboat the other end of t£e string, which is fixed. 
Find the veloaity at the highest point if the particle just goes round, 
and find the tension at the lowest point and at the extremity of 
the horizontal diameter. 



is proportional to the distance b^ow the horizontal diameter. 
it just goes round, shew that the reaction is proportJonal to the 
depth below the highest point. 

^. An aeroplanist describes a vertical circle of 200 yds. radius. 
If the velocity at the lowest point of the circle is 120 miles an hour, 
and the aeroplane is then upside down, what force is required to 
keep the niiui in hu seat then, if hie weight is 150 lbs. I 

5. A particle attached to a string 10 ft. long is given a sufBcient 
velocity to just m&ke the complete revolutions. Find tha velocity 
at every 30° of inclination, and deduce approximately the time 
of a complete revolution. 

B. A cyclist loops the loop on a track of II ft. radius. Calculate 
the least speed he must have when upside down at the highest 
point in order that the cycle may not leave the track. The moss 
of the machine and rider may be supposed concentrated at a point 
3 ft. from the track. 

7. A bead slides down a smooth circular v 
jtartinA from rest at the highest point. Fi 
verticd^ components of the acceleration at any point, and the resultant. 
Shew that tlie vertical component is greatest where cos 0=^ and is 
there ^, 6 t>eing measured from the highest point. Shew alao that 
the resultant acceleration is greatest at the loweet point. 

8. A particle moving on the inside of a smooth vertical oirole 
of radius a is projected from the lowest point with velocity -Jt^a, 



f=gy/0-~4k+h + i(i-2)caae+3ca^6 
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Prove that if k=5,f=g when $^ 180° ; 

iik=2,f=gwhene = 9(f; 
aad nxplain the meaning of these reeults. 

If k=2, find where (i) the vertical, .{ii} the horiEoiitftl, (iii) the 
reeultant acoeleration, is a maximum ot minimum, and find the 



129. Relative Best on a Rotating Wire. 

If a bead U placed on a Hmooth wire or in a fine smooth 
tube in the form of a plane curve, which in caused to rotate 
with constant angular velocity lu about a vertical axis in ite 
plane, the bead pan in general take one or more definite 
positions of relative equilibrium, i.e. pointe where it will 
remain at rest relatively to the wire though describing a 
circle about the axis of rotation. 




Fro. lis. 
If we take the case when the wire is circular and it rotates 
about a vertical diameter, the equations are the same as for 
the conical pendulum. 
I^et a=radiuHot wire, 

r= „ circle described by particle, 
d = angle radius to particle makes with the vertical. 
The acceleration of the particle is w^- along PN in the figure. 
,*. resolving verticilly 

R coa 6 = mj ; 
horizontAlly R sin 6 = wie)V= wmb'o sin 6. 
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Theee equations can be satisfied in two ways : 

(1) Birifl=0, R = inj, 

(2) R.™%, oo,e-H.A. 

The first solittion givea the highest and lowest points on 
the circle as possible positions of equilibrium, the second 
gives an inclined poution if 

?/«%<!, ».«. if «>^|. 

There is, however, a difference between these positiona of 
equilibrium which we will state, though we will not prove 
the statement. When the inclined position of relative equi- 
librium exists, it is the only stable position. That is to say, 
if the particle is slightly displaced from the position it will 
return to it again and oscillate about the given position. 
But both the highest and the lowest positions are unstable ; 
that is, if the particle b slightly displaced from one of them 
it will not return, but move farther from the point. 

If, however, w<*J—, and therefore the equation cos6 = --£- 

has no solution, the highest and lowest points only are positions 
of the equilibrium, and of these the highest is unstable and 
the lowest stable. 

Example. A straight smooth tube inclined to the vertical at an 
angle a rotates with tmifonn angular velocity o> radians/seo. about a 
vertictJ axis intersecting it. Find the diatonce from the vortical 
axis of the point in tl 
relative equuibriom. 



axis of the point in the tube «t which a small body 
' ■' iquUit 



130. Body on the Surface of the Eartli. Effect of the 
Earth's Kotation. 

It will be remembered we defined weight as the pressure 
a body exerts on a horizontal surface. This is, except at 
the poles, different from the force with which the earth attracts 
the body, as will be seen from the following considerations. 
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Take, first, a body of masa m at the equator. It is carried 
round by the eaith in a circle of radiiia a (the radius of the 

earth or 3962 miles) with angular velocity m = „„.._. , the 

period of rotation being not 24 hrs., but the sidereal day of 
23 hrs. 56 mina. 4 seca. 

Hence there must be a resultant force acting on it = mu?a. 

Now, the foroeo acting on the particle are the preseure of 
the earth equal to the weight mg acting outwards, and the 




attraction of the earth, which we will denote by m^, acting 
inwards. 

Hence, m^-ni?=fn«*a, 

Sr'-Sf-ftAi. 

Now, putting in the values of oi and a. It will be found 

5 nearly. 
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If there weie no rotation g would be equal to g', or tbe 
weight of the body would be equal to the attiactiDn of 
the earth, but on account of the rotation the weight is 
diminished from this value by about ^^ of its amount. 

131. The above is the case at the equator, for otJier lati- 
tudes the eSeot is a little more complicated. We shall suppose 
the earth's attraetioii the same as before, and towards the 
centre, as if the earth was a sphere. In latitude X the radius 




of t^e circle described by the particle is a cos X, and it will be 
seen at once that in order to have a resultant ma>^ cos X along 
PM in the figure, the forces cannot both be along the radius ; 
in fact, the reaction to the weight mg, and consequently the 
weight, cannot even pass through the centre of the earth. 

Suppose tng makes an angle & with the radius, it is most 
convenient to resolve the forces along the radius and tangent 
to the meridian, and we have 

along the radius m^ - mj? cos 9 = wkn^a cos' Xi (1) 

„ „ tangent nij sin S = m*»*a sin XooeXj-- (2) 

nXeosX 



tanfl- 



g - (o^ COB* X 
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Now — r- is about — ^, 

^ 290' 

hence in the denominator we can neglect the term tt'acoa^X 

in compariflon with g', and we have 

. o a>% Bin X cos \ , 
tan e = -; ^ nearly 

1 ■ ^ -. 



the greatest value of tan occun conseqnently where 
X-46', 

= 6' nearly. . 

Hence, the greatest angle the weight makes with the direction 

of the centre of the earth is 6'. The direction in which the 

weight acta is, of conrae, the direction of the plumb-line, and 

1 is also the direction of the normal to an unruffled liquid surface. 

Also, from (1), since 

cos = 1 very nearly 
m^ - mjf = mi^a coh^ X veiy nearly, 
and the loss of weight on account of rotation is 

\ m(o%eo8»X = ^ooa«X. 

\ At the poles evidently ^ =g, and there is no loss of weight. 

ISS. It must also be noticed that on account of the non- 
spherical shape of the earth the attraction exerted on a body 
i at different parts of the earth's surface varies, being greatest 

\ 
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&t the pole and least &t t^e eqoatoc. Both this effect and | 
the effect of rotation tend therefore to make g dimmish as i 
one goes from the poles to the equator, and the value of g 
in any latitude at the sea-level may be very approximately i 
ezpreased, in metric units, by i 

y = 978-0(l+-00538in»\), , 

80 that the variation trom the equator to t^e pole is s little i 
more than one-half per cent | 

133. Effect of Attraction of the Bun on the Weight j 

of a Body. Tide-Keneratin; Forces- 
It is well known that the tides are due to a tendency of 

the oceans to heap up, at two extremities of the diameter 




"t, BW"i-( 



Fio. lie. 
of the earth, under the attraction of the moon and sun. We 
will be able to get an idea of how the effects are produced if 
we examine the effect of the attraction of these bodies in 
producing a minute alteration of the weight of a body on the 
surface of the earth. We will only examine the effects in 
the simplest possible case, namely, at a point on the equator 
at a time when the sun is directly overhead. And though 
the effect of the moon is greater than that of the sun, it ^i 
be more convenient to take the case of the latter on account 
of its much greater diatance. 
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Following, then, the 
rotation of the earth, 

let mgj be the reaction i 



mO, 



method as in the case of the 



e weight. 



attFaotion of the earth, 



angular velocity of rotation of earth, 

„ „ revolution about sun, 

velocity of earth in its orbit, 
radius of earth, 
radios of orbit of earth. 
Now the acceleration of the point is the resultant of its 
acceleration relative to the centre of the earth and the accelera- 
tion of the centre relative to the sun, and is therefore tifla - Q^R 
towards the centre of the earth. 
Hence, we have 

m/ - mjfi - mQ, -> m(oM - iPR), 
or ff'-jj-Qi = «,=a^n=R. 

Now Gj is the acceleration due to the sun at the surface 
of the earUi (t.e. at distance R-a from the sun), and iPB 
. is the acceleration due to the sun at the centre of the earth 
(at distance R from the sun). 
Hence, by the law of gravitation, 
Q, fPR 
R» (R - af 

= fl'R(l +-=-) very nearly, 
since — is very small ; 

.-. j'-J,-»% + 2«il'. (1) 
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whece m is the taa.ee per unit length, 
dO the length of the element AB, 
.'. moO the maaa „ „ „ 




Now 6 being Btnall 



if D is the linear velocity of the band. 

If the angular velocity is great enough the band will break ; 
for, if T^u is the maximum tension it can stand without 
breakii^, it is only necessary to have ^ 



or the maximum angular velocity allowable is 

This equation can conveniently be put into another form. 
If A is the area of cross section of the belt in square cms., and 
T(, the ultimate tensile strength, or the maximum tension in 
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dynes per square centimetre which the material will stand 
without brealdng, and p the density <d the material, 

m=pA; 






»=v?. 



ahewing that for a given material the maximum angular 
velocity is independent of the area of cross section, but 
depends on the radius of the circle, while the maximum 
linear velocity which equals (Ud^. is independent of eveiy- 
thing but the nature of the material. 

Exampii 1. A oast-tron fly-wheel of mean radius 12 'am. aad 

croflB section 4 square inches weighs 450 lbs. per ouhio foot, find 

(i) the total tension when it makes 100 revolutions per min., 

(ii) the maximum nmnber of levolutiona per minute possible, 

and the maximum Unear velocity if the ultimate tensile 

steength is 7 -6 tons weight per sq. inch, 

g, Shewthatif tbetensioninBrotatingringislimitedtoTlba.-wt. 

per sq. ft., the Icinetic energy is limited to ~ ft-lbs. per cubic foot. 



1, A plate rotates in its own plane with uniform angular velocity 
to about a fixed centre O. A cinJe of radius r and centre C, distant 
c from O, is drawn on the plate, and a point P describee this circle 
witb uniform speed v relative to the plate. Find the velocity and 
acceleration of P relative to O when the (mgle OCP= ft 



dicular to its direction of motion at the instant ia ■ ^ where y 

is the deflection from that line of motion, when an infinitesimal 
distanoe z along it has been described. 

3. AB, BC are two rods of lengths a, b jointed together at B and 
capable of rotating in a plane about the point A If the angles 
AB, BC make with a fixed Une AX increase uniformly at rates m, to', 
find the velocity and acceleration of C at time I in terms of <a, (u', 
a, b, where ( is the time measured irom a momnit at which the rods 
woe in a strwght line akmg AX. 
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« oirole IwTiiig Ub oentie <mi AA'. Negleoling gi*vi^, abew tiiat die 
extended length of thertring is 



^/(.. 



whwe X ia the modulus of the string. 

U. A puticle C of mass m is attached by strin^ia CA, CB to tiro 
dxed pointa A, B in the same vertical line, A being aliove 6, and 
the whole rotat«e about AB. Shew that in order that the strings 
may be stratobed u' must be greater tiian g/b coe A, and if tT ' 
holds, find the U 



80. AbeadC of mass mis capable of slidinE on a string AB attached 
to two poisto A and B in the same verticaJ line, A being above B ; 
if the whole length of the string is I, piore that the string is vertical 
if u'<2jl/(i'-e'), 

and that if the string is not vertical s^labta*=coB A— ooe B, and 
BC is horiiontal if n." = igP/c (P - c"). 

21. A part^icle C of maaa m is attached bv strings AC and BC, 

each of length a, to a fixed point A, and to a ring of mass M sliding 

without friction on a veitiou rod AB> If C rotatee about AB, piove 

that the strings will be inclined to the rod if 

^^g SM+w 

82. Two particles of masses m, m' are connected by an elastio 
string of modulua K and natural length c, and can move on a, hori- 
zontal table. 

Prove that they can ravolve in oiroks about a comnuxi centie 
with uniform anguUt velooity ui if 

Explain what happens if ra* is groater than this. 

23. A block of wood weighing 10 lbs. hangs by a light rope 8 ft. 
long. A bullet of 2 in. is fired horizontally into the block, remainiiw 
embedded in it, tad the rope swings to an ang^ 60° with the vertjc<£ 
Find the velocity of the buUet. (Treat the block as a particle.) 

24. Equal masses are attached to a weightless stiing at the comen 
of a regular polygon formed by it. 

If the Bystom rotatee in a horizontal plane with uniform angular 
velocity round the centre of the polygon, prove that the tensidh 
of the string is pv* where 

total maaa of particles 
^~ total length of string ' 
and V is the speed of each particle. 
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86. If the string of a conical pendulum, wbose bob is of mass m, 
paases up through a Bmooth ring of maaa M, which can elide &«el^ 
on a smooth vertioal rod to which the upper end of the string is 
attached, prove that the angle of the pendulum is given hy 

«we=m/(M + m), 
and that fflu1= (M + m)g, 

if { is the length of the inclined portion of the string. 

96. The bobs of two equal pendulums of length { are connected 
by a string of length 2a, and the whole rotates with angular velocity 
(D about a vertical line bisecting the etring. Find t£e tension of 
the string, assuniing the velocity sufficient to tighten it 

27. A simple pendulum of length I and of mass m is attached 
to a block of mass M resting on a rough horizontal plane. The 
bob is projected from the lowest position with enei^ sufficient 
to raise it through an arc of 30°. Find the velocity of the bob 
and the tension when an angle & hoe been described, supposing 
the block not to shift, and shew that it will not shift if the coeffioient 
<rf friction >W3/(4M+3m). 



CHAPTER Vm. 
THE SIMPLE PENDUIiUU. 

135. Simple Harmonic Motion on a Onrre. 

We have defined simple harmonic motion as a certaio kind 
of motion in a Btiaight line, but motion on a curre may also 
be qwken of as sim^^e haimonic in the following sense. 




If a particle is moving along a curve AOB in such a way 
that the acceleration at P along the tangent is proportional 
to the distance, measured along the curve from a fized point 
O, and is directed towards O, then the motion will have the 
same properties as the aimple harmonic motion in a straight 
line, and can be called simple harmonic. For example, the 
period of oscillation will be independent of the amplitude of 
the oscillation. 

In the pendulum we have a case of motion on a curve 
which is not exactly simple harmonic, but which becomes 
more and more nearly rample harmonic the smaller the ampli- 
tude of the oscillation. 
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136- Tlie siiaple pendulnm consifits of a heavy particle or 
bob attached to a. fixed point by a weightlees staring and 
swingiiig only in a vertical plane. It is 
thus a case of motion in a vertical circle 
which ne have partly discusBed already. 
We shall examine the motion a little 
further in the caae when the oedllations 
are small, that is, when the string always 
makes a small angle with the vertical, 
say not more than 5°. The maximum 
angle made by the string with the vertical 
will be called the angular ampUtude, or, 
simply, the amplitude. 

I*' I = length of string, 
i_ ocp = B = angle it makes with ver- 
tical at any time. 
areOP=^ 
sotlwt 




u— velocity at lowest point A, 
»= „ „ any „ Pj 
then we have 

B» = ««-2?r(l-eoBfi) 

= M* - 4ji sin* 5 
= «^ - igl -T- nearly 

If tiiia equation was exact, the motion would be stric' 
nmple harmonic motion on the curve from a compar 
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with the equatioD foi S.H.H. giving the velocity in terms of > 

the displacement, namely, I 

Aa the equation is not exact, tlie motion is only approxi- ^ 

mately simple harmonic, the period Iwng 

-VI- : 

We can oniTe at the result, also, easily, by considering the i 

forces acting. These are the tendon Bud the weight. If we ' 

resolve along the tangent at P and away from O, we get 

mf= -mgmiB; , 

.'. /= -jTsinfl 

* - j6 nearly 1 

Thus the acceleration aloi^ the curve is nearly proportion^ 1 

to the displaoement from O, aod therefore the motion is nearly | 

simple harmonic witA period 2? a/— ■ 

137. This result js, of course, only true in the ideal oir- 
cumstancea stated. In practice there are several points in 
which the ezperimentB must differ from the theory. In the 
first place, no actual pendulum can agree with our definition 'j 

of a umple pendulum, yet the error made when a bullet is ! 

attached to a loi^ silk thread is very smaU. In the next 
place, the formula only apphes to infinitely small amplitudes 
of swing, an accurate expression for finite amplitudes being . 

^'A/J{'4^'t-(n) ™*t- ■}■ 

where a is the amplitude. 



the period for amplitude exf or— '*•-* '— infimtely small amplitude. 
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Thiidly, in ocdiuary experiments air leaistance cornea into 
j play which slightly increases the period, and also causes the 
amplitude of oscillation to gradually decrease. 

' 138. SecondB' Peudolnni. 

It will be borne in mind that we have used the term period to 
denote the time of a complete oscillation from the extreme posi- 

,' tion on one aide to the other and bock to the starting point. 
Half this period, or the time from one extreme to the other, is 
ofien called Uie time of swing, and formerly it was more usual 

' to speak of the time of the ewing than of the time of a com- 
plete oscillation. Hence it is that a pendulum whose time 
of swing is 1 second, or time of a complete oscillation 2 seconds, 
is called a seconds' pendulum. Thus the length of t^e seconds' 

f pendulum is given by 



2.2^^. 



or 1-^=^ = 99-3 cms. 

139. Value of g. 

The pendulum gives much the easiest and most acouiate 
method of finding the value of g, for, from the formula 






t=2Tr 

we have 9—~ii~- 

In even the roughest experiment with a pendulum about 
6 feet long, t can be found to y^ second or, say, to ^^ of the 
petiod by taking the total time of 100 oscillations, and I, 
likewise, is easy to measure to the same degree of accuracy, 
and the resulting value of g will be not more t^ian 1 per cent. 
wrong. 
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Vewkm'a BxperimenU. In coiueqiience of tjie acouncy of 
determmfttion of g, the pendulum affoide the moat convenient 
way of vetifying the fact that g is the same for all bodies at 
the same place on the earth's surface. 

Newton experimented by using pendulums with hollow bobs 
of the same size in which he could place various materials, 
and he found that the time of oscillation was the same in 
all cases for the same length of pendulum, and he consequently 
deduced that g was the same for all substances. More 
refined experiments of the same nature confirm Newton's 

Comjxmnd pendvhim. Any pendulum which is not a simple 
pendulum, and therefore any pendulum actually used fot 
experiment, is called a compound pendulum. We will discuss 
the compound pendulum later. 

140. Clock Rate. 

A pendulum-clock consists essentially of a pendulum with 
apparatus for keeping up and counting its oscillations. If 
at one time the clock is going correctly, and afteiwaida for 
any reason the time of oscillation is chained, the clock will 
gain or lose accordingly. 

Thus, if the period when going correctly is ( sees., and it 
is increased to t + T, the number of oscillations in p sees, is 
^minished from 

„.?«,.-,- J-, 

/ t + T 

and the chanee v="- .^- = ...VT . 

* I t+T t{l+T) 

We need only consider the case when - is very small, as it 
will be always in practice. 

We then have ''^^ '^^^7 nearly, 
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and the proportional loss in number of oscillations 



el t 



and as it loses v oscillations in n, so it loses f sees, in n Bec& 
Thus, in one day the clock loeea 

24 X 60 X 60 X 1 = 86400 x - aecs. 

14L Effect of change in I or 7. 

If the length I is incieaaed by a quantity A, for example, 
by increase in temperature, or if 9 is increased by y, as when 
a clock is brought down towards sea-level from a height, the 
time of oscillation will be altered in either case. We may 
take the two effects separately, but it will be seen by taking 
the two at once that the total effect is the sum of the effects 
produced by each separately, an example of tiie general rule 
called the principle of the superpoeition of small eftecte. 

We have, then, at first. 






X/l and y/0 being always small fractions, 
X 









-i. 
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Thus, if then is only iDcrease in length to confdder, the . 
percentage increaae in the time of oecillation is hali the per- 
centage increaee in the length. 

When g changes but the length remains unchanged theie 
is a percentage diminution in the time of OBcillation equal to 
half the percentage increase in g. 

142. Change tn g due to position. 

We have seen that g ia affected by the rotation and shape 
of the earth, and is consequently difierent in different latitudes. 

Again, if a person climbs a hill of height h, g 'ia diminished 
to jr-y according to tiie law of gravitation, the attraction 
of the earth being (nearly) inversely proportional to the square 
of the distance from the centre ; thus, if R is the radius of 
the earth (in the same units as K), 

^ (R + Af 
or ?R'' = (?-y)(R + A)«; 

.-. y(R + A)! = sr(2RA + fc*)j 
■ y^ A(2R + A) 

■• g~ (R+A)''- 
Now, A/R being very small, we can write this 

On the other hand, if a person descends a mine the value 
of g again changes. If the earth were of uniform density 
the attraction at an interior point would be proportional to 
the distance from the centre (as was proved by Newton), 
and we should have, if d ia the depth. 



gR-gd = gR-y?i, 
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Tte density of the earth, however, increaaes towards the 
centre, and it has been found that g increases at first in going 
down a mine. {See Poynting, Mean Density of the Earth, p. 32.) 

14a Forced Oacillatious of a Simple Pendulnm. 

Ab a eimple example of a forced oscillation, suppose the 
point of Bupport P of a simple pendulum of length I is caused 




(" forced ") to move horizontally with eimple harmonic motion 
of ampiitnde o and period T. 

Let T( =2xa/— )=period of the free oscillation. The 
position of C is given by 

ai"cooe-=r, 

if we measure times from an instant when C is at its extreme 
position. The acceleration of C is therefore 



The acceleration of P is the resultant of its acceleration 
relative to C and the acceleration of C. 
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If we call / the component acceleration perpendicular to 
CP ot P relative to C, the total acoderation of P in this diiectiw 
will be , 4ir* 2irt „ 

/^-^C 006-^7- 008 ft 

The component force perpendicular to CP ia —mganS; 

.'. m (/ - rpj e COB ^ coe Oj = - iBff ain ft ^ 

If the oecillationB aie small, 9 is always small and coeS=l. j 

un0=0Deariy; ' 

. , 4ir» 2Trt . . 

■ • f-jrr'"'^-Y"° ~^""^- I 

If X is the horizontal displacement of P relative to C, ' 



I 
\ 

\ 



■■/--I«+Y>'"*T" 
4ir^ 4ir» 2ir( 

Hence, if the forced osciU&tion ia given i>y 

2Tr( 
i-«co« ^. 

4irS 2t( , 
/. -^oc<»^, 

.. -^aco.^.-^aeo.^ + ^. 
.111 

1 

. ' T»c 2irf 
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Therefore if T'>T, or the oscillation of C is Aovex than the 
natnral OBcillstion of the pendulnm, the phoees of the pendulum 
oacillatioD and of C are the same, that ie, P and C are at their 
maximnm displacement in the same direction at the same 
time. 

But if the oscillatioQ of C is faster than the natural oscillation 
of the pendulum P and C aie at their maximum displacements 
in opposite directions at the same time, and will always be 
moving in opposite directions. 

It must be noticed that the free oeoillation may exist in 
addition to the forced one. For example, beddee the forced 
osciUation of period T', the pendulum above may have super- 
posed on this a free oscillation of period T. But it will be 
found in many cases that the free oscillation tends to die 
away, on account of friction of some kind, while the forced 
oscillation keeps up as long as the exciting cause remains. 

SZAHFLES. 

1. Find to throe places of decimals the time of oscillation of a 
pendulum S ft. long if ^=3218 ft./»ec'. 

2. Find the number of osoillatjons made in half an hour by a. 
pendulum a metre long if g= 980. 

8. A pendnlom 180 om. long is found to make 223 oscillations 
in 10 sunutee. Find the value of g, 

4. What change would be required in the length of the pendulum 
in Example 3 to alter the number of oscillations in 10 minntee 
to225. 

6. A clock keeps oorrect time at 10° C., what will it lose pw day 
when the avemge temperature is 26°, snppoeing the coefficient ot 
expansion of the rod of the pendulum to be 0-00001 1 per 1° C. t 

6. If a clock goee correctly at 0° C, what rise of temperatore 
will cause it to lose at the rate of 10 sees, per day if the coefficient 
of expulsion of the rod is O'OOOOOS } 

7. A clock with a seconds pendulum is gaining 2 nunntes a day. 
What alteration should be made in the length of the pendulum 
to m^e it go correctly T 



CHAPTER IX. 
PBOJEOTILES. 

144. If a body is pioiected from the surface of the earth 
in any dinctioii it is acted on by two forces, its weight, con- 
stant in magnitude and direction (the minute variation in 
this being negligible), and the air reaiatance. The latter 
follows a law which is not known accurately, being found 
experimentally to obey, apparently, different laws at different 
velocities, the laws given varying from the first power of the 
velocity at very low velocities to the sixth power at 1100 feet 
a second, and again diminishing to lower powers at higher 
velodtiea, though, of course, the resistance increases con- 
tinnously from the lowest to the highest velocities. 

The reaulto in the present chapter will be obtained on the 
supposition that the resistance is negligible. They can con- 
sequently only represent the truth approximately when the 
velocities are small, such as when a stone is thrown by hand. 
For velocities such as occur in modem bnlleta and cannon 
shot, they cannot be trusted even to give an approximation 
to the truth. Notwithstanding this, the results are of great 
interest historically and otherwise. 

146. Neglecting air resistance then, or, in other words, 
eopposing the body to be projected in a vacuum, we have 
gravity only acting, and it is most convenient to take hori- 
zontal and vertical components throughout. We then base 
(he work as usual on the independence of the two components 
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of the motion. As there is only a vertical force (the weight), 
theie is only a vertical acceleration g downwardfi. 




We shall use the following notation : 

V=initial velocity or velocity of projection, 

a '^ angle V makee wiUi the horizontal or the angle of 

projection, 
V'= velocity at the end of t sees., 
«.'= angle V makes with the horizontal, 
3^t/=the horizontal and vertical distances travelled in 
t sees. 
Now the initial horizontal velocity =V cos ot, 

and „ „ vertical „ upwards =>V sin . oc 

The horizontal acceleration =0, 
„ vertical „ = -g. 

The motion in the horizontal direction is consequently 
unaccelerated, while the vertical motion obeys the laws of 
uniform acceleration. 
Hence the component velocities at time t are : 

in the horizontal direction V cos oc, and 

„ vertical „ Vsina-jt 

Also, the horizontal distance described in t sees, is 

V COB a . t=x (1) 

and the vertical V sin a .t-^gfi=y (2) 
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The lesultant velocity at time t is given in direction and 
magnitude hy 

V'cosa.'-=Vcoa tt, (3) 

V sin a' = V sin a.-j(, (4) 

squaring and adding, 

.■. V'«=V^-2Vs(sina.+ffV, (5) 

and dividing, 

tana.=— TT ^, (6) 

(5) can be written by the help of (2), 

V'«=V»-%, (7) 

which is the equation of energy, for the loss in kinetic energy 

and the work done against gravity =fn^', 

.-. v»-V'«=^. 

146. Time of Fltffhl and Range. 

It the body is projected from a point in a horizontal plane, 
it strikes the plane again at a time T given by y=0, 
or VsincL. T-|^=0, 

T-^'^^'""- (8) 

This time is consequently called the time of flight. 

The distance from the point of piojection to the point 

where it strikes the plane i^ain is the Bange, and is given 

by (1), t being the time of flight ; 

or Bange = R = . V cos a. 

2VBinaeosa_V*Bin2a. ,-, 
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If the velocity of projection is given, the range is greatest 
when mn2c(.= l. 

ot 2a=90°, 

a =46°, 
the nuttTriiniim range being 






"-'J OT 

To hit a given object on the horizontal plane with a given 
velocity of projecti(ai, we have R, a given value ; 
. V'sinaoc ^ 
9 " ' 

Bin 2a. =^. 
If -?^<1, in other woida, if R<niazimnm range there are 

two values for 2a, one acute and one obtuse, and if we call 
these 2a, and 2a«, 

2a,- 180° -2a,; 

.■. a, + a,=90°; 

.'. a, and a, are complementary, or puttii^ it in the form 

a.t-iS'=m°-(Li, 

the two directions of projection make equal angles with the 

direction giving the maximum range. 

147. Greatest Height Reached for given Vdodty and Angle of 
Projection. 

When the projective is at the highest point it must be moving, 
at the instant, horizontally, or the vertical velocity is zero. 
Hence the time to the highest point is given by 

V em CL-gt=0 ; by (4) 

•'. (= — ■- — = J the time of flight. 
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The mftTtmiim height is now given by (2), 

y_„ = V8ina.— ^ ^ — - — 

V*fnn*a 



and the horizontal diatance at the manmum height is 
V* sin a cos a 

148. FormofPatk. 

Retiuning to equations (1) and (2), we have from (1) : 

Vcoea 
and if we sabstitnte in (2) 

or y-.aca- „^^. (11) 



This equation, giving y as a quadratic function of x, shews 
that the path is a parabola, but we will deduce more about 
the path in another way. 

149. Symmetry of Paih. 

To find the horizontal distance &om the point of projection 
when the particle is at a given height h, we have to solve 
equation (II), ~^ 

„.J^ , xtancL + h = 0, 

2V" coa^oc. 

„ 2V* cos^a tan a. 2v*i coa^'a. . 

or it" x-i - = 0. 

3 9 

This gives two values of x, and if we call them x^ and x^ 
we have from the theory of quadratic equations 
2V*coa»atana. 2V* . 
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X twice horizontal dutance of the Ugliest 



Hence the two {xontB at a height h are equally diatBut 
horisontally from the highest point, hence the curve is aym- 
metrical about a line through the highest point. 




Also, since the horizontal velocity is conetant, the time 
from Pi to A is the same as from A to Pg at the same height 
as Pj. 

The time to a given height h may be deduced directly 
from (21 thus ; 

{gP-Vfnna.:t + k = 

or P- — sina./+-^ = 0, 

9 9 

and if t■^ and t^ are the two solutions, 
2VHina. 

= twice the time to highest point. 

Shewing ag^ that the Inme from height h to the Mgheet 
point is the same as from the highest [>oint to the height h. 

These results shew that the curve is symmetrical, and that 
the time taken in travelling along a portion of the upward 
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path is the same as that in travelling along the similar portion 
of the downward. In other words, the motion &om the 
highest point to the ground is exactly the reverse of the 
motion from the ground to the highest point. 

150. To examine the nature of the curve more exactly, 
it is therefore sufficient to start from the highest point. At 
that point the horizontal velocity is V cos cc. and vertical 



A 



Telocity 0. f sees, after the particle has passed the highest 
point the horizontal and vertical distances x', y' from the 
highest point are given by 

aj' = V cos a . f , 

9^ 



■ !■-■ 



2Vco8«a 



--wiifi,-'" ("> 

< This is the fundamental property of the parabola — the 

square of the ordinate is proportional to the abscissa. 

I 161. Note on Geometrical ProperticB of the Parabola. 

i The parabola is generally defined as the locus of a point P, 

'I which moves bo that its distance from a fixed point S ia equal 

, to its distance from a fixed line MX. 

i S is called the focus and MX the directrix 
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With this definition, in tiie figure, 
P8-PM, 
A8=AX, 
PN»=P8»-8N»=PM*-SN» 

=XN»-SN»=(XN+N8)(XN-NS) 
=2AN . 2AS, 
yz m*'4A8.AN. . 




If LSL', parallel to MX, is diawn through 8, JJL' ie called 
the latuB rectum, and the size of the parabola is determined 
by the length of IL'. 

Now LL' = 2SL = 28X = 4SA. 

162, Comparing (13) vith (12), we see that the projectile 
describes a parabola whose latus rectum is 
2V»coH»a. 



,(U) 



The height of the focus = SN = AN - AS 

V^ain^ct V^coB^'a. V*ooB2a. 



and the focus is below the horizontal plane if c(.<45°. 
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Tbe height of the directrix = XN 

... .« V*sin'a. V^cosi'a V , 

=AN + AX=" — 5 1 = — - = n-f 

2g 2g 2ff 

hence the height of the directrix is the height from which a 

body would have to drop Tertically to get up a velocity equal 

to the actual Telocity in the path. This is often expreesed 

by Baying that the velocity at any point ia that due to a fall 

from the directrix 

163. CtiTvatuTe of a Parabola. 

The following results are proved in any hook on 
geometrical conies. 

(1) The tangent PY bisects the angle between P8 and 

PM. 

(2) If SY is perpendicular to PY, Y is on the tangent 

at A. 

(3) The triangles P8Y, Y8A are omilar. 

Assuming these results, it is interesting to deduce froa 
the dynamical results the curvature k of the parabola at 
any point. 

For, since the accelerataon along the normal at P is »rV*, 
and the normal makes an angle a. with the vertical, 

but V« = 23.PM = 25f.P8; 



Now, i8PY = i.MPY 

-■. cos a = Bin SPY 



8Y_A8 /SY7AS _ f^. 
SP'SY^VsP-SY'VeP' 

A8^ 
2.8P*' 
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1S4. We may obtiun an eaay graphical representation ot 
the veloci^ at any point. Let OA lepieeent the imtial veloci^ 
in direotioD and magnitude, and A6, BC, CO ... each repMeent 




g on the same numerical scale aa the velocity. Then it will 

be seen at once that OB, DC, OD ... lepieeent the magnitude 

and direction of the Telocity at the end of 1, 2, 3 ... sees. 

ABC ... is, in fact, the hodograph aa defined in Art. 117. 

1S5. ZMrecfion oj Projection to HU a given Point. 

To hit a point Q whose horizontal and vertical distances 
from the point of projectioD are z, t/, we have to solve (11) 
for CL, that is, 



y=ztana- 



av^cos^o. 



= 3;tana-^sec'a 
= ^tena-g(l+tan«a) 
t*n»a- — tana.+ l + ^!=0, 



i.e. if 
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giving a quadratic equation for tan a, and two possible diiec- 
tions of proiection if the roote are real, 

i.6. if V*>g^ + 2\fiffy, 

i«.i£ iV^-9!,)^>9H^^ + f), 

ie.if \fi>ff{y + .J^+^). 

Therefore, ii y* < g(y ^ -Ja^ +^) it is impossible to project 
the body to paea through the required point. 

Example 1. A atone ia projected with a velooi^ of 100 ft./Beo. 
at an elevation of 30° from a tower 150 fL high, find 
(i) the time of flight, 
(ii) the point where it strikes the horizontal thioit^ the 

foot of the tower, 
(iii) the mi^nitnde and direction of the velooit; cm striking 
the ground. 



vertical distance described when it strikes the ground is — ISO ft. 

The component initial velocities are 100 x 4 vertically and 100 x 'lA 

horizontally ; ° 

.'. if I is the time of flight, 

50(-16<'=-150; 

.-. <=6 or -V> 

the negative solution not being applicable. 

The horizontal distance of the point where it Bfrikee the ground 
from the tower is 

100x^x6=433 ft. 

The vertical velocity at ttie ground ia 

60-32x6=-110. 

tlie horizontal velocity is 100'^=86-6. 
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XL Find the velocity and diieotioo witji which a body must 
be imtjected to just paw over two parallel walls 20 feet apart, and 
each 6 feet higher than the point of projectioa if tbe nearer is 90 
feet tiom the point of [m>jecti<Hi. Find also the mammnm h^^t 
to which it will rise. 

SS. Two w»11b ub 40 fL apart, and cmib ie 9 ft and the otbix 
10 ft. higher than the point of projecti<xi of particle, projected 
&om a point 20 faet foomtfae lower wall e 



•m a poinl 

o waUa. Find the initial velocity and direction of projectJcm. 

166. Errors Prodticed by a SmaU Error in the Meeation. 

To hit an object at a horizontal distance x and vertical 
height y above the point of projection the angle oi etevaticm 
is determined by the equation 

y-ztma^ga+UD'a). 

If a is determined correctly, but a small error 6 is made in 
projecting the body so that the angle of projection is ol+Q 
where 6 is small, bo that we can omit 0*, etc., then at a hori- 
zontal distance x the height of the projectile will be y + k, 
say, where k is small (compared with x). We proceed to 
find k for a given 6. If we suppose 6 given in circular n 
™*^^« tanfl=*e, 

where = stands for, ' is nearly equal b 



/ a\ tanct+tanfl 

tan(a. + e) = -i — — , 

^ ' 1 - tan u. tan 9 

tana+9 



l-Utana 
=(tana+e)(l+etana) 
«:tana + fl(l+tan'«.) 
=tana+0sec*a; 
/. tan»(a + fl)=(tana + flsec3a)= 

=tan*a + 20 tan a secret. 
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Now,y+ft=!i:tan(a + e)-^{l+tan2(a+9)} 

ssK (tan a + 6 sec^ot.) 

-^(l+taD«a. + 2fltftna.8©o»a); 

.'. As=efiBec*a-^. 2tanc(.8ec^aJ 

=sfl aec^afa; - ^ tan clV 






If the point aimed at is on the horizonta) plane through 
the point of piojecl^on, x is the ituige, 



•'• '-l8o»"»'«'(l-5''°<=') 

sEy^Tja; aec^afi - tana..2Biiiaco6a) 
=~!K wx?a.{\ - 2 ain^a) 
ss-j-QjTiK seo*a{coB'a. - sin*a) 

This expresBion gives the height at which the projeotjle 
will paas over the object aimed at. It is positive if a<46°, 
but if a.>45° (or the higher angle of projection to hit the 
point is choeeo), the error causes the projectile to fall short 
of the object. 



To find the maximain range for a given velocity but dillerent 
angles of proiection, it is convenient to put this in the form 

R = --V{eui(2a-i)-8in»}. (13) 

and the fiirst term in the bracket being the only one that 
varies, R is greatest when 



md R_„ = - — -j-.(l -aini) 

^ V3(]-aint) ^ V 
^^(1 -ain't) g(l+smi)' 
The value of a, which gives the maximum range, is given by 



"2' 



! 
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Hence, substituting in (11), x is given by \ 

2V*oo8*a-^ ^ ^ k 

,, a;_ (taaoL-tani); \ 



2Voos*a./ain a sint^ 1 ■ 

ff \ooea 008V cost 

2V»coBa, . ... i 

TviBinaGost-oosasmi) 

g coa*r ' I 
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shewing that the direction of projection makes an angle a- 1 
with the vertical, and therefore bisects the angle between the 
vertical and the inclined plane. 

To hit a given point on the plane, in other words, to get a 
given range R, we have to solve the equation (13), or 



Bin (2a - 1) - 8in t = ^ -^ ■■ ; 



. sin(2a-i) = 8in» + 



jRcos^a 



giving two values of 2a.- i (if R is less than R— ..)■ calling 
the two values of a, oc, and cn^ 

204 - 1 + 203 - 1 = ir, 

ai + aj = J + ^ 



which expresses the fact that the one direction is inclined 
to the plane at the same angle as the other is to the vertical. 




In the same way the range of an inclined plane not passing 
through the origin may be found. 

The maximum lange of any inclined plane may also be 
found conveniently by finding the intersection of the plane 
with the envelope of the paths. 
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StamfU, Find tbe masimum ntoge on a, ^voa of iocUwtim > 
which meets the horizontal thiouKli the poin^ of projection at 
diatanoe a bom Ibe point of pro jeotion. 




159. The motion of a projectile relative to an inollBed 

plane may often be conveniently dealt with by resolving the / 

velocity and acceleration ii\to components along and perpen- ^ 

diculai to the incline. 1 




Thua the initial velocity may be resolved into components : 

V cos (a. - i) parallel to the plane upwards, 

V sin {a - 1) perpendicular U> the plane awtgr from the 

plane. 
The compotiBnts of acceleration are ; 

^9 ^ t parallel ^ the plane, 

~g cos i perpendicvdar to th^ |JaHe, 
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We have now imifortn acceleration in each of the two 
directionB, and the component velocities at time t ore 
VcoB(a.'t)-^98ini.{, parallel In the plane j 
and V Bin (a - ») - 3 cos i . t, perpendicular to the plane ; 
and the distances described ore 

V COS (a - ■ f ~ t? c^ ^ ' ^> pftit^d to the plane ; 
V UD (oi - () -t-^g cos i . fi, peipendicular to the pluie. 
From which any results can be deduced in the method 
first used in this chapter. 

* lUtislratuma of the forgoing theory. 

1. A body is projected with a velocity V &om the foot of ui 
inclined plane of inclination t. Find the direction of projection 
that it may strike the plane perpendiculari^. 

With the notation of the laat article, if f ib the time until It strikes 
ti)e plane, the velocity parallel to the plane is then zero, and the 
distance deecribed pwpendiculai to the plane also zero. 

.-. Voo8(a.-i)-ii'aini.t=0, 
and V aa(a.-i)t-ig eoai . 0^0 : 

:. tan(a.-i)=icat*, 
giving «.-*. 
Notice that the resnlt doee not depend on the initial velocity. 

8. A particle is projected tram a point on a plane of inclination 
t at an an^ 6 with the plane to hit an object on the plane. In 
artillery $ is called the tangent elevati<n, $+i is tJie quadrant 
eleration. The range (as we have seen in Art. 158) is 

> 2V c<i«(»+<)>iiia 

g co?t 
Now the laigBT V is, the Bineller ia 6, end for a smell Wne of d, 

if is in citvular measure ; 



1 1 
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Now if i is only ft few degraes, ooe i is nearly unity, (uid (? is ^ 
[HkOtioftlly the aune wbetiwr tiie lins of ai^t ie horizoDtol (t=0) 
or inalJDMl M ft atnftll ftogle. For ezftm|de, if i—Uf tltB tangent 
devBticHi is only diminiahed by 1) pet oaal, of its vslne lor the 
■ftiDB boiieoDtft] range. 

8. A ponon in ft boat tJirows a stone at eleration a. uid with , 
velocity V reUtive to the boat, wliich is moving with vcilocity v in the 
direction of the object aimed at. Find tlie range. 

If the ratio v/V is small, find the alteralJCHi in the deratioD neces- 
sftty on ftooonni of the motion of the boat to hit a point at a given 
horisontftl distftnoe. 

The horizontal and rertioal velocitiee of the stone are 



To hit an object at horizuntal range R, if a is the elevation for 
ft fixed point (rf projection, and a.- fl the elevation for the case 
of the moving boat, 

R= aVaint^coag SiVsii.(0L-g){Vcos(0L^g) + 4 . 
ff 9 

.: VBinDLCOSa.=VBin(a.-tf)coB(a.-^)+B8in{a.-(!»); 

■ «n2a.-Bin2(«.-(J)=^mn{^-fl), 
SBinflcofi(2oL-ff)=^ain(a,-fl). 
If ^ is small, $ is small, and 

fioosSa-^sino, 
6 being in circular meosoie ; 



4. Stonea are projected with a maximiun velocity U ft./seo. over 
a wall of bright £ at a horizontal distance A from the point of pro- 
jection. Prove that those that fall nearest to the wall are pro- 
jected at the highest angle .and with the Kreateet velocity, and 
find the breadth of the zone of safety on we gronnd behind the 
waU. 
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If a atone [vojeoted witb velooity V at an angle jtut gnuee the 
mill, 

'-*'-— !i&ii <■) 

Uaotherange R= — flincLCoea.; 

.■. it=Atana. ^ = 

= A tan OL — -^ tan a. ; 

A tan a.— it' 

'Die dietanoe behind the wall of the point iriiere it etrikee tbe 
gronnd is 

R-A= 



hi 
Atano.-*' ■ 



and tbis (the breadth of the zone of safety) diminiahea an a. increaaee, 
or the emalleet value is given by making a. ae large aa poaaible. 
Putting the breadth of the zone of safety 
-FT-R-A; 

and BubstitQting in (1), we have 

„(V-ji±N/(V<-ji)'-j<<*'+J^). (S) 






e sign), ooireeponding to the higher elevation, has 
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W« (MS Write tUs ^ 

»(»■+« Vi-,i+v^l>-5l).-s,(it+i.) J 

„ g" /.^ i 

v--si+^(V>-st)'-i,'(*"+t^ 41 

ftad nnoe V is 111 11 mum II j gfMter than ^t, Ff diininiahM aa V in- | 

oreMee ; henoe, if the nuniimim vijocity is U, tiie breadlb of tfae I 

cone of safety is found by putting U fur V in (3) or (4). i 

6. SbMtes (u« projeotod with a maXlinara TekMiW of 60 ft./seo. 
ftt R tx^ wbo shelters himself behind a w&U 10 ft. high and 60 ft. | 

from the point of projeotion. f^d tbe safe distaooe mm tbe inll 
at the ground and at 6 ft abovB ttw gMimd. | 

Here, snbatitatjng in tbe equation, * 



y=« tan 0.-^(1 +tan»a.> 



We find tana.=J^ or }. 



1 



Taking the higher inclination the rsnge is 63-3 ft. Ueaily, (ud : 

the safe distance at the ground is 3-2 ft. To find the safe distaJooe 1 

at a hdght of 5 ft put y=5, and we have 1 

giving jr=61-6 nearly, S 

or the safe distance = 1-6 ft. ^ 

8. A partiole ie prdeoted witb velocity 90 ft./Bec at an aogle \ 
20° with a plane of incUaation of 10°. ' 

Find its range on the plane when the projeoticai is ' 

ill up the plaQe, 

2) down the plane. j 

7. A body is projected fonn the foot of an inclined plane of { 

elevation 39* with velodty 80 ft/ste. at an angle 60° with the I 

borizoataL Find I 

(1) the time of flight, 

(2) its greatest distanoe from tfae pleae, 

(3) its mnse on the plMie, ' 

(4) the v^ooity iuid direction of motioli WbMi it strikee the ^ 

plme. if'\ 

9. If the nasinilini distttnoe a person can thMw a crtoket ball ij 
an th6 W^l Is lOO yds., wliat is tfae maximmn distance on an upward ^ 
slope of I in S T i|| 
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0. A body u projected with velocity V at the elevatioit requited 
for mftzimum range on a plute of inclination i. Find the direction 
of motion when it strikes the plane, and prore that it ia independMit 
of V. 

10. Shew that the greatest height which a projeotile with initial 
velocity V can reach on a verti^ wall at a distance a from the 
point (U projection is 

V'/2i?-ja'/2V'. 



1. Two bodies projected at the same time with the same velocity 
from a point O m different diiections strike the same point A in 
the horizontal plane at the end of t, f sece. reepeotiv^y. Ptovt 
OitA QA= igW. 

2. The path of an dnresisted projectile fired from O with velocity 
V at elevation a. intersects a straight line inclined at an angle i 
to the horiiiontal in points P and Q- Shew that the middle point 
of PQ is at a horizontal distance V* cob' n. (tan o:- tan i)/g from O, 
and find the distance from O of the parallel straight line which 
18 grazed by the projectile. 

8. Of two bodies projected from O with the some velocity, one 
strikes the top of a pillar of height ft in t sees, and the other the 
foot A (<»i the same horiz(»itt^ as O) in f sees. ; prove that 

4. Material is tA be projected over a horizontal ]edgfi a direct 
distance I from A and a vertical depth K below it. 

Shew that the wo^ required is at least -^ ft.-lbs. per lb. of 

material 

6. Two particles are projected from the same point O at an 
interval of time T with the same vejooity in the same direction. 
The first is above the level of O when the second is projected. Shew 
that their shortest distance apart occurs when they are at the 
same level, and =uT where w is the hwizontal component of the 
velocity of projection. Find, abo, the time at which this ocoun. 

6. A railway carriage is travelling at 60 km./br. on a stzaight 
track. A small heavy body is thrown oat horizontally with a 
velocity relative to the carriage of 10 m./sec, at right Ulgles to 
its length. N^lecting the resistance of the air, fin'' — ^"" " ■■ 
body reaches the level ground 3 m. below the poiD' 
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7. Find the possible anglca of projection tat tt stone to be (brown 
with Tdocity 80 ft/wc. from the top of a tower 100 ft high to 
hit a point cm tbo ground 200 ft. from the foot of the town. 

8. A projeotile ii to havo ■ lange R on the horisonta], and to 
naoh a TnnTJmntn height A; find the time of flight, the initial 
velooitf and elevation. 

9. A partiole is projected with Telooitjtv to hit a point at ahori- 
Bontal distBnce x and vertioal distance y from the point of projeotion. 
Obtain an equation to find tbs time of flight, and deduce the con- 
dition that the point can be fait with the given initial vetocity. 

10. From a gun rface d on a horizontal plane which can fire a 
■hell with Teloci^ ^^H it is required to throw a shell over a wall 
of he^t k, and the elevation of tJie gun cannot exceed a. where 
o,<4^. Shew that this will be poesiole only if A<H sin'o, and 
that if this condition is eatisfied tlie gun mu st be fired from within 
a strip of the plane whose breadth ia 4 cob a.N/H(H Bin»a-fc). 

11. A shot fired at a ma^ in a horizontal plane goes a fbet beyond 
it. When a screen of thickness I is placed at toe mnzzle of the 
sun, and perpendicular to the length of the gim, the shot falls 
£ feet short. Prove that the shot mH hit the mark if the thickness 
of die screen is reduced to -— r- (Assume the velocity to be uni- 
formly retarded as it passes tfarongb the screen.) 

12. A Run fires a shot with velocity 800 ft. /sec. to hit an object 
900 ft above the point of projection, and at a horizontal distance 
9000s^ feet from it. At what'elevation should the gun be pointed t 

If the gun' is pointed a quarter of a decree above the lower of 
the two possible elevations, at what height above the object will 
it pass, to the neareet foot T 

IS. A ball is projected from a given point with velocity V so 
as to strike a vertical wall above a, height h. Prove that the points 
on ths wall towards which the ball can bo directly projected lie 

within a circle of radius \l—s—-~ — a*, if a is the distance of the 



14. A straight pipe of length a can be supported in any direction, 
one end being attached to a given tap on tlie surface of the ground. 
Water issues from the free end with a constant velocity ^^. 
Prove that when the pipe is inclined at angle a. to the horizontal 
the range is given by 

R>- 2R{a cos a. + A un a. COB (l) + a' COB*«.=0. 



Deduce that the iBoge is greatest when 

hcoa2cL = 2a ain'o. (i) 

and that the greateat range is a coa cl/cob 2ix, a. being givm by (i). 

15. The portion of a vertical waU that can be covered by a jet 
from a fire engine at a distance e from it is a parabola of height 
(4A'— c')/4A and breadth 2 V4A' - c' if the velocity of the jet ia 
•Jigh- 

16. A projectile ia to paee through a point x, y and be there 
travelling in a direotiun making an angle ^ witii tjie horizontal ; 
find the velocity and direction of projection. 

17. A projectile fired from a given point grazes a wall of height 
A at a distance a, and reaobee the ground at a distance R. Shew 

that the elevation is given by tan a.= —7= r, and find the velocity 

of projection. 

18. A Bmall horizontal taiset is to be bit by a projectile fired 
from a point at a dietance A vertically below and x horizontally 
from the target. Shew that the target can be hit either im the 
upper or the lower side if 

■ *£)• 

n the upper nde only if 




and >g{h+ 

while it cannot be hit at all if 

19. A smooth sphere ia fixed on a horizonlAl table, and a particto 
runs down it having been juat displaced from rest at the highest 
polntu Find where it hits the table. 

SO. Oil is flying off a horizontal axle of radius r, which ia rotatiog 
with angular velocity u. Shew that no drop reaches a height 
above the centre line of the axle greater thaik 
<u'r'/2ff+W2<"'- 

2L AB is the horizontal line of intersection of two inclines of 
elevations $, ip. A ball is to be thrown with given velocity V irom 
the former so as to land ae high as possible on the other. Shew 

that the projection must be from a point in AB imlesa 28 + <l>>a- 
If this inequality iasatiafied, shew that the distance from AB that can 
be reached is V*l2g cos ^ sin (9+ •^}, and find the point of projection. 
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tt. A pMticle projected fnmi tbe foot of an incliDed plane itiikca 



] 
i 

i 

the plane at rig&t angle* At a dutanoe d firom the pmnt of ^m- 4 

jection. Shew that ita gre*teet dktanoe from the plane during ^ 

the flight is 1^ cot a, if a. is the inclination of tlie plane U> the horizon. 

88. A particle is projeoted with Telocity w from the top of a < 

tower of height A on on inclined plane. Shew that the greatest i 

diiitanoe from tbe foot of the tower that tlw particle csn uUl is 
t^tan a. sec a. , , . /«* , 2«»A I~ 

if a. is the inolinaticm of the jdane. i 

M. A particle is piujected from a point whose perpendicolat 
distance from an incline of elevation W is A. Prove tliat it cannot 
strike the plane at right angles if the square of the velocity of pro- 

25. If j3 is tiie iaclinatjan of an inclined [dsne to the vertioal, ' 

and a. the angle between tjie direction of ptMJectim and the indine, J 

ahew that the range whenoL^^ is lees than the range when (>-==^ I 

bj2V=.i,.(a-f)/,.in.^. j 

£6. A particle moving on t he in mde of a amootii vertical ein^ . 
. of radius a has a velocity of V ^fW at the lowest point. Find where 
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160. We have already given some of the drnplest results 
retstmg to collision, and in the present chapter we wish to 
examine more fully into the actions which take place between 
the colliding bodies. 

When two bodies collide actions go on between them 
which, in genetal, involve forces which are large in comparison 
with the forces, such as gravity, to which the bodies are 
usually subject. This follows from the fact that the bodies 
are in contact for a very short time, usually a email fraction 
of a second, which interval, however, is sufficient to produce 
an appreciable, it may be lai^e, change of momentum in 
each body. Hence the rate of change of momentum or the 
force acting must be large. 

On colliding the bodies undergo a deformation uear the 
point of contact, and, in consequence, remain for a short time 
in contact with one another over a small area, and the bodies 
t separate again as the deformation disappears. 

The deformatioQ is shewn on a large scale when a wet 
rubber ball strikes a wooden floor. The ball leaves a mark 
of considerable area, shewing that it was deformed by the 
collision. 
* We may imagine the time of contact to be divided into 

■\ two parts, during the first of which the deformation increases 

gradually to a mmriTnTini , and during the second diminishes 



1 
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Again till the bodiee separate completely. The preasure be- ' 

tween the two bodies alters coirespondmgly, increasing gradu- ^ 

ally, but rapidly, to a maximum, which occurs when the 
deformation is a maximum, and then diminishing to zero as 1 

the bodies separate. j 

The physical theory of collision was worked out by Hertz \ 

in 1882 for bodies colliding with small relative velocity, and he 
obtained the following results for two«qual spheres of the same 
material and radius r colliding directly with relative velocity v : 

The time during which the spheres are in contact is ar/ii. \ 

The radius of the circular areas that come into contact 

The total pressure at maximum deformation = cr^. ' 

The maximum pressure intensity =iJt>S. j 

Where a, b, c, d are constants expressible in terms of the / 

elastic properties of the material. I 

Hertz gives the following results for two steel spheres of i' 

radii 2-5 cm. and relative velocity 1 cm. /sec. ; ) 

Time of impact=0'00038 aec. J 

BadiuB of circular area of contact = 0'013 cm. S 
Total pressure at maximum deformation = 2i 70 gms. wt^ 

Maximum pressure intensity (pressure per square centi- i 

metre) = 7300 kgra./cm.=. | 
Experiments have sinc« been made on the time of contact^ 
and have confirmed Hertz's results. 

161. Direct Impact of Two Spheres. | 

Let us now examine into the relations between the velocities •. 

before and after the coUieion, taking first the case when the 
spheres are moving in the same line, and let us represent | 

the velocities thus : 

© © i 

before collision ->«, ->ttg J 

after collisioD ~*-u/ -*%' ^ 
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Now if we consider the distance between the centies, at the 
time of the greatest compression this distance is a minimum, 
and therefore ite rate of change is then zero, or the relative 
velocity of the centres is zero. Thus, at the instant of greatest 
compression the velocities of the two balls must be the same. 
Let this velocity be U. 

Now in whatever way the pressure may vary during the 
impact, it still holds as a result of the law of action and reaction 
that at any instant the pressure on m^ is equal and opposite 
to the pressure on m„ and consequently the impulse in any 
time on nil is equal and opposite to that on m^, and hence again 
the chai^ of momentum in any time on % is equal and 
opposite to that on m^. Hence also the total momentum is 
unchanged. 

Putting these statements in symbols we have 

mj{«,-Ui')=-mj(«3-w,'). 

or mi% + nijUj = m,it,' + wia^g'- (I) 

The common velocity U at time of greatest compression 
is given by 

mjU +mjU =fBitti +m^U3, 

f», + mj ffjj + mj ^ ' 

162. To get a further relation between the velocities we 
have to return to experiments, and the great importance of 
tile law of action and reaction in Ifewton's theory led in his 
time to many investigations on ite truth, in which experimente 
on impact formed an important part. For just as we have 
deduced the equality of the total momentum before and after 
impact from the equality of action and reaction, so we may 
deduce the latter from the former, measuring the momentum 
experimentally. 
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By vaiying a, a' and the masses, Newton deduced his 
experimental law of impact that 

The relative velocity after impact bears a ratio to ths relative 
velocity before impact which is independent of the masses 
and vdocitiea b^ore impact, and depends otdy on th£ 
nature of the balls. 

This znay be expressed thus : 

«;-«i'= -'<«.-«o (3) 

and the factoi e may be called the coefficient of re^Outiim or 
coefficient of impact. 

The equation (3) can only be taken as an approximate 
experimental result. Id other words, the equation is satisfied 
approximately for two given balls colliding with the small 
relative velocities occurring in the experiments. At higher 
velocities different coefficients might be required to represent 
the facts. 

It will he noted carefully that the relative velocity after 
impact is always in the opposite direction to the relative 
velocity before ; hence the minus sign in the above equation. 

The student should always subtract the velocities in the 
same order, and insert the minus sign. 

The value of e differs for different materials, and as examples 
of its magnitude may be quoted from Hodgkinson's Report 
to the British Association, 1S34, the following ; 

For two balls of the same material 

- 0-94 



Ivory 
Cast iron 
Cork- 
Lead 
The coefficient of restil 



0-81 
0-66 



- 0-20 
itution can never be greater than unity. 
The two equations (1) fnd (3) are sufficient to find the 
velocities after impact when the velocities before, the masses, 
and coefficient of restitution are given. 
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S.vampU. Two bodiee of inii»ee 6 and 4 lbs., and ooeffioient 
of restitution 0-5, are approauhing one another with velocities 10 
and 8 feet per second, find the velocities after collision. 

o o 

HaMea 6 lbs. 4 lbs. 

Velooitiw before -* 10 -^8 

„ after -* » -* »'. 

By momentum 6o+ 4tj'= 6 x 10 + 4 x ( - 8)= 28. 
By Newton's experimMital law, 

whence «=-0-8, v'=8-2. 

163. ZmpalBe and Emetic Energy. 

To help to get an idea of the actions going on during the time 
of contact, we will calculate the impulse and change in kinetic 
energy during each of the two parts of the interval, namely, 
from beginning up to the time of greatest compreBsion, and 
secondly, from the time of greatest compression to the end. 

Let I, = the impulse in the first part 

and Ig ■• the impulse in the second, 

then I^=miMj-w»iU 
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and the total intpulBe 

-'.<'+')-^Ts;i' *'><».-«.)■ 

Let Ej = the loss of kinetic energy in the first part 

and £2= the loss in the second part. 






I, + «»2 

and Ej= ^MjU^ + jHijU^ - JwiiWi'* - ^mj«j'° 

-i{(-."''>(°''|^T-»'"''-'»'"-"} 

ThuB in the first part Knetic enei^ is lost, being changed 
into energy of deformation and molecular energy, and is 
partly restored during the second part, but with a loss on the 
whole of 

164. This result may also be obtained in the following way, 
illustrating former equations. 
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The change of kinetic energy due to an impulse I acdng 
on a body whose velocity changes from u to v is | 

l^i. (Art. 42.) \ 

Nov the total impulse 

and acts in the direction shews. 

® 

Impulse I-*- ~^1 I 

Velocity before impact u,~s. ->. u^ 

„ after „ «,'^ ^u^' } 

FH1.1S1. 

Thus wjj loses kinetic energy = I -^-^^ ( 

and ffig gains l!i±!i; 

.'. the total loss is I 

= 2 {w,-Wj -«<«,-«,)} I 

= lI(l-«)(«,-u,) i 

Considering this expression for the loss of energy, we see J 

that each factor is necessarily positive for «<1, and (w,-Mj)> ' 
is positive whether M,-«, is positive orn^ative. If in any 

case e were > 1 kinetic energy would be gained at the collision, ' 

whicH seems impossible. Hence energy is always lost except i 

in the two special cases ^ 

(1) where % = Wj and t£ere is no true collision ; ' ■ 

(2) whene = l. 
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The latter case does not occur in any actual body, though 
e approaches unity in the case of glass spheres, but in the 
kinetio theory of gases, the molecules of a gas are usually 
regarded as spheres for which e=\. 8uch spheres are fre- 
quently called perfectly elastic. 

An interesting case occurs when two equal and perfectly 
elastic spheres collide. Here e = I and mi=m^; hence the 
equation of momentum is 

wiiUi + miW J = miUi' + m^^ 

:. «!+«,=«,'+«,' (1) 

and Newton's experimental law gives 

Mj'-Mj' =-(«,-«,) 

= -«i + «,. (2) 

and from (1) and (2) «' -«g\ 

or the two spheres interchange velocities. 

Example 1. Two spheres, A and B, of masBea 2 and 3 lbs., moving 
in the same direction, in the same straight line, with velocities 
6 and 3 ft. /sec. reepectivelv, collide. After the impact the velocity 
of B is S ft. /sec. ; find that of A, the coefficient of impact, and 
the loss of kinetic energy. 

a. Two spherea, A and B, of maesee 4 and 8 lbs., moving with 
velocitieB 9 and 3 ft. /sec. in opposite directions, collide. If A 
rebotmds with velocity 1 ft./seo., find the velocity of B B,ftcr the 
impact, the ooefflcimt of impact^ and the loss of kinetic energy. 

8. If two balls of eqnal mass and moving with vclocitiee u,, u, 
in the same straight line collide, prove that the velocities after 
collision are 

J(l-.)»,+Ki+.K «.d i(n-.).,+l(l-.).,. 

4. A and B are massee of 9 and 6 lbs. moving in the same direction 

with velocities 8 and 4 ft. /sec. respectively. Prove that after the 

I collision the velocity of B cannot be greater thsn 8*8, nor that 

of A smaller than 4'8 ft. /sec. 
I S. B is a maaa of 10 lbs. moving with velocity 12 ft-^ec., A is 

I moving in the opposite direction with velocity 8 ft/sec. Shew 



.1 
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that, if the kimb of A is greater duui 40 Ibe., it cannot poeeiU; 
have ita velocity reveiaed in direction, after tiia coUisiwL 
Find tho Telooities after coUisioQ if 

(i) Ai>201ba.ukde=0-6, 
(ii) AiB40lbs.ande=0'S. 

6. A Bobere of maaa m overtakM and impingee directly 
apheie of mass m', the ooeffioient of impact being e. Shew that 
^e former cannot have ita velocity levereed if m>em'. i 

7. A is a sphere of maaa m moving with velocity u, wid overtakes i 
B, whose maHB ia tm where e. is the coefficient of impact. Shew | 
that the velooity of B after coUision is u, and that of A ia ' 

(l-e)tt+eM'. I 

8. A, B, C ai« three balls of the same material in a. straight line. [ 
A is projected towards B with velocity w, and B afterwards collidee 
with C. Find the velooity of B after impact with C, and the final j 
velocity of C If the masses of A tuid C are given, shew that the ' 
greatest velocity will be given to C when the mass of B is a geometric ; 
mean between those of A and C. i 

9. A, B, C an three balls of the same material at reet in a straight 
line. A ia projected towards B. Shew that if the maaaes are 
equal, no second collision between A and B can take place. 

10. A eeriee of n equal balls are in a row with a coefficient of 
impact e between each pair. The first is started with velocity' u 
towards the next. Shew that the velocity of the rth ball after 
the collisiims is (1 — e)(I-t-e)''~'u/2', exoept the last, whose velocity 
is(H-e)"-"tt/2^'. ' 

11. A ball ia projected vertically upwards with velooity 80 ft. /sec.. { 
and when it is at the highest point a similar ball is projected verti- ! 
oally upwards from the same point with the same velocity. If the 
coefficient of impact is 0*6, find when each reaches the ground again. 

IS, Two equal balls impinge horizontally at a height h above 
the ground with relative velocity 2v, Shew that they reach the 
ground at a distance 2ev^/2hlg apart. 

166. Oblique Impact ofTwo Smooth Spheres. 

Let us next consider tlie case where tbe colliding spheres ' 
are not moving in the line joining the centres. We will use 
the following notation : 
Let «i, », be the components of velocity of m, along and 

perpendicular to the line of centres just ' 
before impact. I 
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Let tit, V, be correaponding componenta for m^ 

, componentB for mj just after impact. 

, corresponding components for m^. 

, resultant velocities before impact. 

Vi'.Vj' „ „ „ after „ 

Oil, OLf „ angles the resultant velocities make with the 

line of centres before impact. 
C(i'> CC|' X angles the resultant velocities make with the 
line of centres after impact. 
These can be conveniently represented on a diagram thus : 




We vill at first suppose the spheres are frictionless, that is, 
that the impulse between them is entirely along the line 
joining the centres. 

We tlien have 

(1) Vi, V, are unaltered by the collision, for there is no 
impulse perpendicTilar to the line of centres 



(2) The total momentum along the hne of centres is un- 



or mi«| +»!(«( =m,Mj+»»tUj. 

(3) Newton's experimental law holds for the velocities along 
the line of impact 
or %'-«,'= -c{«i-«(). 
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These equatjons may, of coime, be ezpressed in tenns of 
Vi, V„ Vj', V,', OLi, a,, Oi', €L,', but if the resultant velocities 
an given in diiectaon and mBgnitnde, they must always be 
resolved in the two directions as above to write down the 
equations. 

The total loBB of kinetic energy 

= iffl,(V+V)+i»«sW+V) 

by the same working as before. 

166. Obliqnelmpact of Rough Spheres. 

When two spheres in general coUide, there is a frictional 
impulse perpendicular to the line of centres, and this impulse 
is usually assumed to be /j times the normal impulse, where /i 
is the ordinary coefficient of friction between the two bodies. 
Assuming this, the equations will be formed in the following 
way : 
(i) The momentum in each direction is unchanged; 

.'. mi«i'+mjUj'=»t,«i+m,«j (1) 

and mjpi' + m^v^'—fnjV^ + m^v^ (2) 

(ii) Newton's experimental law holds for the velocities in 
the line of centres ; 

.-. V-<--e(«,-«,) (3) 

(iii) If I is the impulse on either ball in the line of centres 

I = mi(Mi-u,') 

and the impulse at r^ht angles to this is /4I or /(^^(u, - %') ; 

.■- mi{vi-w,') = /*»»i(wi-"i') W 

These four equations are sufficient to find the component 
velocities after impact, when the velocities before impact, 



the masses, the coefficient of restitution, and coefficient of 
friction are given. 

167. Impact a^^ainst a Fixed Pluie. 

In the cases considered above, two spheres were colliding. 
If we suppose one of these spheiea to increase indefinitely in 
aize and mass, we reach ultimately the case of a sphere imping- 
ing against a fixed plane. In this case the equation of momeo- 
tum will drop out, but Newton's experimental equation will 
still hold for the velocity perpendicuiar to the plane. We 
need not, of course, deduce our equations from the former 
case, but will form them afresh in the same way. 

Let w, w be the component of velocity perpendicular and 
parallel to the plane before impact, and u', «' the components 
after impact. 

As u is necessarily towards the wall, and u' away from it, 
we will measure these components as positive when ii) opposite 
directions, so that we may represent the velocities thus : 




If there is no frictioiial impulse, v is unchanged by the 
impact, but u is reversed in direction and diminished in magni- 
tude Eio tJiat i/ = v 
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3. An elaatic ball is let drop on to a horizontal plane. At a 
height of ft. above the plane the vclocitj is 32 ft./sec. in falling 
and 18 ft./aec. on rising. Find the coefficient of impact, and prove 
that after the next impact it will not reaoh the lieight of ft. 

4. A particle is projected from a point on a smooth horizontal 
piano with vplocity V at an elevation tt, and continues to rebound. 
Shew that the range between the nth and (n+l)lh impacts is 
Ve'sin 2«./!f, and hence that the total horizontal dielance travelled 
before rebounding ceases in Vain 2a. /g (I — e), and the time during 
which it is rebounding is 2V sin a.lg{l - e), 

6. A particle after falling from reet through a distance h strikes 
a smooth plane inclined at an angle i to the horizontal. If the 
coefficient of impact is e, prove that the ruige between the first 
and second impacts is 4Ae ( 1 + e) sin t. 

6. A particle after falling from rest through A feet strikes a smooth 
plane of inclination 30^ and rebounds, striking the plane again 
A feet lower down ; prove that e=0-37 nearly, 

7. A ball mosinj? at nn^e of 45° with the normal to a rough 
plane impinges on the plane and rebounds. If e=i and fi=i, 
shew that after the impact the direction of motion again makes 
the angle 45° with the normal and the velocity is half of what it 
was before the collision, 

8. Shew that If a body reboimds from a rough plane, making 
the angle of reflexion equal to the angle of incidence, theeo angles 



9. A ball is projected with velocity 48 ft/sec. at elevation 15°, 
and, after striking a smooth vertical wall at a distance of 12 feet, 
returns to the point of projection. Prove that e=0'5. 

10, A ball is projected with velocity V at an elevation a., and, 
after striking a smooth vertical wall at a distance a, returns to 
the point of projection. Prove that 

[ia(l + e)=«V'sin2oL. 
Shew that it will also return to the starting point if projected 
at the coroplementory elevation. 
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1. A bod; A impingeB directly on another B at reet If the 
mosi of B, the kineuo enoigy of A, and the csoeScient of n«titiiti<Hi 
•re given, shew that tito v^ocity of B afteqr impact is greatest when 
the DIMS of A is equal to the maw <tf B. 

£. A cylinder of masa M fits a hole bored centrally in onothMT 
cylinder <rf mass M' ao that Uiere is a constant reeistaooe F to their 
relative motion. A mage m impingee axially on the end of M with 
velocity v. Assuming the initial motion of M is the same as if 
M' were not presnnt, and taking a coofiiciont of reetitution e, find 
thn subsequent displacemeat of M relative to Ni' (which it is pot 
supposed to leave). 

3. A mans m, impinges directly on a maas m, at rest, the coefficient 
of resUtuticm being e. Shew that after impact 

(i) m, continues to move in the same directi<Hi if inj>«mj, 
(ii) the momentum of tn, is the greater if in,>m,(l + 2e), 
(iii) the kinetic energy of mi is the greater if 



«m, >ni,{l+49+^+(l +«)^/l+6«^-e*f, 
or 2m,<;msJl + 4«+e*-(l+B)v'l+6«+^. 

4, A ball is jH^jected alcHig a smooth horizimt^l tabb witJi vslooitj 
u nM'mal to a wall, and impinges direoUy on a similar bail ^t rest 
between it and the walL 

It the coeiBcient of restitution between the two balls, and aJao 
between the ball and the walls, are each t, prove that if the velocity 
of the first ball is never reversed, its velocities before successive 
impacts are given by 

2i*.4.s-(l-e)'i(,t, + S«*B,=0. 
Hence prove tJiat the velocity will not be tevermd if 
l_6e + e»>0. 

5. Three equal and similar balls A, B, C lie on a smooth table 
with their centres in a straight line. A is projeefed directly towards 
B. The final vdoolty of C is ^ of tJie imtial vdocity of A. Shew 
that the coefficient of restitution is {. 

9. tf two particles of masses m, m' moving witA v^ooities w, ff 
impinge directly, prove that the condition that each loses the 
same amount of kinetic energy is 

(3+«)(mti+mV)+{l-e)(inr'+m'o)=0. 
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V. A amall ball hongs Huspended by a string of length I and ie 
in contact with a vcrtJc^l wall. Tiw ball is pulled back so that 
the stijng makefl an angle $ With the Tertioal Ui a plane normal 
to the wall and let ga QIthi that the ooeffiotrait of leetitution 
is e, shew that the angular ampUtude of the rebound after n impacts 
ia 2ain-'^«"Bm|Y 

8. Two balb of maaaes I and 3 lbs. are connected by an elastic 
string of modnlua 10 lbe.-wt., and held apart no that the length 
of the Btring is 1 ft. If the natural length of the string is 6 iachex, 
fitid the TeTooities they poeseee when they collide, and, if the co- 
efficient of restitution is OS, Snd their velooitiee ^ter impact, and 
the malimum leugth of string after the fit^t impact. . 

9. A small elastic sphere is projected with velocity V from the 
foot of a vortical wall, and atrikea a second parallel wall at a distant'e 
a, and after rebounding strikes the first wall at P. Show that 
the greatest height of P above the point of projection is 

10. A particle moving on a smooth horii^ontal table strikes 
alternately two smooUi vertical walls inclined at an angle 45^. 
If the coefficient of reatitution is e, and at the fourth impact the 
particle is moving perpendicnlady to the wall then struck, shew 
thate^-,^-!. 

U. A particle is projected from a point in an inclined plane, 
and at the rth impact strikes the plane perpeiidiculariy, and at 
the nth is at the point of projection. 

Provethat e"-2e'+l=0. 

12. A sphere of mass m' on a horizontal table is tied to a fixed 
pouit by a stretched inolastJo string. Another sphere of mass m 
impinges directly on it with velocity u in a diiection making an 
at^e a. with the direction of the string (produced), and is reduced 
to rest by the collision. Prove that if ti, lo are the velocities of m' 
along the perpendicular to the hnc of impact after the collision. 



and shew tliat tho kinetic energy after impact is equal to c times 
the kinetic energy before. (Assume Newton's experimental law 
to hold still.) 
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IS, Two smooth spheres of muaeB m,, tn, moTing with vdocitfeB 
«,. M, at right aoglM to one another collide. 

i'tuve that their directioiis of moticoi after impaot 
right anglee if the coefflcieat of ivatitution 

_ m,'«i + «4*i't tap a. 
in,in, («,+», tan a.) 
where a. is the angle Ui makea with the line of o<mtree. 

14. Two balls each of mass 1 lb. are placed on a smooth bonxooul 
{iUdo and connected by a light elastic string of natural kogth 
tt ft. and modulus 12 lbs. weighL The balls are drawn &put to 
a distance of 8 ft. and releaaed. Find the velocity of the balb 
when the string becomes alack, the velocity after impact, and lbs 
subsequent maximum elongation, the coefBcient uf impact bMog 05. 



\ 
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PART II. 
DYNAMICS OF RIGID BODIES. 



KINEHATI08. 

In all the previous work - we have been deaUng with the 
motion of bodies which were particles or could be treated 
aa particles. That ia to say, rotations of the body about any 
point or axis were not existent. We now proceed to examine 
some simple cases where such rotations do exist. We will 
confine ourselveB to the case where the motion is in one plane, 
and the forces act in, or parallel to, this plane. 

168. The term rigid body is intended to denote a body which 
remains unchanged in shape and size however mueh it may 
move about. Thus, any two given points in the body always 
remain at the same distance from one another. 

169. A body ia said to be moving in two dimensions or to 
be moving in one plane when a plane fixed in the body moves 
in a plane fixed in space. Different points Of the body then 
move in parallel planes. For example, if a cube slides about on 
a horizontal table with the same face always in contact with 
the table it is said to be moving in one plane. In this case 
all points of the cube move in horizontal planes. In such 
a case all points in the body in a straight line perpendicular 
to the planes of motion are moving in the same way at the 
same instant, and therefore the motion of the whole body is 
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determined by the motioD of the pcunts in any one of these 
planes. 

If a body is only capable of motion in one plane, and two 
pointe of the body which are moving in the same plane are 
placed in fixed pomtions, the whole body ie fixed ; if only one 
was placed in a lixed position the body would still be capable 
of rotation about an axis through that point. Hence if the 
diaplacementa of two such points in the body are given it 
should be possible to deduce the displacement of every point. 
We shall shew immediately that this can be done graphically. 

170. Tnuulation and Rotation. 

A translation is a displacement of a body in which every 
point moves through equal and parallel distances, 

Anij displaceinerU in one plane of a rigid body other than a 
IranxUtlion can be produced by the rotation of the body about 
some point. 




To prove this let A, B be two points in the body in its first 
position, and A', B' the positions after the displacements. 
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We have seen that the position of the body is fixed completely 
by these two points. 

Bisect AA' and BB' at right angles by Unes meeting in O. 
I£ O is at a finite distance the triangles OAB, OA'B' are con- 
gruent, and hence O is the same point relative to the body in 
the two positions ; that is to say, if O is in the body, it is the 
same point of the body in each position ; if O is outside the 
body, the body may be conceived aa indefinitely extended, or 
O may be thought of as connected to the body by two wires, 
and when the body moves from one position to the other 
O remains fixed, and the body would be brought from the 
old position to the new by a rotation about O. Since the 
angles OAB, OA'B' are equal, so also are the angles OAA', OBB', 
or in such a rotation any two points such as A, B undergo the 
same angular displacement. 

If AA' and BB' are parallel, the perpendicular bisectors are 
either parallel or coincident, and two cases thus arise which 
may bj represented thus (remembering that AB = A'B') ; B* 



In the first case O is at infinity and the displacements 
AA', BB' arc themselves equal and parallel, and every other 
point will also move the same distance in the same direcUbn. 
This is a motion of translation only. 

In the second case AA', BB' are paraUel but not equal, 
and the intersection of AB and A'B' is the point satisfying 
the condition that a rotation of the body about it wiU bring 
AB into the position A'B', and therefore the whole body into 
its new position. 
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171. Oombination of Translation and Kotation- 

The diijAacement of a rigid body may also be reptexnted 
by a rotation about any luaumed point together with a Irandalion 
of the body as a lehole. 

For in Fig. 139, with the former letters, let C be a third point, 
aod suppose it is required to represent the displacemeDt by a 
translation of the whole together with the rotation about C, 
and l«t C be the new position o( C. 




By a translation of the whole CAB comes to C'A^B,, then 
since CA'=CA, by a rotation about C, A, cftn be brought 
to A', and consequently the two points C and A having come 
into their positions, the whole body is now in its new 
position. 

Further, the angle of rotation about C in this case is the 
same as the rotation about O in the previous representation. 

For in the rotation about O the lines OC, CA have come 
into the position OC, C'A'. hence the rotation about O is 
measured by the angle COC', and since 
z.OCA=OC'A' 
i.COC' = angle between CA and C'A'. 
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In the rotation about C, C'A, comes to C'A' ; therefore the 
angle of lotation is AC'A', which is equal to the angle between 
CA and C'A'. Hence the angle of rotation is the same in both 
cases, and this at^le may also be espreased as the angle 
through which any line in the body turns as the body passes 
from one position to the other. 

Consequently, it docs not matter what point like C (or 
base-poirU as it is frequently termed), is selected aa the centre 
of the rotation which combined with a translation gives the 
complete displacement, the angular rotation is the same for 
all such points. The magnitude and direction of the translation 
depend, on the other hand, on the base point selected. 

1^ InstantaneouB Centre. 

If we consider the angles described and the displacements 
effected in the above manner in a short time, we arrive at 
the result that any motion at any instant, except a motion of 
translation, may be thought of aa an angular velocity about 
an instantaneous centre of rotation, or as an ai^ular velocity 
about any assumed point combined with a velocity of transla- 
tion as a whole, and that, whatever the assumed point, the 
angular velocity in all such representations of the motion is 
the same, and may be called the angular velocity of the body. 

It is generally convenient in dynamical discussions, when 
treating the motion as a combination of translational and 
angular velocities, to take the centre of mass as the assumed 
point. The reason will be seen when we come to the con- 
sideration of the forces acting. 

173. When a body moves in a plane the instantaneous 
centre in general will also move in the plane, and also in 
the body, that is, fresh pointa of the body may become in- 
stantaneous centres from time to time. If the instantaneous 
centre remains fixed both in the body and space, the body is 
said to be rotating about a iized point, ae when a rod is hung 



KDTEMATJCS 



QOl 



if A had a component yclopity in the iiorizon^l 4ir^4i>iW it 
would be eliding along the road, and if it b^^ a pompODpQt 
vertical velocity it would leave the road. 

It ia interesting, aa illustrating the idea of the instantaneous 
centre, to compare the motion of the circle with that of a 
polygon of a large number of eidee rolling on the plane. 

In the case of the wheel it will be seen that as the wheel 
rolls along the instantaneous centre takes all positions on 
the circumference of the wheel. This locus of the instantaneous 
centre in the body is called the Body Centrode. In the same 
way the instantaneouB centre has a locus in space which is 
called the Space Cenlrode ; in the above example the space 
cent):ode is the line on which the wheel rolls. 

174. Det^miBatioB of the Instaataasoos Oenbre. 

The position of the instantaneous centre at ^y moment 
can in general be determined if the directions of the velocities 




of two separate points are known. For if is the instan- 
taneous centre, any point P must be moving at the instant 
perpendicular to OP. Conversely, as P is moving in the 
direction FT, the instantaneous centre must be on a line through 
P perpendicular to FT. If a second point P' is moving in the 
direction P'T', the instantaneous c«ntre must be on a line 
through P' perpendicular to P'T'. The intersection of these 
two Unes will give the instantaneous centre. 
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If the liiie.1 PO. P'O' in Fig. U2 are parallel, the iiist«ntsneo(B 
centra la at infinity, and the motion at the instant is one c& 
pure translation. 



\ 



If the lines PO, P'O coincide as in Fig. 1-13, the instantaneous 
centre cannot be deduced from the directions alone, but the 
direction oi the motion of another point not on the-line PP' 
will be required to determine the instantaneous centre ; or 
it can be determined from the velocities of P and P* alone if 
the magnitude of these velocities are given, for if v, v' axe 
these velocities, and u is the ai^lar velocity about tbe 
instantaneous centre O in PP' 

it=OP.<u 
l/ = OP'u 

— 1 = ^, giving the position of O. 

As an example, suppose a rod AB moves with its ends always 
constrained to slide along two straight lines at right angles. 
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Jhe instantaDeous cectre O is at the intersection of the per- 
•endiculars at A and B to the straight hnes. 
175. As we have seen, the motion at any instant may be 
-' jbought of as an angular velocity about any assumed base 
point combined Vrith a velocity of translation of the body as a 
whole. Usually the centre of mass is chosen as the base point. 




Fia. ui. 
Let u, V be the component velocities parallel to fixed axes 
Ox and Oy of G (the centre of mass), 
<o be the angular velocity, 
r be the distance of any other point from Q, 
then the velocity of P relative to is rtu perpendicular to GP, 
and its components parallel to Ox and Oy aie 

/. the components of the velocity of P relative to O are 



V + rto cos V. 
If 3^, y' are the coordinat«s of P relative to G, the component 
velocities can be written 

w - lay', V + ttix'. 

The cooTdinates relative to G of the instantaneous centre 
can therefore be found by putting these two velocities zero, or 
w -<«»/' = 01 

giving x" = -«/<u 

y' =»/«.. 
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Notice thftt the equatioiia shew that there is one wd only ' 
one point which Ib instsntaneoudy at rest, the case when u is 
tern being excepted. 

ExampU. A rod of length 3a aluks mtb iu ends im two atiai^t 
lioea «t right soglM. find the velocity of any point on tbe rod. 




Fio. 14S. 



Hera the centre of mass deecribee a oirole, and uince the onglee 
QAO, QOA are equal, if id is the angular velocity of the rod, <u is 
also the angulai velocity (in tbe opposite senae) of OG, and Hie 
velocity of is imu perpendicular to OG, hence i[s components 
along OA and OB are ou sin ^, -am coe 0, 

:. the component velocitice of P a 



and 



e={a-T)u>aii 



176. Acceleration of any Point in a Rigid Body. 

If a body is rotating about a &xed axis the acceleratioo of 
any point can readily be deduced. For since all points have 




the same at^ulai velocity ai a given instant, therefore the 
rate of change of angular velocity is the same for all at 
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the same inataDt, or the angular acceleration of all points 
about the axis is the same, and may be called the angular 
acceleration of the hodj. 

Let (u = angular velocity at the instant, 

A= „ acceleration „ 

A particle at diBtance r from the axis is describing a circle, 
and its accelerations are 

u(*r along PO 
and Ar perpendicular to PO. (Sec Art. 118.) 

If the body is moving freely in the plane it will be best to 
think of its velocity as made of a velocity of translation equal 
to that of the centre of mass, and a rotation about the centre 
of mass. The acceleration of any particle will be the resultant 
of the acceleration of the centre of mass, and the acceleration 
relative to the centre of n 




If Ox, Oy are fixed axes and O the centre of mass of the 
body, a point P has, relative to the centre of mass, accelerations 

(uV along PQ, 
and Ar perpendicular to PO ; 

these are equivalent to 

- fo^ cos - Ar sin 9 along Ox, 
and - A Bin + Ar cos 9 along Oy ; 

hence, lif, g are the accelerations parallel to Ox and Oy of the 
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centre of gravity itoeU, the total acceleration of tlie point is 
equivalent to /- lAr coe 9 - Ar sin fi along Ox, 
and g-iAraiaQ + Arcoa6 along Oy. 

These may be written 

and g - -^tj + Aa;*, 

if x', if ore the coordinates of the point relative to the centre 

of maaa. 

EZAUPLES. 

1. A circular disk of radius a ia rolling aiong a straight line, 
and at a givon instant tho velocity of the ccntm ia u »nd its accelera- 
tion f. Prove that there is a point in the disk whose acceleration 
is zero, and that if r is its distance from the centre and $ the angle, 
the radius to it makes nith the perpendicular to the straight line, 
tan 0-^ »*/«/, 



S, A circular disk rolls with mufonn velocity on the inside of ' 

a circle of centre O of twice the radius of the disk. If ai is the I 

angular velocity of the centre of the disk about O, shew that the * 

angular velocity of the disk about its centre is also w, and shew I 

that any point on the circumference of the disk deecribes a straight ' 

8. A rod always touches a fixed circle, and one end moves alotu; 

a fixed tangent to the circle, prove that the oentrodce are bo^ I 
parabolas. 

A. A uniform stick ia thrown into the air, and its centre of maa ' 

moves in a vertical line, while it rotates about the centre in a vertical \ 
plane with constant angular velocity <u. If the initial velocity 

of the centre of mass ia u, and the stick is initially vertical, fii^ i 

tho velocity and acceleration at time ( of the two points at distance ] 

r from the centre. '. 



CHAPTER IL 

ROTATION ABOUT A FIXED AXIS; 
MOMENTS OF DTEBTIA. 

177. We now pass on to conaider the effect of forces on the 
motion of a body rotating about a fixed axis, and we will 
suppose the forces to act in planes perpendicular to the axis. 




Let the body of any shape be capable of rotating about a 
fixed axis through C perpendicular to the plane of the paper, 
and let the forces acting be either in the plane of the paper or 
in parallel planes. 

To determine the motion it will be necessary in the first 
plac« to consider the motion of each particle of the body, 
treating it as obeying the laws of motion in the ordinary way. 

In discussing the effects of forces on a rigid body it is neces- 
sary to use the term monM^nt frequently ; we shall therefore 
define momem first and give one theorem relating to moments. 
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178. The Moment or Torque of a force about a point X 
ia the product P . XN of the force into the perpendicular fFom 
the poiot to the line of action of the force. Geometrically, 




if AS tepresentB the totce in m^nitude, the moment about 
X is represented by twice t^e area of the triangle XAB, since 
this triangle eqnala 

1XN.AB;|P. XN. 

We will see that the moment measurea the tendency o£ a 
force to produce rotation in a rigid body about the point. 
- 179- The followii^ ia the fundamental theorem about 
momenta : 

The sum of the moments of two forces {in a plane) about any 
point {in the saine plane) is equal to the moment of their residlant 
aboia the point. 

Let P and Q bo two forces meeting at O, and X the point 
about which the momenta are taken. 




ThrOTigh X draw a line XB parallel to P, meeting the line 
of action of Q in B, and take OB to represent ft. On the 
same scile let OA represent P, and complete the parallelogram 
OACB so that OC represents the resultant R of P and Q. 
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Now, the moments of P, Q and R about X are respectively 
twice the trianglee XOA, XOB, XOC. 

Also, AXOA-ACOB=ABOC; 

.'. AX0A+AX0B=.AXOB+AS0C=AXOC, 
which proves the result for forces meeting in a point. 

The same result applies if the forces are parallel, but as 
we have not so far discussed parallel forces we will refer to 
Miy book on statics for the proof. 

Since this result is true for any two forces, by compounding 
forces continually we have the more general result : 

The man of the momente about a point of any number of 
forces is equal to the motneni of the resultant (if they have one) 
about the "point. 

In any case the sum of the moments is equal to the sum of 
the moments of any other system of forces obtained from 
the first by composition according to the parallelogram law or 
law for parallel forces. 

180. Betuming now to the rotating body (Fig. 149), 
let (i)= angular velocity of the body at time t, 

A= „ acceleration „ „ „ 
r=distance of a particle P of mass m from the axis, 
the acceleration of P will be rk perpendicular to CP and nu' 
along PC, and the forces acting on the particle at P are equiva- 
lent to mrA perpendicular to CP and nir<i^ along PC. 

Since these expressions are the exact equivalent of the 
forces acting on the particle, if X and Y are the components 
of the forces in the same directions it follows that the moment 
Xr=mHA, and consequently if we add up for all the particles 
of the body, 2mH'A = 2Xr. 

Now, the forces on the particle having been replaced by X 
and Y in the given directions, Y has no moment about C, 
and, consequently, Xr is the total moment about C of all 
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182. The quantity I or 'Emr', which thus comes into all 
questions CQncernin^ rotating bodies, ia called the Moment 
of Inertia of the body. The Moment of Inertia will be 
different for different axes of rotation, and, consequently, in 
talking about the M.I. of the body, the axis about which it 
is taken has to be specified. 

183. The equations, 

moment of forces = IA (1) 

kinetic i!nei'gy=iliu^ (2) 

axe analogous to the equations for a single particle. 
Force = m/, 
kinetic energy "^mii*, 
moment of inertia replacing mass, moment of a force or torque 
replacing force, and angular velocity and acceleration replacing 
linear velocity and acceleration. 

In the same way other equations in the motion of a particle 
have their analogue in the rotating body ; thus the equation 

impulBe = ni(v' -v), 
is replaced by 

moment of impulses = I(id'-iii), (3) 

and lu is called the angular momentum of the body just as 
mv ia called the linear momentum of the particle. 
It wDl be seen that 

angular momentum^aum of moments of linear momen- 
tum of t^e separate particles. 
for this sum of the moments of momentum 
= Sj7ir(B.r=2ffir^iii 

and the equation (3) follows in the same way as (1) ; for since 
the impulse on a particle 

•^m{v'-v) = m (no' - r<u) 

= mr(oi' - w) ; 
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Fot any displaoement the total work done by the force 
is Sud, corresponding to the total work SRs done by a Taiying 
force in the displacement of a particle. 

If the moment of the forces remains constant, this— L0 
where 6 is the total angle turned through. 

186- Having got the fundamental equations giving the 
angular acceleration in terms of the torque acting, the angular 
velocity and angle described have to be found by the same 
methods as in the case of the linear acceleration, velocity 
and distance. 

Thus the followii^ equations hold for the case of uniform 
angular acceleration : 

where w=^the initial angular velocity, 

and n>'= „ angular velocity at time (, 

0= „ angle described in I sees. 

A=> „ constant angular acceleiation. 
We have supposed tiie forces to act in directions perpen- 
dicular to the axis. The moment of a force in this case is 
obttuned thus. Let AB be th^ axis and P a force acting on 




the body in a plane perpendicular to the axis, the plane cutting 
the axis at C, and let CN be the perpendicular from C on the 
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force. The moment of the force about the axis ia P . CN, 
and the moments of difterent forces simply add together, 
paying attention to algebraic ugn. 

186. HomentB of Inertia. 

The most striking fact about the equations for rotating 
bodies is the appearance of the moment of inertia. 

This, as we have remarked, depends on tlie axis to which 
it refers, and we will consequently have to give some theoreius 
on the idatioQB between moments of inertia about different 
axes, and also some calculations of moments of inertia in 
special cases. 

187. Theorem of Parallel Axes. 

If the moment of inertia about an axis through the centre of 
mass is Ig, the moment of inertia cAout a ■paraUd axis at a 
dialatux p from this is Ig + Hj^ifM is the total mass. 

First take the case of a i^sk or lamina, and suppose that 
the axes about which the momenta are taken lie in the plane 



of the disk. Take the axis through the centre of mass Q 
as the axis of y, and a line at right angles through Q as axis 
of X. If we take another axis 0^' parallel to Qy and at a 
distance p from it, and Iq is the moment of inertia about 
Oy', we have to prove 
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Now, if X is the distance of a particle of maea m from Gy, 
its distance from Oy" JBis-p ; 

= 'Zmi? + 2mp* - 22»fcEp 
= Swm' ■\-f''2m - 2plimx. 

-lo + MpS, 
since by definition of the centre of mass, -^ — is the x 

coordinate of the centre of mass, and is therefore zero since 
the CM. is the origin ; _ 2mx 

.■. 2ma:=0. 
If the axes about which the momenta of inertia aie to be 
compared are perpendicular to the disk, and the new point 
O is at distances p, q from Gy, Gi, 

I,, = 2niOP2 = Sm{ (a: -;>)» + (y - j)»} 
= 2m (ieS + ^) + 2m(p2 + gS) _ 22m^ - 22myy 
- 2m(a;» + y*) + (p» + jS) Sm - 2p5ma; - 2y2my 
= 2m.QF« + M(p»+3S) 
= I'o + M (j)« + j«) = Is + M ■ 0Q«. 
Since as before 2nw = = 2my. 

It is evident that the result applies to the case when the 
body is a cylinder with the axis parallel to the length of the 
cylinder. For the cylinder may be thought of as divided 
into a large number of equal thin laminae whose moments 
of inertia about the axis are equal and add together. 

In fact, the proof shews that the result holds for any body 
whatsoever, for if the axis runs through the centre of mass, 
the equations, imx = 0, 2my = 

still bold, and, consequently, also the whole proof given. 
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188- The moment of inertia of a ditk about a perpendicvlat 
to its plane and meeting iiina point is the sum of the momeiilt 
of inertia of the disk about any two axes at right angles in the 
disk and intersectijig one awAhet <A O. 




For if 0:c, 0^ are two axes at right angles In the plane of 
the disk, the moment of inertia about the axis through 
perpendicular to the plane 

=2mOp2 = Sm(3r2+j^)=2nKr' + 2mya 
and Snia;^ = M.I. about Oy 

2my2 = M.I. about Oa^ 

189. To find ike relation between the M.I.'s of a disk about 
different axes in the plane of the disk and drawn through the 
same poiiU. 




Let Ox, Oy be two axes at right angles, 0^ another stiaight 
line making an angle 9 witti Ox. TlVe -^T^-oSKTiisa. ■i\ tttsim. 
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P on Of ia in the figure 

= PM-NH 

=PNco8fi-OName 
= ycoBB-xaad; 
.'. moment of inertia about Of 
= 2m{y ooa fl - a; sin d)' 
=Sm(y* C08» fl + a? sin* fl - 2iy sin fl cos fl) 
= cob' eSmy* + sin* d'^mifl - 2 sin 6 cos Q^mxy. 
This is generally written 

Aco^e + Btaif$-2F Bine coed, 
where A™2m^=M.I. about Oa;, 

B=2Mia:S=M.I. about Oy, 
F = 2mafl^, 
and F is called the product of inertia with respect to Ox, Oy, 
Hence, if the M.I.'s about two lines Ox, Off, at right angles, 
are known, and aUo the product of inertia with respect to O 
and Oy, we can write down the M.I. about any line through 
O in the plane. 

If the disk is symmetrical with respect to either Ox or Oy, 
the product of inertia will evidently vaniah ; for, if it is sym- 
metrical about Ox, corresponding to any term nhXi^, in Smxy, 
there will be another mjp^{ - y^), and these two will cancel 
one another. 

190. If the disk is not symmetrical about either axes, it 
is still possible to find a pair of rectangular axes for which 
the product of inertia vanishes, for the product of inertia 
with respect to Of, O*; is Smfij. 

Now f =OK=OH+HK 
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.'. 'SM^il~~m{xi:o&6 + yein6)(ycoe6-xan6) ' 

-=coB fl SID 6{^m^-2m3?) +(co8» fl - wn» OySmxy 
= {A - B) m e cos fl +F(coa* e -sin* 0) 
-i((A- B) sin 26 +2FCOB 2d}, 
and this is seio if 

tan2e=2F/{B-A). 

Now, whatever the values of A, B, F, it is always poa^ble 
to fiad one and only one value of 20 leas than 180° which 
will satisfy this equation, and consequently make 2m£ii=0. 

The axes for which the product of inertia vanishes are 
called principal axes of the disk. 

Hence, at any point in the disk a paic of rectai^ular axea 
exist which are principal axes. If now we take these axes 
aa the axes of x and y and call the moments about them A 
and B, supposing A>B, then the M.I. about any other line 
in the disk through O ia 

A cos' d + B sin* 8. 

Now A COS* e + B sin* = A - {A - B) ain« d, 

and since A > B, 

this expression < A. 

Also, A cos* fl + B sin* fl = (A - B) cos* + B, 

and is therefore > B ; 

.'. A and B are the greatest and least moments of inertia 
about axes through O in the disk. They will be called the 
principal momentst of ineriia at A. 

From the above propositions it will be seen that, in the 
case of a disk, if the mass of the disk, the directions of the 
principal axes at the centre of mass G are known, and also the 
magnitudes of the principal moments of inertia, it is possible 
first to find the moment of inertia about any other axis through 
Q in the plane, and then to find the moment of inertia about 
any parallel axis in the plane, and also to deduce the moment 
Qf i^^rfi™ «i.-,ut any axis perpendicular to the disk. 
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191. Galcalation of Momenta of lQertii&. 

The calculation of momenta of inertia has usually to be 
peiformcd by the integral calculus. We will give the calculus 
pToofe for a few cases, and also give alternative proofs 
without the calculus and deduce other standard cases. 

192. A Thin Uniform Rod. 

To find the moment of inertia about an axis through the 
centre and perpendicular to the length. 
(A) By calculus. 



Let AB be the rod, and let 

m = masB of rod per unit length, 
21 = whole length, 
M = total mass =»i. 21, 
PP' be an element of the rod, 

PP'=dx; 

.'. mass of PP" =mdx. 
MJ. of PP' about Oy=tndx . 3? ; 
.'. total moment 

= Smrfx . x^ 

9mP 



r 3j r^T 3' 
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(B) By algebfue methoda. 

Let the rod be divided IdIo a luge number 2n of eqns] bits 
each of mass — ; the nearer end of the r"' from the centre is 

at a distance (i- 1)- from the centre, and, conaequently, its 

" M f l\^ 

moment of inertia about the centre is s- 1 (»" - 1) - [ nearly, 

taking the distance from Uie centre as the same as the distance 
of the nearer end from the centre. 
.'. M.I. of all of one-half of the rod 

"2~sO* + 2»+ ■+"-'*) nearly 

^ MP(n-l)w(2w-l) 



=f(-a(-D- 



By making n infinite we get the true moment of inertia of 
half the rod ; this gives -^. 

The other half of the rod contributes the same moment of 
inertia, up 

and the total M.I. =^. 

193. Other Moments of Inertia deduced froin t^e 
above. 

(1) The M.I. of the rod about an axis through one end 
perpendicular to the rod is (by Art. 187) 

Mg +MP=My. 

(2) M.I. of a rectangular lamina about an axis through the 
centre perpendicular to a pair of aides. 
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If tlie sides of the laimim are 2a, 2b, and we want the moment 



of inertia aboiit the axis yOy' in the figure, we can divide the 
rectangle into Btripa parallel to xOx', and the M.I. of each atrip 

= mass of strip x .5; 

.'. total moment of inertia 



Similarlj, the M.I. about tOx' is M . .^, and by Art. 188 the 
M.I. about an axis through O perpendicular to the plane is 

The axes Ox, Oy are axes of symmetry, and therefore for 
themF=0;. 

.'. the moment of inertia about an axis through O lying 
in the plane of the disk, and making an angle 6 with Ox, is 

"(6''coB'!e+a*Biii2fl). 

(3) M.I. of a rectangnlar parallelopiped (01 cuboid) 
about an axis through its centre perpendicular to a pair of 
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If the lengths of the sides ace 2a, 26, 2c, and if the axis is 
perpendicular to the faces whooe edges aie 26, 2c (Ox in the 



\^ 



Sfifire), we can divide the paiallelopiped into laminae by 

drawing planes parallel to these faces, and the M.I. of each 

ja + c* 
of these laminae is its maHs x — s— ; . 

.'. H.I. of whole parallelopiped 

= total mass x - - 

Example 1. Prove that the M.I. of a rod about on axis through 
Uie centre and inolined at an angle 6 to the rod is !!^Bin'd, and 

deduce the H.I.'b of a paiallelogram of eidee 2a and 26, and angle 
& about ite aides. 

2, Shew that the momenta of inertia about all lines through the 
oentce of a uoiform square lamina and in its plane are equaL 

8. Shew that for linee through a comer of a aqnare in ita plane 
the M.I. \b least about the diagonal through the comer, and greatest 
about a line parallel to the other diagonal. Find these moments 
of inertia, and deduce the pioduct of inertia relative to the two 
iddes. 



4. The moments of inertia of a 
edges are M-^r- and M— ?— - 



ectangiijar lamina about ite 
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Mitangular lamina about a 

6. Find the M.L of a onboid aboat an axis through the centre 
of one faoe and parallel to an edge of that faoe. 

7. Mnd the M.L about an edge of the onboid. 

194. Moment of Inertia of a fine dicnlar wire {or hoop) 
about an axis through its centre perpendicular to ita plane, 
(or tbe axis of the circle). 

Ab all points are equally distant from the centre, the 
M.I. = Ma* if a is the radius. 

AUo, since the M.I.'a aboat any two diameters are equal, 
and the sum of the momenta of inertia about two diameters 
at right angles. is equal to the M.I. about a perpendicular 
to the plane of the wire throi^h the point of intersection 
(Art. 188), it follows that the H.I. about a diameter is M ^. 

195. M.I. of circular lamina about its axis, 
(i) Calculus proof. 

Let a=the radius, 

m = mass per unit area, 
M = total mass 
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Divide the disk into rings by concentric circles, and let f 
be the radius and dr the breadth of one of the rings. 
.*. the area of the ring is STrdr ; 
.*. its mass ie m . 2Trrdr ; 

.'. by Art. 194 its U.I. about its axis is STtnrdr . r* ; 
.'. total 11.1. of lamina 

•=22vinnlr.r< 

- O* WW* 

= 2Tm-^=m-s- 



(ii) Algebraical proof of same theorem. 
If we divide the disk into n rings of equal breadth the 
area of the r*' from the centre is 

and ito M.L about the axis is 

.-. tbe total M.L 

-Lim!^'|;(2r«-^. 

Now Lim ^.Liml!ife±i' 



\ 



..Li„'(l±>I'.Li„l(,.?+J,) 
4 «' 4\ n nV 
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Al„ Lim^.Limll<l±lH?l±i) 



=-H(-s)(-3=»' 



.'. total moment of inertia 



The M.I. about a diameter is consequently -— by the same 
argument as for the circular wire. 

196. Moment of inertia of a dtcolat cylinder about its 
axis. 

Since the cylinder can be divided into circular disks, the 
moment of inertia of each of which about the axis is 



.'. the total moment of inertia will be M — if M is the 
total mass. 

197. Moment of inertia of a ciicnlar cylinder about a 
straight iine through the centre perpendicular to the osje. 



Divide the cylinder into laminae by planes perpendicular to 
the axis. 



total momeiit of iner^ 



-(?-?)• 



Example 1. Find maximum and minimam momenta of inertia 
for a circnlor diak about lines in its plane throogh a given point 
in the plane. 



3. Find the M.I. aboat the axis of a circnlar cylinder of internal 
and external radii 10 and 12 inches and weighing 100 lbs. 

4. Find the M.L of a circular disk about a line perpendicular to 
its plane and passing throogh the circumference of the diak. 

6. Find the M.I. of a hollow cylinder about a line through its 
oentre and perpendicular to ite axia. , 

198. Moment of inertia of a Bphere about a diameter, 
nnlpijua proof. Divide the sphere into laminae by planes 
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peipendicnlar to the diameter. A plane at a distance x from 
the centre cuts the sphere in a circle of ladius -Ja?—^. 




The mass of the lamina is, therefore, 

where p is the mass per unit volume, oi density. 

The M.I. of the lamina about Ox (the axis of the lamina) ii 
by Art. 196, 



pvia^ 



z^)dx^ 



total M.I. 



Pf(= 



(.•-a.v+ji')i 


'-^4L 


...-.-) 



since the mass of b 
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Example 1. Find ibe ILL of a apbem about a tangent line. 
t. Find the H.L about 
tod internal and external 

199. RmlU proved. 

Collecting the principal results proved above, we tiave the 
foUowiDg table of momente of inertia : 

Thin rod of length 2a about an axis throogh ite cental 
perpendicular to its length = M -=-■ 

Rectangular lamina about an axis through its centre per- 
pendicular to the Bides of length 2a = M -^' 

Rectangular lamina of sides 2a, 2 ' about an axis through 

a* + i' 
its centre perpendicular to its plane = M — s— ■ 

Cuboid of edges 2a, 2b, 2c, about an axis through its centre 

parallel to the edges 2o= M ^i— . 

Circular wire of radius a about its axis Ma*. 

„ „ „ „ a diameter M --. 






a diameter M — 



„ cyluider „ „ 
Circular cylinder of radius a and length 21 about axis through 
centre of mass perpendicular to its length M (~7~ + ?)' 



1. Find the motnmt of inertia, angular momentum, and tinetio 
Boergy of a oircnlar disk of diameter 2 ft and thickness 2 ins. made 
of icon weighing 477 lbs. per cubic foot and rotating about itM axis 
160 times a minute. 

S. Find the kinetic imergy and angular momentum of a sphere 
of maaa 250 lbs. aad diameter 1 ft. rotating about a diameter 50 
times a minute. 

3. How much kinetic energy does a flywheel give up while the 
number of rotations per minute drops from 150 to 90, if it consists 
of a uniform circular disk of radius 18 inches and mass 400 lbs. 

4. In a flywheel its mass of 120 lbs. may be regarded as con- 
centrated round ita rim of circumference 66 inches. It is set spin- 
ning at 2,400 revolutionB a minute, and by Suitable gearing it is 
made to drive machinery that absorbB one horee power. For how 
long a period will the machinery bo drivai before the speed is reduced 
by one-half, maiiming that no ene^y is lost in tranamisHion. 

5. Shew that the H.I. of a uniform rectangular plate about any 
line in its plane is the same as that of four equal particles each of 
mass ^ of the whole at the angles, uid a fifth of f of the whole 
mass at the oentre. 

Shew, also, that the M.L about any line perpendicular to the 
plane is the same for the disk and for these particles. 

6. Shew that in order that two disks may have equal moments 
of inertia about all axes in their plane it is (ruffioient that 

(1) their masses ore equal, 

(2) their centres of mass coincide, 

(3) their prinoipal axes at the centre of mass coincide, 

(4) their moments of Inertia about these principal axes are 

respectively the same. 

7. Find the masses of a set of five particles, four at the middle 
points of the sides of a rectangular disk and the fifth at the centre, 
which will have the some moment of inertia about all lines in the 
plane as the disk. 



CHAPTEU III. 
ROTATION ABOUT A FIXED AXIS; TtXAMFT.BR 

200. We proved the foUowing dynamical equations foi a 
body rotating about a fixed axis : 

Ia — , L — moment of force, 
I (tu* - <d) = Q =■ moment of impulses, 
JI(<u'*-ie')=L9 = w6rk done -change in kinetic energy- 
We also have the following kinematical results for uniform 
angular acceleration : 

We will now take some examples of motion of this kind. 

201- A body ia capable of rotating about a horizontal axis 
throi^;h its centre of mass, and is acted on by the force due 
to a weight attached to a string wound round the axle and 
attached at one end to the axle. 

A useful arrangement of this kind for experiments on 
moments of inertia is shewn in the dii^^am, where a frame- 
work carries heavy weights which can be moved to difEerent 
distances along the arms. 

If these weights are ajmametrically placed on the arms, the 
centre of moss is on the axis, and the only force other than 
friction acting on the body and having a moment about the 
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axis ia the tension T of the string. Supposing friction non- 
existent or n<^gible, let 

m=the mass of the hanging weight, 

I = M.I. of rotating system, 

r=iadins of axle on which the string is wound, 

/= acceleration of hanging weight, 
and other letters as before. 




Then, fo the hanging wdght 

ntg-T=mf, (1) 

and for the rotating body, 

Tr=lA (2) 

but /=rA; (3) 

for the velocity and acceleration of the weight aie the same 
as the velocily and tangential acceleration of a point on the 
cbcumference of the axle, and the latter must=rA. 



^ 



f 
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From (I) and (2), ebminatiog T. 

mgr=lA-\-mrf { 

=IA + mf*A, 

mgr 

I + mr*' 

The above result was arrived at on the snppoeitioD that 

there was no friction, but if friction ezifitB it produces a 

torque about the axis which ia practically coDstant whatever 

the velocity of the apparatus. This torque may first be 

balanced by a weight ft hung on the string, and the expiesatHi 

for the angidar acceleration produced by the extra nlaas m 



will be 






m + (i being now the total weight, for the equations would be 

(m+ft)g-T={m + fi)f. 

Tr-Fr'-lA, 

where F is the friction acting at a distance r' from the axis, 
r' being the radius of axle on which the apparatus turns and 
which is usually less than r ; whence 

nwp'-{I + (»H-/i)f")A. 

If the eztra weight m is caught ofi after a time by an arrange- 
ment as in Atwood's machine the body will continue to rotate 
with uniform angular velocity, which may be readily measured 
by observing the time required for a number of revolutions. 

We can thus verify the kinematical equations, which will 
in this case take the form (initial velocity =0) : 
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We qan also vary the moment of inertia by shifting the 
weights along the aims, and the nearer the weights are to 
the extremities the greater the moment of inertia, and, con- 
sequently, the emallei the angle described in any time. 

If the same angle 9 is described under the action of the same 
weight m, in experiments with different moments of inertia, 
we have 1 mgP 1 tngn 

''-2l + (m + /*)t^-2r + (m+/*)f^' 
where I' is the moment of inertia in the second experiment 
and (' the time taken ; 

•• ""2 i-r 

by snbtracdng numerators and denominators of the eqoal 

'^'""' • ,.-f..?«(i_i.), (1) 

i>ow the change I -I' in the moment of inertia depending 
oily on the shift of the weights can he readily calculated 
from the results of the last chapter and the equation (1) 
verified. 

202. EflToct of Inertia of the Wheel in Atwood's 

Machine. 
Suppose a string passing over a pulley, as in Atwood's 
machine. If the pulley turns with the string bo that no 
slipping takes place, there is friction between string and 
pulley, and the tensions of the two portions of the string will 
not be the same. 

If the acceleration of each weight is /, the angular accelera- 
tion of the pulley is ^, and the equations of motion are 

for m mg -T^mf, (1) 

„ m' V-m'g = m'f, (2) 

„ pulley (T-T>=I'^; (3) 
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multiply (1) and (2) by r, ancl tuld tiie three equations - 
(m-m')gr=Um + m')r + ~\f, 
. (ro-m')g 



4f 



"III/ 



Fm. 168. 

sliewing that the inertia of the wheel can be allowed for by 

a correction to the denominator of the expresdon ^ "' "' g, 

which would be the acceleration if the inertia of the wheel 
is neglected. 
If the pulley is a uniform disk of mass M, 



If it ia a wheel with its mass practically concentrated along 

the circumference, \ 



Usually -s is small compared with v 
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Example. ProTe that 

-r ""•t^" 

203. Second Method of Treatmeat of Atwood'a Machine, — by 

Energy. 
Supposing the apparatus to start from reat, after the weight 
ni has fallen a distance s let its velocity be v, the angular 

velocity of the wheel is then -, and the total kinetic energy 

the loss of potential energy is 

mgs - m'gs = (t» - m')gt ; 

.'. Um + m' + ^jffi = (m-m')gs, 

shewing that we get a relation of the form holding for uniform 
acceleration t^^fy^ 

204. The Torsion Pendnlimi. 

If a bar AB hangs horizontally, supported by a wire at its 
middle point, it can oscillate in the horizontal plane it dis- 
placed from the position of eqnihbrinm. The apparatus is 
consequently called a torsion pendulum. Weights C, D, can 
be moved along the bar to any position in order to alter the 
moment of inertia. 
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Id a podtion of equilibnam there is no torsion (twist) in 



the wire, but if the bar is Totat«d in the honzontal plane, "l 



the win is twisted and a couple is brought into action on 



no. 104. 
account of this twist which tends to restore the bar to its 
equilibrium podtion. This couple is found ezperimentally to 
be proportional to the angular displacement 6 ; we can 
therefore represent the couple hj t0, where r is a constant 
depending on the natnre, lei^h, and diameter of the wire. 
The equation of motion is therefore 

IA=-T^, 

where I = moment of inertia about the axis of the wire ; 



. . A = - jO, 

We consequentiy have the angular acceleration proportional 
to the angular displacement and in the opposite direction, 
hence the equation corresponds eicactly to tiie equation for 
simple harmonic motion, and we can say at once the solution 
is of exactly the same form, namely, 

and the oscillations have a period 

being strictiy isochronous. 
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If ve make two experimeiita, in the secoDd of which the 
we^tA have been shifted a oarefnlly observed amount so aa 
to alter the moment of inerlaa to I' and the period to T', 




i=(r-i) 



and this gives a method of determining experimentally the 
moment of inertia of snch a vibiatiiig system, for the diifereoce 
I'-I is readily calculable from the previous (emits, it the 
movable weights are accuiatdy made hollow oylindets. 

For eumple, if the moment of inertia of an irregular disk 
about an axis through its centre of mau and perpendicular 
to its plane is required, we could attach it horizontally with 
its centre of mass at the middle point of the rod, and determine 
in the above way the total moment of inertia of the system ; 
we can also determine in the same way the moment of inertia 
with the disk removed, and the diSerenoe of the two will give 
the moment of inertia of the disk itself. 

206. 717-wheelB. 

The action of a fly-wheel may be ezplfuned as depending 
on the equation 

■ J I (ni'> -»>*) = change in energy. 

In the steam engine we have reciprocating motion of the 
piston transformed by means of the crank and connecting 
rod into a (»icular motion of the azle, and then by belts 
energy may be transmitted to the machines in which it is 
made use of. In the ronning of the engines there will always 



338 ELEMENTARY DYNAMICS 

be in^uUrity in the rate at which energy ia supplied and 
uaed. For example, if the supi^y of enei^ increased witiioat 
a corresponding increase in the demand, tlte increase in the 
supply (if there were do fly-wheel) would cause all the moving 
parte to move much more rapidly, and ao the machinery 




would ran very unevenly. But if there is a l^ fly-wheel 
a large amount of the extra supply of energy wiU be taken 
up in making it rotate more rapidly, and if the moment of 
inertia is very big the change «'* - m* will be correspondingly 
small, and the smaller, the bigger is the moment of inertia. 
Hence a fly-wheel can be looked on aa a part of the engine 
which acta as a reservoir of energy, storing it up when more 
than the average quantity ia being supplied, and giving it 
out f^;ain when less is being supplied or more being used up. 

Another way of putting it is that sudden changes in the 
driving force or resistancee are equivalent to impulses acting, 
which produce sudden changes in the velocity, including, of 
course, the angular velocity of the rotating parts. Now the 
moment of the impulses = 1(01' -u) where lu'-iu is the change 
in angular velocity. Hence for given impulses the change 
in angular velocity will be the smaller the bigger the moment 
of inertia of the fly-wheel, or the bigger the moment of inertia 
tie more evenly will the machinery work. 

It will be remembered that energy is used up in the first 
place by the fly-wheel in getting up speed, but when once a 
imiform velocity is attained, no further energy is spent on 
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the fly-wheel except what is required to oreicotne the friction 
at the beaiinga of the Bxle. 

206. The Compound Fendnliini. 

Any ordinary pendulum is called a compound pendalom in 
distinction from the simple pendulum, which, we have seen, 
is a purely ideal conception.' If we take any rigid body and 
support it 80 that it can oscillate about a horizontal axis it 




will be called a compound pendulum. Let the figure repre- 
sent any compound pendulum, the axis passing through C 
and. being perpendicular to the plane of the paper. Let G 
be the centre of mass, and let the plane of the paper contain Q. 
The forces acting on the body are the weight Mg through 
G, and a reaction at C which we can represent if required by 
componente X, Y along and perpendicular to CO. 
Let CG=A, 

6 = angle CO makes with the vertical at any time, 
A = angular acceleration. 
The only moment about C is the moment of the weight, 
which =Mgkwid; 

.-. IA= 'tAgheind. 
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U ■ kipk maQ alw»7i, 

IA--)tsM, 

utd the angular acceleration ia proportional to the angulftr 
diaplacement, and consequently the motaoD ia ample hai- 
mouie with a, period r-r- 

Of coarse, the approximation to simple humonic motion 
is exactly the same as in the simple pendulom. 

Now let the moment of inertia about the axis through 
perpendicular to the plane of the figure be represented by Ml^; 
.-. I = M(A* + AS) 



--V^ 



il-jir 

— Y — is called the length of the equivalent rample pendulum, 

for a simple pendulum of this length will have the same time 
of oacUlatioD as the compound pendulum. 
Put then }i? + h* 

aud suppose CO = I ; 

;. GO=.I-i; 
.■. F=CQ.QO. 
If the pendulum was now dismounted and made to swing 
about an axitt through O, the length of the equivalent eimple 
pendulum would be 

f + ji-A)' Hl-i) + {l-hy 
l-h '" l-h 

~.i + (l-h).h 
or the same as before. Thiis the times about the axes through 
C and O ■'. 
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Gonvetsely, If we can find parallel axes Buch that the times 
of oflcillation about them are the same, that the ceotre of 
mass lies in the plane of tiie two axes between t^em and at 
unequal distancee from them, then the distance between the 
parallel axes is the length of tiie equivalent simjde pendulum 
for this time of OBcillation. 

It is necessary to notice that the centre of mass must not 
be midway between the axes, for then the times of oscillation 
about them would be the same whatever distance the axes 
were apart. 

This fact (proved by Huygens) is made use of in Eater's 
penddlum for the accurate determination of g. 

A pendulum is made with two knife edges C and O on 
opposite sides (A the centre of mass, a weight W can be moved 



■fi ° 3 Q 



along the bar of the pendulum by a screw, and the experiment 
consists in adjusting the weight until the observed times of 
oscillation about C and O are the same. The distance CO 
is then the length of the equivalent simple pendulum for the 
observed time of oscillation. Hence, having found the lengtii 
I and tiie time T, we have 



'/,. 



4ir'I 

We need not discuss the details of the experiments, for 
which we will refer to Poynting and Thomson's Properties 
of Matter, p. 12. 

It is necessary to remark that when an ordinary pendulum 
is set swinging, the principal reason for its conunic +'^ »«* 
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gndtwlly is the oil Ksistance, and this has to be allowed 
oc the experiment has to be performed in vacuo, as it ofUn I 
is. ^ere may be a minute frictional torque at t^e sopporte 
which also tends to stop it, but in a good pendulum with steel '. 
knife edgee testing on agate planes this is evanescent. 

Examjie I. Find Vba time of oeoillaUon and lMiji;th of eqnivalent 1 
■imple pendulum for a thin rod 1 metre long enringing about a 
horiiontal axis through one end. I 

8, Find Uie same if the rod is a metre long and the section is 
a square whose side is 2 oms. 

3. Find the time of osoiilatjon uid the length of the equivalent 
simple pendulum for a praidulam consiating of a heavy sphere of 
radius 4 cms. supported oy a string of negligible weight, the centre 
of the sphere being 1 metre below the point of suspension. 

207- Reaction at the Axis. 

If the angular velocity at any moment is »*, and angular 

acceleration A, the aocderstions of the centre of mass are 

M and AA along and perpendicular to GC (see Fig. 166). 

Hence we have the following : 

alongOC. tA<M=-X-Mg COB e; \ 

perpendicular to QC, MAA=Y-M(7Bin0; 

giving X and Y when the angul&r velocity and acceleration 

are known. 

If the pendulum is started from rest with CQ at any given 

angle a with the vertical, the angular velocity in any poeition 

can be detemuned by the principle of energy. For the loss . 

ofP.E. is M(;A(cosd-cosa), and the gun in K.E.=fIw', 

^Iw'' = MjA(co8e-coaa), ^ 

, 2Mffh, -, . ^ 

<"*=-^(oosfl-coaa), | 

also we found that A--^sinft J 
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208. Cenire of Percussitm. 

If a pendulimi ia hanging at reat, and is struck a horizontal 
blow whoee impulse is P at a dietance x from the axis of bus- 
pension, there will be in general an impulsive 
reaction at the axis. 

If the pendulum begioa to more with angular 
velocity ui, and the impulse on the axis is Y 
(which must be horizontal), we have 
resultant impulse 
moment of impulse = Pa; => 






Px 




Mkc\ 

-r)' 






hence the reaction at the axis is zero, if 
X = IlNih. 

I M(F + A«) ^ A' + A' ^, 
Mk MA h 

= the length of the equivalent simple pendulum. 
Hence, if the line of action of the blow paases through the 
centre of oscillation of the pendulum there Is no jar on the 
axis. 

The centre of oscillation has; therefore, also got the name 
of the centre of percussion. 

209. The Ballistic Fendnlnm. 

An important use has been made of a pendulum with a 
massive bob and considerable time of swing to determine the 
velocity of rifle bullets. The bob is sometimes made in the 
shape of a hollow iron cylinder closed at one end, and with 
a block of wood inserted in the hollow. Let a bullet of mass 
n» moving with velocity v strike the pendulum in a horizontal 
line through the centre of oscillation and rem 
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Id the above, M, I, and T maj be taken aa tlie quantitdea 
relating to the pendulum itself before the bullet k embedded 
in it, the errors ao made being small. 

The bnllistic pendulum method of deternuning the velocity 
of a bullet is no longer used, being replaced by chronogiaph 
methods giving the instants at which a bullet is st measured 
distances from the gun. 

EXAUPLES. 

1. A door 3 font wide weighs lOO lbs. What constant fcnw 
would have to be applied 30 inches from tiie line of hiiwee, and 
idwajB perpendicolar to the doer, to turn it Uirough a ri^t angle 
in 2 sees. &om rest T Find, also, the angular Telocity and kinetic 
eneigj at the end of the 2 sees, [neglect friction). 

t. A door 3 ft. wide wdghs 120 lbs. What impulsive torque 
•Koald start it moving with an angular velocity of 1 md./sec ! 
If, after being started with this velocity, a constant frictional 
torque brings it to rest in 3 sees., find the magnitude of this friotional 
torque and the angle described in the 3 sees. 

3. A wheri and axle have a moment of inertia of 20 Ib.-ft*. A 
wcaght of 2 lbs. is tied to a string coiled round the axle which is 
horizontal and of diameter 6 ins. Find the angular acceleiation 
of the wheel and the time taken to make 10 revolutions from rest, 
ntq;lecting friction. 

4. A weight of 2 lbs. is attached to a string coiled round an axle 
which is horizontal and of diameter 6 ins. A constant frictional 
torque acts at the bearings. If the azk deecribes 5 revolutions 
in 10 sees, from reet, and the weight then reaches the gronnd, and 
the axle tarns through one more revolution before coming to rest, 
find the frictional torque. 

B. A wheel and axle is capable of turning about a horizontal 
axis, and a masB m, is attached to a string wound round the axle. 
If the radius of the axle is a, and the weight is found to fall a, ft. 
from rest !n f sees., and when m, is replaced hy m, a distuice «> 
is fallen from rest in I sees., find the M.I. of the wheel and axle, 
snppodng a constant frictional torque to act. 

6. An AtwDod's machine oonmsts of a v/befi of radius 3 ins., 
whose wra^t of 6 oz. may be supposed concentrated in ite circum- 
ference. If weai^ts of 12 and 16 oz. are attached to the string, 
find the acceleration of the weights 

(1) whmi friction at the axle is neglected, 

(2) if there isaconstantfrictionol torque of |oz. wt.-fL units. 
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7. A man M is Atlftohed b> raw end of & rod of length I and mass 
M per unit tength, irtiiob rutates with nnifoim angular velocity u 
on a amooth horizontal plane abont the other end, which ia fixed. 
ProvB that tbo tmuioa of the lod at a distance r &om the fixed 

8. Two partiolM of maasea 3 and 1 lb. are fixed at the mda A, B 
of a weightleM rigid rod 3 feot long capable of turning finely about 
a point O between A and B. If AO=2 ft. and 0B=1 ft, and 
the rod ia just disturbed from its position of nuBtable equilibrium, 
find the velocities of A and B when the rod is passing through the 
poeitiun of stable equilibrium. 

t. A noiform oiroular disk of mass M and radius r is loaded at 
one point of its oircumferenoe with a mass m, and can rotate about 
a frictionlees horizontal axis through its centie. If displaced 
slightly from Ae position of equilibriom, find the time of a Bmall 
OBcillatiotL. 

10. Find the time of oscillation and the length of the E.S. pen- 
dulum of a pwdulum consisting of a weightless string 6 ft. long 
to which ia attached an iron sphere 6 ilia, diameter. (Take 9=32-18.) 

11. Find the time of oeciltatiou of a pendolum consisting of a 
uniform bar of length 100 cms. and oroBS section a square of aide 
2 ems., the axis of snspensitm being throiuh the centre of a section 
and parallel to aa edge of the section, uid at a distance of 10 cms. 
£rom the end. 

What would tiie calculated time be if the thickness of the red 
were neglected f (Take jr=980.] 

12. A heav7 thin uniform rod of length 3 ft and weight 10 lbs. 
can rotate about a horizontal axis through one end. If it is struck 
a blow through the centre of oscillation which causes it to jost 
make complete revolutions, find the initial Euigalar velocity and 
the impulse of the blow. 

13. A pendulum consists of a thin uniform bar 4 ft long and 
weighing 6 lbs., the axis of rotation being at one end. Find the 
honiontol impulse which must be given to it at the centre of per- 
cussion when at rest to make it just describe complete circles, 
neglecting friction. Find, also, the direction and magnitude of 
the reaction at the axis when it is 

(1) vertically downwards, 

(2) vertically upwards, 

(3) horizon toL 

14. The pendulum of the last qneetion is struck a horizontal 
blow through the centre of mass to give it the same Migular velocity 
as in that example. Find the magnitude of the impulse and the 
impulsive reaction at the axis of suapension. 
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16. The motion of r door is resisted by a constant Motion couple, 
and it is found that a constant force of 4 Ibs.-wt., perpendicular 
to the door, acting 2} feet from the line of hinges, causes it to describe 
a right angle in 2 sees., while, if applied at a distance of 3 ft., it 
causes it to describe a right angle in 1-S eeos. Pind the moment 
of inertia of the door and the magnitude of the Mctional torque. 

. 16. The mass of a wheel weighing 40 lbs. may be considered 
as oonoenti«tod in a oirole of 18 ins. in diamet«r. What is its 
kinetio energy when rotating at 1 revolution per sec., and what 
impuleiTe torqne would produce this velocity from rest I 

With what pressure should a brake press on the axle whose 
radius ia 2 ins. m order to stop the wheel in (1) 3 sacs., (2) 3 revoln- 
tioDB, if the coef&oient of friction is 0-3 I 

17. A ballistic pendulum has a mass of 80 lbs. and moment of 
inertia 1000 lbs.-ft*. about ita axis of suspension. Ite time of 
oscillation is 2-2 sees. A bullet of mass 2 oz. is fired horizontaUy 
into it in a line throng the centre of oscillation, and the pendulum 
awicgs through 16°. Find 

(1) the length of the equivalent simple pendulum, 

(2) the distance of the centre of mass boat the axis of sus- 

pension, 

(3) the initial angular velocity of the pendulum, 

(4) the velocity oi the bullet. 

18. A ballistic pendulum weighs 100 lbs., and the lei^h of ite 
equivalent simple pendulum is 7 -2 feet. A force of 60 lbs. applied 
horizoatallf at the centre of oscillation defiects it through an angle 
of 31° (tan 3l°»0-6). A shot of weight 2 oz., moving at 
2400 tb-leeo., strikes it at the centre of oscillation and remains 
embedded in it. Find through what angle the pendulum will swing. 

19. A rod of weight 2 kgms. and length 60 cms., whose tJuokness 
may be neglected, ia suspended by a wire through its centre, and 
can oscillate in a horizontal plane. If a torque of ^V of ^ kgm.-wt.- 
metre unit is required to turn it through 00°, find the time of a 
small oscillation. 

20. A thin uniform rod of length 21 and mass M con turn freely 
about a vertical axis through ite centre and perpendicular to its 
length. To the ends are attached two horizontal strings which 
pass in opposite directions over pulleys, and to which equal weighta 
are attached. If the rod ia displai^ed shghtly from its position of 
equilibrium, find the time of oscillation. (Assume the pulleys so 
far oS that the striiws are always in the same direction and the 
tension remains equal to the tension in the equilibrium position.) 

Obtain a numerical result when 

M=61b8., m=21be., I=4ft. 
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We hftve proved that the accelentiona are 
/-nAcoaB-TAaad, 
g-nfanO+rAooed; 

.'. X-m(f~-n^ofxQ-TAmne). (1) 

Y^mis-nAaner+AcoBd). , (2) 

The moment about O of the forces on m is 

L-Y.ON- X.PN = Y(i + rcoBl9J- X(^-¥TKaQ) 
= -m(y+rHmfl)(/-fiii*coBfl-»'A8m6) 

+ m(i + rcoBfl){j-ri.i'Bin9+rAcoefl) (3) 

Now, if we add up for the whole body, 
2mr cos = 2in*=0, 
since r cob 9 or as ifi the coordinate of P relative to Q ; 
also, Zmrnnd-Smy-'O; 

hence, from (1), 2x = 2m/>=/2m=M/, 

„ (2), 2Y = 2»ij«=Mjf. 

Note that in all the following summatione x, y, f, g, which 
refer to the centre of mass, can be taken in front of the sum- 
mation sign. 

From (3),2L=-2m(y+fsinfl)(/-r«»C08fl-rA8ine) 
+J:m{x+rcoa6){g--rb^iaaO + Tkcoa6) 
= Sm (ij - r*ii^ cos sin + t*A cos* 6) 
- 2m (S^ - r*<i» cos 9 sin - r*A dn' 0), 
the remaining terms vanishing. 

.-. 2L=Sm(^-y/) + 2mr*A 
= ^ - y/) 2m + A2»?m* 
=M{»?-y/) + lA, 
where I is the M.I. about an axis through the CM. perpen- 
dicular to the plane. 
Thus the equations are : 

M/-»,l (4) 

%-»■. } (5) 

M(^-y/) + lA.rL,J (6) 
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as before (Art. 180) in 2X, Sv, 2L only tte external forces 
appear, the internal reactions cancelling one another. 

211. If we take O at the instantaneous position of the 
centre of mass, x, y are zero, and 

IA=£L; (7) 

thus the equation for the angular acceleration about the 
centre of mass is independent of the motion of the centre 
of mass ; in other words, the equation is the same as if the 
C.H. were a fixed point. 

The equations are now in their simplest form 
M/= SX, Mff = 2Y, lA = XL. 

Of these, (4) and (5) had been obtained before in Art. 81, 
and shew that in any case the centre of mass moves as if all the 
mass were collected there, and the forces were transferred to 
act at the centre of mass parallel to their original directions. 

212. Energy of a Bigid Body Moving in a Plane. 
If M, V are the components of the velocity of the centre of 

mass, the velocities of P are 

u-m Bind parallel to Ox, v+rtucosO parallel toOyi 




FIQ. 171. 

. '. tiie total Idnetic energy is 

i 2m ( {« - ro. Bin fl)* + (u + TO 

= JM{w* + t;») + iIo^, 
unce 2mr sin 0=0 = Swir ■ 



cos 0)*} 
sin 6 - WW CI 
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ksnoe ths kiiMtw ene^y may be i^arded aa oompoeed of 
two pwta: 

(i) lM(t^4ii*), Tliicb is the E.E. the body would have if 
collected at its centre of mass and moving with the velocity 
of the centre of mass. 

(ii) JIm*, which is the K.B. which it would have if lotating 
about the C.H. as a fixed point. 

These two parts of the^ldnetic energy are spoken of aa the 
kinetic ene^y of translation and rotation respectively. 

ExampUt of Motion in a Plane. 

213. A red has a weightleM titreod wound round it, and the 
thread being Aeld fieed at one end, the reel fails in a vertical 
plane, its tuw remaining horisonidl, find the motion. 




The extremity of the hoiizontal diameter is the instan- 
taneous centre, and if the velocity of the C.H. is v at any 
moment, the ai^ular velocity of the reel is - ; benoe, also, 
if/iB the acceleration of the CM., 

i- is the aogular acceleration. 
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The eqaalaons are : 
vertically, 

momenta about O, 



M/=M?-T;1 
lUa; I 



. Nl/a + l-'-=Mga; 



Ma + 



Ma* + 1' 



If the reel is a unifonn cylinder, 
I = M(iV2, 

T = M(i/-/) = M3/3. 

214. Find the accderalion of a circular disk (or cylinder) 
roUing dotvn an inclined -plane wilJiout sliding. 
Let u. ~ inclination of plane to horizon, 

/= acceleration down plane, 

- =angulaT acceleration about the CM., 

R=the normal reaction, 
F = the friction. 
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The equatiotu u« : 
resolving along the plane, M/=Mf sina-F; (1) 

momenta about Q, I- = Fa; (2) 

. ■ . M/ffl + li •• Mpo sin a ; 

, Ma 
■ /= — ■ ■j- gaina 

(3> 

Foi a circulai disk or cylinder, 

I = Ma>/2; 
.-. /=|i7aina. 
The {rictioQ and normal reaction can now be found. 
From (1), F= - M/+M.9sina = JMysinct, 

Resolving perpendicular to the plane, 

R = My cos a j 

■'. p = 3tana- 

215, The body in the last example consequently rolls down 
if the coefficient of friction is as great as ^ tan a. If the 
coefficient of friction were leas than this, the body would slide 
as well as rotate. 

If the body instead of being a cylinder is a sphere, the 
equations (1), (2), (3) hold, but 

. I=M2aV5. 
/=4?sinoL 

If, in the case of the cylinder, the coefficient of friction is 
less than J tan o., the body will elide and rotate. There is 
now no connection between the angular and linear velocity, 
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but instead we have the relation between the friction and 

normal reaction ; thus, if the coefficient of friction is (i, we 

have, forming; the equations in the same way as before, 

lAf=Wgs\na.-iiH,\ 

•» M J cos a - R, 

lA=/<Ra; 

■"• /=?(sina-/ico8a), 

fMga COB a. 

and for the disk or cylinder, 

A = -J-icna n. 




« 1. Find the kinetic energy of (a) a uniform cylinder 
or disk, (6) a sphere, roUing along a horizontal plane, and determine 
the fraction of this which ~'~ 
rotational 



right angles. If the angular velo- 
city of the rod at a given instant 
is (a, find the velocity of the centre 
of mass and the kinetic energy of 
the rod. 

8. If in Example 2 the Ime Oy 
is vertical, and titere ia no friction _ 
(a rod sliding down with its ends O 
on smooth horizontal and vertical 
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alwDt the CM. (Theie can be do component velocity along 
AB, as there ia no impulse in that ditectioD.) 

Hence P = Mu, 

giving V and w. f' = '"•- 

Now the rod may bo thought of as moving initially about 
some instantaneous centre which must be in the line AB, 
mnce Q ia moving perpendicularly to AB, If the distance of 
this point from the centre towards B is x, then 

- iM = (hehig the velocity of the point) ; 
P Pi 



"^'"^'l 



Or the instantaneous centre ia the centre of oscillation 
corresponding to a centre of suspension at the end struck. 

218. A rod of length 21 has small rings attacked to Us two 

etids which slide on two smooth wires at right angles. If it 
makes an angle 6 toith one of them and is struck a bloiv, at its centre 
ofimputse P, pa/raUel to this wire, find the initial velocity. 




Id this case, as the position is determined by a single co- 
radinate, so the motion is determined by the angular velocity 
alone. 
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Th« centre of maaa O describes a circle about O, and if u 
is the angular velocity of the rod (which is also the rate of 
change of 9), w will also be the angular velocity of Q about 
O, aad the linear velocity of Q ia Iw perpendicular to OG. In 
the figure the linear and angular velocities are marked on 
the supposition that 6 is increasii^. Impulsive reactions 
R, 8 act at A, B perpendicular to Ox, O^. 
The equations are : 

resolving along Ox, P+S-" -Mlwsind, (1) 

„ Oy, B=MU>c06B, (2) 

moments about 0, Rl cos 6 -Si sin 6= -lu ; (3) 

hence eliminating R and S, 

M^u cos^ 4- {Pi sin 6 + MPu ain« B)~ -lu, 
Kain9= -lio-MPa,, 

Pi Bin fl PZginfl 

3 P . . 

The minus sign shewing that the rod begins to move in the 
opposite direction to that marked. 
Whence also R= -f PsiiiflcoB0, 

S= +|Pain2e-P= -P(l-j8in»e). 

219. AB, BC are two equcd uniform rods smoothly jointed 
together and lying in the same straight line on a smooCk horisfrntal 
table. The end A is struck by a Mow, of impt^e P, perpen- 
({tculaf to AB, find the initial motions. 

In this case there will be an impulse produced at tbe joint 
which we may express by two components in the directions 
marked. To shew the reactions clearly the rods are drawn 
with the ends at B separated, but it is to be remembered that 
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these enda remain in contact. It is easy to aee that the 
component X vanishes. 



However, we will form the equations as if X existed, and 
then the solution of these will shew that 
X = 0. 
Let u, V, <u, »', t>', u', be the linear and angular velocities of the 
two rods. 

Then we have 

for AB along AB, X = M«; (1) 

perpendicular to AB, P-Y = Mo; (2) 

momente about CM. of AB, 

P 
Pi + Yi=I(u = M^<u, 

or P+Y = m|u.; (3) 

similarly, for BC, X= - M»', (4) 

■ Y=Mti' (6) 

Yi=I«'=M^oi', 

or Y = m|<«'. (6) 

So far we have six equations with six unknown velocities 
and two reactions, so that to solve them two more equations 
are wanted. These two are geometrical, expressing the faet 
that the ends of the rods at B remain together, and therefore 
have equal component velocities in the two directions. 
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projectile ; and alao discovered (liia earliest discovery in 1583) 
the iaochronism of the pendulum. 

Although Kepler's (1571-1630) aatne appears in elementary 
dynamics in connection with motion in a circle, the laws he 
formulated were entirely empirical, and had do effect on the 
development of mechanics until in Newton's hands they helped 
to establish the law of gravitation. 

More important work in dynamics was done by Newton's 
great contemporary Hnygens (1629-1696), who was the first 
to prove (in 1673) the formnla tj*/r for the acceleration in 
uniform circular motion. He also, at the same time as Wren 
and Wallis in England, made important experiments on 
collision, and he further gave the theory of the compound 
peitdulum, and proved the convertibility of the centres of 
suspension and oscillation. 

The parallelogram of forces bad been stated for statical 
cases by various earlier writers. 

To Newton (1642-1727) is due an immense proportion of 
the elementary dynamics. He obtained wonderfully clear and 
definite ideas on the fundamental notions of dynamics, and 
expressed these in the laws of motion, which have almost 
universally served ever since with slight modification, as the 
most convenient basis for building up the science of dynamics. 
In the statement of these laws there are two great ideas 
which may be regarded as the leading ideas in Newton's 
work, and specially due to him. They are the idea of mass 
and ita connection with force, and the law of action and 
reaction. 

He carried out raaiiy experimental investigations, the ex- 
periments on collision alone shewing that he was a master 
in experimental work as well as in theoretical. Another veiy 
important series of experiments were those on the time of 
oscillation of pendulums of different materials, by which he 
shewed, that g was the same for all bodies. The law of 
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gravitation was one of hia great diacoveries, and the theory 
of simple harmonic motion was due to him. 

The foundations of rigid dynamics, though deducible from 
Newton's work, were not laid down till 1743 by d'Alembert 
(1717-1783), and the name "Moment of Inertia" was first 
used by Kuler (1707-1783), who studied a number of cases 
of motion of a rigid body, and gave the equations of motion 
in the moat general form. 

The laws of friction were obtained by Coulomb (1736-1806) 
in 1781. 

It is only necessary to add that the idea of the instantaneous 
centre is due to Chasles (1793-1880), and that the vector 
methods, of which the merest beginnings have been given 
in this book, are due to various mathematicians of the nine- 
teenth century, the notation used being that due to Gibbs. 
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p. «. 1. -0, -90, It, 101. I. 2, »; 1-990, 2-010, 101, -90.. 

p. X%. 1. UfL 1 TnudisUiHwUft. «. Truedistaitce 191 ft. 

p. ja. »=«, »=72ft 

CHAPTER II. 

p. 88. S- 0-73 tt-/Bea>., Imile. 4. 161 3 ft., V-.tSsecs. 

t. -3ft./«io'., 9Xt. 6. 2ti./Beo'., 8-72(l./»ec. 

p. SSl T. -icm-laafl., US, 7S'Seec3. 

I. -ift/MC*., S^fl., 7seM. S. 22-4 tnileg/hr. 

». ^/{(«*+B»t/^. 11. Yea, 2-45 ft 

p, 38. 1. tt*>20& 2. 100ft., Sbms. 
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p. 32. S. 100 ft., 80ft./scn. S. 31-3in./Hn., 3-19 woe. 

4. 27-7fl./eco. 6. 7-03 bccb.. No. 

p. 33. B. 32ft./aoc., 2-10 ft. 8. 066, 444, 36 boos. 

9. ^/8M^-"^)^^ 11. 230 ft. 

p. 35. S. Tsod., 6aft. & 06ft./Rea.,48ft./aeaeao: 

5. 14-14 sooi., 10 m. from a 

6. 3-37 Beca. alter Q xtortH, 144-7 ft. from A. 
p. 36. 9. 40 aecE., 400 ft. from O. 

p. 39. 1- KJj wiles/hr. 8. ifl. -}XC, ^IC. 

4. - tflijf. 6. 2, 5 81.-CH. i iM, 95 ft. from K 

CHAPTER IIL 
p. 52. 1- 0-208 lb9.-wt. 2. 0-0625 lh«..wt. 

3. 80 lbs. 4. 133-3 metrM, 1333 metreB/sao. 

5. U-3seos. B. 360 ft., 12 ft./B«3. 

7. 8-96tons-wt 8. 2738 ft., IS6'7 sec& 
9. 0-951b8.-wL, neSft/aeo. 10. 211yds. 

11. 140eiba.-wl.,693fl./Bec 12. 2917 Iba.-wt. 



. p.53. 


IS. 


ISkgmi., 1/190. 


14. 4H>a.-wt. 


B.M. 


L 


196 om./sarf"., 714 8608. 


a. 36ft./Bec., 540 ydi 


1 


a. 


53-ltt./BOC., 372 BOOB., 


5S52yda. 


[ 


4. 


654BeoB., 48-4ft./Bec., 


2792 yda. 




6. 


3-2 ft./BBo'. upwardB. 






6. 


84-4, 100, Il5-alb9.-wt 


7. Sft./8«J«. 


P.e4. 


8. 


106-7 ft./Beo. 


4. SOOyds. 


? »•«. 


6. 


12ft./8eo., 121bl.-8M- 


6. 3 ft../aeo. l«<jk, 421bl.. 


L 


7. 


135 lba.-wt 


B. 170 times the weight. 


> 


10. 


2-22 toHB-wt. 


11. 271 tona wt. 




18. 


48-1 lhl.-Beoa. 


13. 1-02, l-381bB.-wt. 


{ ,.«. 




0-0106«F(H»+«i.)- 




1 ». e». 


1. 


98-3, 102-5 ft. True space averago in 106-6. 


I p-ve. 
1 


4. 


1562-5. 


8. 3-6x10", 3-fl7xl0'. 


6. 


2450oTn./8eo., 245 kgm. 


-metrea. 


1 


T. 


64 tt./f«o., 64 ft. 


8. 253-5, 684tt.-lbe. 


1 


9. 


2-45, 7-55 kgm. -motren. 




\, I 


10. 


l-4ft,/sec., 1715x10", 


I7l5rt.-lba. 


.J : 


IS. 


M«/(M+™).m»/(M + ».; 


1. 13. 312. 
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p. 7*. l*. 48-gniilea/br. 15. goOlbt-wL 

p. 77. IB. 33-3miln/hr., 22-2 mileVbr. 

IT 30131b&-wt., 241-1, 94-2 milM/hr. 

ph 76. 1. 4-S7rt./Mn., 0-054 ft-]b>. 

S. 1-14 ft./MC., 4-340 ft-lbe. 

4 19-4ft./BM., e-Oefb-lbB., I4fi-41bB.-vt.,O-0M3«ea 

5. 620ft./MO., 2-7Stoiit-wt. 

p. 86. 1. 250CID., lOOom./sea. S. 988 om./seo*. 

a. 4ft/i*c»., 7-876 Ibfc.wt- 4. ^'(m-m'jff/at, lOft./soo 

p. 87. fi. 2-46ft./no*., 12-9, ll'l, 10-8oi.-wt. ft. Slbe. 

7. 10-7 ft./»ei!»., 2-67 Ibfc-wt. 8. 12 Ibe. 

p. 89. 1. 2'13ft./»eo<., 3'731b8.-vt 2. 2Som. 8. 0-305. 

ph 83. 2. 129-4 MO., 239 H.P. 3. 0179 ft/aeo'. 

4. 292 H.P., 62-2 miles/hr. 

> f**!. 1,. . mBf308«, 1 

6. ™|-^-+„|lba..wt.; ^g|^- + „|H.P. 

p, 98. 7-4«xl0i*aG.B. 

p. 97. 1. Ift„ 3-2ft./Bec., 0-61b.-wt.-Beo. 

9. 3-16 »ec., l-69tt,/seo., 0-53 ft., 0105, 0-422 Ib.-wl.-B©. 

». 2, 3-765 IbL-aeo., 3 765 ft./Boo. 

p. 96. 1- 0-0928g, 0-3116F, 0-249?, 0-16Bff. 

B. 2-91, 8 73 ft./sec'., l-455Ib9.-wt 

p. 98. .. |. S,, 2-311b,..wt 

4. 0'2g, 0067?, 0-067ff, 160 gmi.-wt., 0-078p, 138-5, 

184-6 gms.-wt. 

6. (1) 0125ff, 0-25g, 225, n2-5 gmt-wt. 
(2) 0-1525, 0-3033, 2303, 104-5 gma.-wt. 

p. 102. (1) 4-214x10°. (2] 745-8. (3) 0-00134. 

p. 102. 1. 187ydB., 2541bs.-wt. 

5. 0-586 ft./seo^ ; 1680, 1130, 560 lbs. -wt. 

3. 28-4ft./Beo»., 10-6 ft. /sec. 4. 0-291. 

p. 103. B. 0-081. ft. m«''/2(f, mHV17600(. 

7. 1061. ft. 288, 180 tons. 

•■ A('^ii>"«>^'/--"'"- 

10. ?^ft./8M., 550H/«'Ibfl.--wL, (^-l)ff- 



I 
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Ek. i03. 11. 76H/14Mi.-(rtffi«=)/7a 18. 128, O-OOll. 

E». 101. 14. 396 lbs. IS. 0106. 

le. l'47ft./seo., 151tt./8«o". 21.211116. 

I»- 108.89. 363kBii>8. 84. l^^lv-V]". 

86. 20%, 904 it./>Ko. 96. 363. 

27. V2"ME?/mrM rm"), ^/ih.E^MTM + »>). 28. 2G60 tt./se. 

8a V±V2m,E/Wi(«i+'»i). V +\/2m, E/(n,(m, +»»;,). 

«». 106. 31. ni(V-v)/M;2Ay'{v + o-^(V-i.)}- 

84. 0-0037. 36. 8], 56kgm8.-wt. 

36. l-561ba.-wt., 01Gi3-2ft. 87, UHt./seo., 0-39,03I sw 

p. 107. SB. (H + v)V2f'-L + J-')F; (m,a-mj«)/(ro, + mj. 

40. 029, 32'9ft./aecr'. 41. EqnoL 48. 1, |lbs.-wt., gfi 

4S. {i){(4ni-2M)3-My}/{M + 4n») 

{(2n»-M)? + 2n/|/(M + 4mJ; Mjn(3fl+/)/<M + 4w). 
(ii)/, •"(3-A (M+m)/+(M-m)[7. 
p. 108. 46. (2m'-Bt+M)fl/(4n»' + m + M), 
2(aH'-ni + M)s/(4ro' + ni + M), 
2m(3w'+M)3/(4m' + nn-M), 
m'lSm- M)p./(4m' + jn+ M). 

47. VolooiUes (»V/(m + m'). mii/(M + Bi'). 
Acoolerations m'/Hm + m'), mf/itn + m'), 
Tcnaion mm'//{m + m'). 

48. 7'lft./aeo*. ; 8-2. 4-91bs.-wt.; 2-2 ft. 

49. 4-4 ft./sec». : 6-9, 4-61ba..wt.! 1-0 ft. 

BO. Mm(l + n)3/(M+MM, (M -iim)3/(Mi-n»m), 
iMM-?im)!;/(M + n%); Siiu/i; : «mMu/(MH-fi>i»), 

81. (mn-M)s/(M+n'm). n{)Hn-M)ff/(M+n>w). 
Mni(l + «)ff/(M+Ji>m). 
atlerwards same with M replaced liy 2M. 
Volocitiea just aft«r 

{mn-M)gtl{2ffl + m«'), M(mn- M]gll&M + imi^ 
Impukive tension 

■j 62. 4-44, 3'39ft./seti.; 522, 13-37 IbL-aec.; 3-06 ft. 

t 
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p. 100. n. 1S1 OBU.; S-BSmm. 

2/9 \— 2 Q /■ a \-' 

where i*=2(P-Q)jjo/(P+Q). 
Il»lH.l«>.P(p5g)"l.. 

TVrtal UnH=3NA2a(P4 Q|/(P~U)9. 
8T. 4-27fL/iM«.. 4331t«.-wt.. 1926 ft. 

where 1)10 weight is oaught off. 
eO. Bctw«>n»»"ftndK + l» T^A + i(2M-l}ffT*, 

CHAPTER IV. 
p. 116. 1 7-S m./hr. 
9. ISe. 4. Sft. fi. l-MBec. 12-39 it. /Bee. 

e. 24-6ft./Ke., 2U-9seoa. 

7. 833fl., ll'S5ft./wa.; 0833, l'44Beci<. 

•- 244ft._,_12-9ft./w-o. 

10. ^4a/gB\n20, i( in the angle nuule with the vortiotl snd 
, a = diattuioe of lh« starting point fmni tho line. 

11. 880 It. IS. 14-43, 17-83 tons-wt. 
p, 127. IS. 5t-03It/MC., 119-3Becs., T637rt. 14. 2514 jds. 

IB. 434. 16. SS-gfL/Boo. n. 1:9. 

M. 320U.P.; )21l)B.-wt. perton. 

90. 6133 ll«.-wt., 490-7 n.p. SI. 10 5 miles/hr. 

S«. nif2240ainB + n + ~y)lbB.-wt., 

3^^(2340.in„ + «4ff). 

p. 128. S3. 1606 ydR., ISO milcn/hr. ; 164, 473Beaa. 

S4. 7-06tt./«eo». SO. 0-97 tt./fleo»- ST. 0375. 

2S. 4'334 ft., 010 sec. &rt«rth(>Btring breaks, ISSsecs. 

S9. 0'246ff. 30. »-)2 rt./Reo>!. 

SI, 10-67 (t./Beo"., 9-331l«.-wt., 200 ft/aeo'. 
p. 129.82. (msina-;. -i ^) £,/(«i + «). ' 

p. 131. 39. Wedgo4' ./i>e(^..partioIercUtivelowedge22-Ori./Bei!*. 
p. 13S. 1. 30900 f O'I0h.p. 3. 1S4 kgm.-metrtie. 



1 

■1 
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p. 141. 8. {a-m-fgnm+mT 

9. G ft. /sec., making on angle 53° S' with the flnt. 
4. 1217 fl./aeo., making 34° 43* with Ox and meetii^ Oz 
3 ft. from O. 
p. 141. 1. G-21, 16-97 milM/hr. 

4. 43'8 ft. from alarting point; velocity 29'2 ft./Beo. at 
34° 43' with foroo 3. 

8. ZmtiBin- towards the centre. 

p. 142. 7. 83-1 [t./»eo. perpendionlar to inoline. 

9. 24761be.-wt. U. 66 milea/lir. IS. \'(2240-ira)/>((>. 

14. u'/2!f{sin» + ^ooB<.), 



p. 143. 16. Muoo«a/(M+m), uBioo, muooaa/IM+m}, 

1(1-/1 ooea)' 
particle relative to wedge 

2 M +1)1 sin a (sill B- /I cos a) 

ai. lySS'. 0-380jr; block tl-278jf, weight relative t. 



Msin(i(sinnd-(ico8a) + ni 
24. Aeoeleratioii [fsin(a-i |S) at angle a - )9 with horizontal. 
Sa. 17-9 ft./Beo<. at 63° 26' witli horizontal, 6-71 lb.-wt.-Beo. 

CHAPTER VI. 
p. 163. S. SioB., 0-262 see., lOft./seo. 4. 12, Sft./geo. 

6. 0-'287. 0122, 0-097, 0084, 0-076, 0-071. 0-068, 0-066, 

0-064, 0-064. 
6. 0-12; 0-37, 0-60, 0-82, J-02, 119, 1-34, 1-45, 1-63, 1-06. 
T. 0'833. 0-416. 
I. Centre 2 ft. from first point, amplitude 3*6 ft., max. veL 

3-6 ft. /sec. 
S. 4 ins. from first point, amplitude 2-69 ft., 2-09 aeos., 
8-06ft./aeo. 
p. 164. 10. 1-97, 3-22 ft. 11. 136-8, 32-21b8.-wt. 

13. 0-76 ft., 0-37 BeoB. 18. 0-0314 om./seo., 987 om-Zseo". 



ANSWERS 371 

p. 214. I. 2-29 toD8-wt. 2. 2- 37', 2-S9 ins. 

4. 28°Jfl'. B. 2-86, l-72Unia-wt. 8. 22° 25'. 

p. al& y lOltJiU-wt. 2. 111.'), 224.'>lV».-wt. 3. 35-8 ft,/seo. 

■ p. 217. 4. -Jgrlh sin B + acos »)l{ko^J-'^^n0). 

p. 222. 3. 1Sft./Hc«.; 3, l'51l)B.-wL 1 3931be,.wt. 

6. 2-26 BWH. «. 16ft./auo. 

7. ff(28infl-3Binflco8e). 3(1 +2costf -3cos'#). 
ffJ(5-8coafl + 3coa'e). 

1. Horizontal 3{(i-2)Bin(l + 3 sinecisfl}, 
vortical y{(i-=2)c<afl + 2co«»e-flin»fl) ; 
when it = 2, horiMjiilal mux. when S-<5°, 

min. when 8 = 0° or 90" ; 
vertical max. when fl=0°, 

min. when 8 = 90''; 
reioltaiit moi. when 8 = 0°, 
min. when 8 = 90°; 
iniuc. and min. valnee respectively Sgl'2, 0, 2g, g, 2g, g. 
p. S24. gcolafu'. 

p, 231. 2-31. 

p. 233. 1. 42-81bs.-wt., 3960, 414'7it./sec. 
p. 233. t ^/K+«V-2^wcBin8) 

at angle Un~i(f«-woo«*)/''Bin8 with OC 
^/(i^/r»+ «*<;> - 2.''w»c oos S/r) 

at angle tan-'y'Binfl/(t'co«.fl-iAr) with Oa 

s/fa^W* + i»M'* +2afi<,i'u'3 oos (a, - c') (}. 
p. 234. 4. 6-0xlff"gms., 67xlO->,2-l!<iO»gma.,3-7>;10"dyiiee. 
7. mffsinfl. mfft;ainff, »igooe8+--- 18. Srsft., 0-16. 

p. 335. W. ^/^r{2o-r)/n«^, \i-(3r - 6o)/2o», where AP=r, 
18. T, = nii.^(i + a8inB), T,=T,00BA/8inC, 

T,=T,ooeB/8inC. 
IB. 148-5 cin./Reo. ; 125, 9l7gTO8.-wt 17. glffg - iiAAt). 
p. 236. 19. mainA{^oosA-3)/ainC, 

>n(w'bHinAoMB-l-gsiDBVsinC. 
«: I296ft>io. «. vufa-»»ga(-Jp^^. 
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CHAPTER VUL 




PuSM. 7p«ro«t. 




p. 847. i. 271S M«. S. 8M-8. 


1 981«. 


4. 3-33 nD. S. 71 >ec*. 


8. 28*-9C 


T. O-SSoDi. 1. 0-4K. 


9. 5321 ft 



CHAPTER IX. 

5. 515-6 fL, *-lmx., 87-9 tu 
ntaMy, ' 

4. 2683 a/ioo., 10*18'. S. 1744 rt/aeo., 4'5 mika 

6. 200 fL, 15" or 75*. 7. 98 ft. /boo. 

I. aji-5, 44-1 rt. a. igeofL/no. 

10. Horizontal disUuM 1088 ft., 69-9 ft-^ec at 36° II'. 

la. I00ft./>ieo., 26°34'. 14. 18° 26' or 71' 3*'. 

IB. 22*44' or 74° 24'. 16. 87 8fL/«eo., 14*56'. IT. No. 

p. 861. IS. 346-4, 173-2 fl. hnrinmUU^. Telocity l3S-fi ft./aec in 

SMh owe ftt 60* with honEont&l. 

p. 868. 91- 66-4 ft/sea., 17*45', 6-4ft. IS. 73-8 ft./>ec., 20^8*. 

Pb 884. S. 1-6 ft., 6-1 ft. 

p. 868. -»ieoi---t«ii»eoi> — ««»t\/l+iWiin2i/V». 

p. 878. «. l.''>4'6, 175 8 ft. 

7. 2'89<K«., 28-9ft., 133'3ft., 46-2ft.^eo.at60*withpluie. 
a. 260 ft. 8. 45* + ^ with the piano. 

p. 873. «- Voo^«coai(t*n.o-tttni)'/^. 

6. iilg~T/2 after nccond startx, where t> is tlw vertical 

volooity. 
6. Oppn«it« the window at horizontal distance 7-82 m. from 
it, I3i}i m. in ndvonoe of the point where it wna wbon 
projootftd. 
p. 874. 7. ft* or 6.T 26'. B. 2s/§%, ■Jy&h+WlSk), tan"' ih/R. 

IB. 30* or 63" 18', 49-B ft. 
p. 275. W. tona^^-taniS, V=2ff{y+i«aeo'^/(|-t*np)j. 
17. V=ff)R%' + a'lR- «)'|/2oA(R-o). 

10. DiBlance fmm point of contact of Hphere = l-46(i if a is 
the riuliiu. 
p, 276. 9B. Diitances from oentre Sv'Sa/S horizontal, 11«/16 vertiuiL 



p. 202. ». i 



CHAPTER X 
X>- 285. 1. 3ft./»m., 0-6T, 3ft..lblB. 

a. 2fl./iteo., OiilS, 5025Et.-lbB. 
6. (i) -2-67, 9-33; (ii) 08, 16-8. 
I». 286. i. A(B-Ce)(l4e)"AA + B){BHC), 
AB(l + e)V(A+B)(B + C). 
U. 1'64, 3-04 sees, ofl^r the onltiiion. 
Ik. 290. S. 4 seos., 34 ft. 3. 075. 

1 MM' m»(1+e)a C 

Xk 293. S. 10-95, 3-65, 878, 2'»2 ft./aeo.; 0'9ft. 
p. 2M. 11 Ss^ft/seo., 7 ft 



PAST II. 
CHAPTER I. 
p. 306. 4. Velooity vertical u-^7ruBinut, 
horisonta) ± ru ccia orf. 
Aooderation vertical -gTia'rcoaat, 
liurizontal ± iiiV sin uf . 
S. Goordinal«» relative to cei)lrc of nines 
<"?/■- Afl)/(<B*+A=), {A/+<«V)/("*+A"). 

CHAPTER II. 
p. 322. 1. M^em'tf, H:^'*!!.^*. 8. Ml', M^ 

p. 323. fi. M- 

p. 326. 1. M(^-4<^j and M^ if c ia the distance 
from the centre. 
2. m"!!^- 8. 8471b.-ft» 

4. M^'. 6. m(^+^4: 



p. 328. 1. M ii. a. M 



Ba'-H'' 
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p. S28. 1. 124-9; 1962; 4Sl-4ft.-lbB. ■. lO^fU-lbs., ISO-tf. 

3. U10ft.-lU 4. 123-7 secB. 

0. My6 tA the tnid-pointi of the udea, M/3 at the centrei 

CHAPTER nL 

p. 348. L 67iinii., 1-«4swb. 

1. GreatN- tbui ID No. 1 by iJjj % and 550 % i-eepeotirely. 

5. 100-064 OTiu<.,2-O0(i sees. 

p. 348. 1- 2-teibB.'Wt., l-5Tiad./Bt^, 11-6 (t. -lbs. 

8. 11-2S gravitAlional unitE, S'TSditto, rSntdisns. 

«. 0-7»5t«d./Beii»., IZflsecB. 1 0416 lh.-iit.-ft. nnits. 

6. igaV{m, - m^W^ -«,) - o»(niiS, - m^)l{f, - r,)- 

e. 3-76, 3-29 rad./Bec* 8. 14-04, 1 -02 It./aeo. 

p. 346. 9. 2«-NV(M + 2in)/2mir. 10. 63-06 ins., 2'539 seo. 

11. 1-S655, l-5634B«'a. IS. Smd./KO., 3-TS Ik-wt. sees. 

13. 2'601b.-ii't.-sec(i.; 

(i) 241b.-wt. vertieally; (ii) 61b.-wt. \-erUcally ; 
(iii) 9'12Ui.-ivt. at 0° 28' witJi the horizontaL 

14. 3-46, 0-866 lb.-wt.-BecB. 

p. 347. IB. 347-4 lb.-ft'., 1-47 Ib.-wt.-ft. 

16. 6-94 tl.-lbB., 2 21 gravit. units; 14-7, 74 lhfl.-»t. 

IT. 3-9-2, 3-19 ft., 0-79(>rad./seo., 1623 ft, /wc^ 

U. 13°38'. 19. t1-»19secH. SO. Srv'^T/Sinff, 1'671 aecB. 



rn'ofeFai 
i'o6Fb; 



p. 348. SI. In OA, "' ^'" ".''^S -FcOBn-nnJa. 



In OC. (^ - ^ ■ ^ ■ ^^."ei", g - 

. S2. x'aT^. 

CHAPTER IV. 

p. 85S. 1. (o) |mr', 1 ; (6) -nimi^. T- 

2. Zu, |Mr>u^. 3. <J-.Z'j{iin<i-tAue)ia. 

p.- 356. 4. ^"(•^-f)'^. |'{>^-y)=j'(«»fl-coB«)N'ia^:^. 



